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Special functions 


From its very first days, physics has been a tremendous source of inspiration for developing new mathematics. 
A previously unknown phenomenon that gets unravelled by an experiment often requires the introduction of new 
abstract tools and paradigms allowing one to model it and, more importantly, to gain a predictive power on future 
experiments of the same kind. First developments in mathematics took their origin in the need of quantifying very 
simple observations of every day life. Most probably, early forms of trade led to the development of the notion 
of numbers and basic calculus. Trade was intimately related to a change in human behaviour: an evolution from 
hunter-gatherer societies to the sedenteral ones. With trade and sedimentation came wealth; with it emerged the 
desire to build even more impressive edifices. All fhis gave an imporfanf impefus fo fhe developmenf of basic 
geomefry, af leasf in whaf concerns fhe various forms if fook in fhe ancienf world. Formulae relafing lengfhs or 
angles fo ofher lengfhs, heighfs or areas of fhe involved objecf emerged around 2000 BC in fhe Egyptian and 
Babylonian civilisation wifh fhe nolion of angle being, however, mainly due fo Greeks. A formula expresses fhaf 
several quantifies are infer-relaled. Think, for inslance, of fhe area law of a friangle relafing fhe area fo a base 
lenglh and fo ifs heighf relative fo fhis base. As such, a formula offers fhe possibilify of deducing fhe value of 
one quantify provided lhal all fhe ofher ingredienls of fhe formula are known. In ofher words, formulae provide 
one wifh equafions for some unknowns and fhus enjoy of a fremendous predictive power... af leasf in Iheory. In 
practice, for an equation fo be of any use fo undersfanding or solving a given problem, nol only one has fo be able 
fo consfrucf -whafever fhis word means- ifs solutions buf one also needs fo have af one’s disposal fools allowing 
one fo exfracl all fhe desired answers ouf of fhese. For insfance, consider - b as an equafion for a, wifh 
a,b e R'*'. Then, fhe solufion is a = V^. Sfill, if one is nof able fo compute effectively yfb fhen even fhough one 
can build fhe square roof funcfion on a purely fheorefical ground, knowing lhal yfb solves fhe problem is useless 
if one wanfs fo have, say, an explicil few digif approximanf of a. 

The equafions fhaf were firsl sfudied were rafher simple from today’s perspeclive: one way or anolher Ihey 
boiled down fo finding fhe roofs of a polynomial in one variable. Despile fhe apparenl simplicify of fhe problem, if 
became clear very quickly fhaf fhe roofs of a polynomial are only seldom expressible in terms of objecfs belonging 
fo fhe same class, viz- some mulli-variable polynomial in fhe coefficienls of fhe original problem. In facl, if took 
quife a while before Ihere arose a satisfactory way of describing fhe roofs of a generic polynomial equafion of 
low degree. The laller demanded to infroduce a new class of functions: fhe radicals. Some furfher generalisations 
(radicals of higher order, "imaginary" numbers) allowed fo consfrucf explicil solulions to all polynomial equafions 
of fhe second, Ihird and fourth degree. 

For some time. Ibis gave an impression lhal, in fine, a finile number of algebraic manipulations adjoined to 
faking radicals is all lhal is needed so as fo build fhe roofs associated wifh an arbilrary polynomial equations. 
Needless to remind fhaf fhis slalemenf is known fo be wrong! Even in fhe case of such simple equafions one 
needs, as firsl argued by Galois II139L fo allow for an imporfanf change in fhe perspeclive. Galois infroduced 
the concept of what one could refer to as non-constructive existence, namely the fact that an equation may have 
solutions and yet one is by no means able to construct them explicitly. Slowly Galois’ ideas steeped throughout 
the mathematics community and were applied to all types of equations. 


9 




10 


With the appearance of new mathematical structures, be it real-variable differential calculus, integration theory, 
non-commutative algebra, manifolds, groups,..., there arose a plethora of new types of equations, sometimes 
taking their origin in some physics related problem and, sometimes, solely appearing on purely abstract grounds. 
Numerous among these equations were then proven to admit solutions. Yet, only in a subset of cases the proofs 
of existence were constructive and, even in these special cases, the "constructive" solutions were of no use in the 
sense that they were too involved so as to extract any useful knowledge or information out of them. 

In fact, it became clear that the equations which actually do admit solutions in a closed, explicit and, above 
all, manageable form are pretty rare. The functions corresponding to such solutions were then baptised special 
functions, a concept that emerged in the mid-XVIII century. In the early days of the theory of special functions, 
this speciality manifested itself in an overabundance of identities satisfied by the object: summation identities, 
addition formulae, etc. (see e.g. Il20l for a quite extensive account). As it turned out, the very existence of such 
identities stems from a deep algebraic structure at the root of special functions, the representation theory of groups. 
This connection was first observed by Bragmann ||59]| in 1947 and systematised by Vilenkin and co-authors II223L 
The matter is that special functions appear as matrix elements of a representation of a group. The variables and 
parameters associated with a given special function correspond to the parameters labelling the representation or, 
simply, to a parametrisation of the group element g being represented. Summation identities or addition formulae 
then arise as consequences of the fact that a representation is a group homomorphism or simply follow from 
writing down a change of basis in the representation space leading to transformation laws for the matrix elements. 
Although providing a beautiful structure, this interpretation cannot be considered as the end of the story. Indeed, as 
already pointed out, constructing an object, even on the basis of crystal clear algebraic grounds, is not a synonym 
of "understanding" it! Yet, it is precisely the property of being understandable that is required from a special 
function. To rephrase things, a function -whatever the way of defining it- is "special" if one is able to extract from 
its definition all the desired information on the function: local properties, specific values, asymptotic behaviour... 
It is at this stage that analysis kicks into the problem. The very existence of the deep algebraic structure at the 
root of special functions leaves a hope to actually be able to develop suitable tools of analysis allowing one to 
characterise completely, that is to say extract all the desired data out of the special function. 

An important part of the present thesis is nothing else but the description of tools that I have developed with 
my collaborators which allow one to analyse, in the above sense, certain specific special functions. However, in 
order to provide a better account of its content, I need to push the discussion further. 

As the complexity of the equations that were being manipulated grew, so as to continue being able to solve 
them explicitly, one had to revisit the very idea of what one understands by "explicit solution", and thus by 
special function. One of the features of doing so is to allow these functions to be built through more and more 
involved operations. In itself, this poses no problem, as long as one is able to extract from the "explicit" answer 
all the desired informations on the object itself. This setting naturally leads to a stratification of special functions. 
Namely, these are organised in layers, the complexity of a function increasing with the number of layers lying 
below the stratum that it belongs to. Functions belonging to a given layer are expressed through "manageable" 
manipulations of functions belonging to all lower layers. Here "manageable" has a rather loose sense and means 
the ability to perform an analysis of the expression which defines the function. This however does not mean that 
the analysis is necessarily easy. I will now be slightly more explicit and provide some examples. 

The simplest equations are solved through a finite number of algebraic manipulations (think of solving a 
system of linear equation: the solution is a rational function in the entries of the matrix associated with the 
linear system as inferred from Cramer’s rule). Yet, very quickly, one stumbles onto a situation where it becomes 
indispensable to use an infinite number of algebraic manipulations. For instance, the solutions to the first order 
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linear differential equation y'{x) = y{x) are given by the exponential function 


y{x) - C ■ where e^ = 

In this case, one has to recourse to an infinite summation. The power functions x {l+xY and the logarithms can 
be constructed in a similar way. The procedure yields a new class of special functions generalising polynomials. 
These functions transcendent algebra in the sense that one has to step our of a purely algebraic framework so as 
to construct them. For this reason, they are referred to as the basic transcendental functions. A discrete sum, be it 
finite -as for polynomials- or infinite -as for basic transcendental functions- can be thought of as a specific instance 
of an integration in respect to a discrete measure. Clearly, integration theory allows one to construct even more 
general functions, simply by choosing different types of measures. It is thus not a surprise that one-dimensional 
integrals whose integrands are obtained by compositions and multiplications of basic transcendental functions 
allow one to construct the next layer in the theory of special functions: the higher transcendental functions. 
Probably one of the simplest examples of such a function is the celebrated Euler Gamma function II123II which 
arises as the unique, meromorphic on C, solution to the finite difference equation r(x -i- 1) = xr(x) that is log- 
convex on R"''. The T-function admits the integral representation 


^ x" 
^ n\ 


n>0 


+00 

r(z) - J F-ie-'dt 
0 


valid provided that ^(z) > 0 . 


A slightly more involved example is provided by the solutions to the hypergeometric differential equation 

om 


d^u , , du 

z (1 - z) ■ -zr- + (c - (a + b + l)z) ■ -— ab ■ u = 0 . 

d^z dz 

The regular at the origin solution is given in terms of the so-called Gauss one-dimensional integral representation 


r(b)r(c -b) j 

0 

which is valid for 51(c) > 51(^7) > 0 and |arg(l - z)\ < n or in terms of the Mellin-Bantes one 


m(z) 


r(c) r r(a + 5)r(^ + 5)r(-5) d^ 

r(^)r(a) J r(c -t 5) ^ ’ 2i7r 

» 


which is valid for |arg(-z)| < n, a, b ^ -N. The iR path of integration in the Mellin-B antes representation is 
such that it separates the poles of the integrand belonging to N from those in {-a - N) U {-ft - N). Per se, 
the hypergeometric function should be considered as a slightly more structured object than the T function in 
that its integral representation does involve the T-function. In other words, from the hypergeometric function’s 
perspective, the T function is to be considered as a known object. 

It is worth focussing a while on this last example. In itself, an integral representation for hypergeometric 
function, apart from providing a "closed" well-defined representation, cannot be considered as THE "explicit" 
form of solutions to the hypergeometric equation. Without tools for analysing it, i.e. extracting all the desired 
information on the object being represented, the integral representations would only provide one with yet another 
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hardly useful formal object. Still, the development of complex analysis gave birth to the saddle-point method 
and to techniques of analysis of integrals based on contour deformations. It is these techniques that turned one¬ 
dimensional integral representations into extremely powerful tools. In the case of the hypergeometric function, 
such representations allow one for an easy access to: 

i) determining the regions of analyticity in the auxiliary parameters (a, b, c) and in the principal variable z; 

ii) determining the small principal variable expansions; 

iii) determining the value of the function at a few special points so as to get a better insight on its growth and 
order of magnitude {e.g. for z = 1 the Gauss integral representation simply reduces to the Euler’s beta 
integral, whereas computing the explicit value of the associated hypergeometric series demands a much 
tougher analysis); 

iv) extracting asymptotic behaviours in the principal variable or in the auxiliary parameters in the vicinity of 
the singularities {e.g. z —» oo). 


We do stress that a specific integral representation is usually only effective for studying a given regime of the 
function. Thus, in a sense, it only provides one with a glimpse at one of the many faces of the special function it 
represents. For instance, the Gauss one-fold integral representation for the hypergeometric function is particularly 
well suited for obtaining its expansion around z = 0. However, one has to provide much efforts so as to extract 
the z — > oo asymptotic expansion out it. However, the Mellin-Bames representation is perfectly well suited for 
this purpose in that the asymptotic expansion can be read-off from it; it is simply enough to deform the original 
integration contour to the left and evaluate the residues of the simple poles of the integrand that were crossed in 
the process. I remind, for that matter, that, when z — » oo, u{z) admits the asymptotic expansior0: 


u{z) 


r(c)r(^ - a) aL a{a + l- c) \ T{c)T{a - b) ;,/ b{b + \ - c) 

r(b)r(c - a) ^ \ {a-\-\ - b)z / r(fl:)r(c -b) ^ \ {b I - a)z 


All building blocks of this asymptotic expansion are given in terms of special functions belonging to "lower" 
layers. Note that, in this respect, it is not surprising that the E-function is present, since as mentioned earlier, it 
belongs to a slightly lower layer. The "layer" of higher transcendental functions is now very well understood, see 
e.g. the Bateman project book EOl . 

At this stage it seems natural to wonder what is the stratum lying just above the one of higher transcendental 
functions. Probably, the so-called Painleve transcendents Il36ll are the best known representatives of this layer. 
This name refers to a class of special functions that was discovered in the early XX century by Painleve on the 
occasion of classifying all second order non-linear differential equation that have the so-called Painleve property: 
the only singularities of the solution which are allowed to depend on the initial data are the locii of its poles. 
Although it is not a theorem, it appears that these functions do not admit one-fold, or for that matter any finite 
order, integral representations whose integrands are built from, at most, higher transcendental functions. However, 
should one agree to extend the notion of integral representation to the case of series whose summand is given 
by a k • n-fold multiple integral whose integrand is given by certain "simple" combinations of transcendental 
functions, then indeed one can construct such explicit representations for the Painleve transcendents. For instance, 
the solution cr of the so-called Hirota form of the fifth Painleve equation 



= - 4 - 0 - 




^The latter is, in fact, convergent around oo, but this is a peculiarity of the hypergeometric function rather than a general rule 
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that has the jc —> 0 expansion 

o-{x) = ^ + O(x^) 

7T 7T^ 

can be recast as the logarithmic derivative of a series of multiple integrals which corresponds to the Fredholm 
determinant of the so-called sine kernel; namely 

cr(x) = x^ Indet [id - Sx/ 2 ] 

where Sj^ appearing above is the integral operator on L^([-l; 1]) characterised by the integral kernel 




sin[x(/l - //)] 
7t(A - Id) 


Its Fredholm determinant admits the below series of multiple integral representation 


i 

det[id- S,] - f det„[S,(4,d^,)]-d”d 

n>0 


n 

with d”/! = d/lo . 

a=l 


One could immediately wonder if any Fredholm determinant associated with an integral operator id + Vx on L^{J), 
J a sufficiently regular curve in C, whose integral kernel depends on some auxiliary parameter x deserves to be 
called special function of x. The answer appears to be negative in that, for a generic integral kernel VxiA,fd), it 
seems impossible to realise the program i)-iv) relatively to the associated Fredholm determinant. Thus, in order 
to embrace the class of special functions that belong to the Painleve transcendent layer one should first answer 
the question of why are the Painleve transcendents so special. To cut the long story short, the answer is that 
there lies a deep algebraic structure at their root, the Riemann-Hilbert problems II136L More precisely, Painleve 
transcendents appear as some of the matrix entries of a solution ;y to a 2 x 2 matrix Riemann-Hilbert problem 
whose jump matrix depends parametrically on the auxiliary parameters and the transcendent’s principal variable. 
The existence of powerful methods of asymptotic analysis of matrix Riemann-Hilbert problems (the non-linear 
steepest descent of Deift and Zhou ll^ llOOL the concept of local parametrix introduced by Its II1761I or the 
dressing-function trick introduced by Deift, Its and Zhou ll^ that also appeared in a more sophisticated variant 
adapted for studying orthogonal polynomials 1971 ) allow one to complete the program i)-iv) for the Painleve 
transcendents, see e.g. II136L Although a generic integral operator id - 1 - Yx does not admit any connection with a 
Riemann-Hilbert problem, there exists an algebra of integral operators whose Fredholm determinant can be fully 
characterised in terms of a solution to a matrix Riemann-Hilbert problem: the integrable integral operators. These 
are operators whose integral kernel takes the form 


\ Tja=\ faW^aip) ^ a 

Vx{A,ii) ^ ^- With } ea(A)fa{A) =0 

A - u ^ 

< 3=1 

and ea, fa are functions whose regularity depends on the given problerrll] and which depend parametrically on the 
auxiliary variable x. Note that one can even consider a slightly more general form for these operators by replacing 
the discrete sum -which can be thought of as an integration with respect to a discrete compactly supported measure- 
by an integration in respect to a measure on a measure space X. In that case, the index a runs through X. 


Tn fact, the diagonal vanishing condition can be omitted for the price of working with a principal value regularisation 1891 
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The relation between integrable integral operators and Riemann-Hilbert problems was established in the 1990 
work of Its, Izergin, Korepin and Slavnov II179I . However, per se, the theory of integrable integral operators 
definitely takes its roots in the 1980 work of Jimbo, Miwa, Mori and Sato il95l but some elements of the theory 
were already implicitly present in the 1968 work of Sakhnovich II3131I . In the case where the functions fa and Ca 
take an explicit and sufficiently simple form, one can show, using general arguments from the theory of Riemann- 
Hilbert problems, that the determinants or minors associated with operators id + where is an integrable 
integral operator, satisfy systems of partial differential equations in respect to the auxiliary parameters -which I 
have denoted by {x, }- entering in the expression of their kernel or in respect to the endpoints of the support on which 
the operator acts. In some cases, these equations can be reduced to ordinary differential equation of Painleve type. 
Pioneering work on the partial differential equation aspects has been carried out in II179II . Also, several aspects 
of these, especially in what concerns the study of partial differential equations and Painleve equations for specific 
types of kernels that arise in random matrix theory, have been developed in 1994 by Tracy and Widom in 13551 . 

Having climbed that far into the height of strata of the theory of special functions, one would like to move 
further and describe the layer of special functions that lies just above the Painleve transcendent/integrable integral 
operator class. This class of function has only started to emerge recently, in the 90’s, and is intimately related 
to the correlation functions in so-called interacting quantum integrable models. It is the study and description of 
these functions that is at the heart of the present habilitation thesis. I have been developing, over the last six years, 
methods allowing one to analyse effectively certain of these functions, that is to say realise the analogue of the 
program i)-iv) that was mentioned earlier. I have achieved a certain substantial progress on the matter although 
many open questions remain. In order to describe the problems I was interested in and the techniques that I 
developed to solve them, completely or at least partially, I need to provide some background. This discussion 
will also be an occasion to describe the physics context in which the study is embedded, hence providing another 
motivation for my work. Once that I will introduce the general setting, I shall provide an account, which I do 
not claim to be exhaustive, of the state of the art of the field of quantum integrable models and the theory of its 
correlation functions. This will permit me to delineate the open problems that I faced. I will then discuss the 
solution to these problems in the core of the thesis. 












Chapter 1 


Introduction 


1.1 Motivations from one-dimensional physics 

1.1.1 Some general facts 

A quantum mechanical model in one spatial dimension consists, primo in the choice of a Hilbert space hphys 
where the physical reality of interest will be represented. Usually, this Hilbert space admits a tensor product 
decomposition 

hphys ^ hi ®---®hL (1-1-1) 

into a product of L "local" spaces. For instance, in the case of lattice models such as spin chains, each space 
ha occurring in the tensor product decomposition represents a given site of the model and is finite dimensional. 
It represents the spin degrees of freedom attached to the site. In that case, the number of sites L plays the role 
of the model’s volume. For models in the continuum, such as a system of N interacting particles, the number 
of "sites" corresponds to the number of particles in interaction while the space ha is attached to the a* * particle 
and represents its degrees of freedom. In this case, the terminology volume rather refers to the physical volume 
in which the particles evolve. One often considers a situation where the "local" spaces ha are all isomorphic 
ha - h- This will always be the case in this thesis. One needs to supplement these informations with a basis 0® 
of operators on h, ^ - 1, - - -, K\^, where K\^ can be finite or not. This basis provides one with a basis of operators 

on hphys as 

0® = id (8 - - - 8) id (8 Qp"'*® id (g) - - (g) id . (1-1-2) 

a-l L-a 


The operators 0® are called local in that they only act non-trivially only on a single "site" of the model. 

Secundo, in order to speak of a quantum-mechanical model, on top of providing a Hilbert space and a basis 
of operators on this space, one has to specify a privileged operator on hphys called the Hamiltonian. is, 
by requirement, a self-adjoint operator on hphys- Furthermore, the finiteness of the volume plays the role of a 
sort of regularisation in that it makes, in concrete situation, the spectrum of to be discretq^ The eigenvalues 
and eigenvectors of H/, contain all the informations on the physics of the model. The eigenstate of H/, associated 
with the lowest eigenvalue is called the ground stateQ while all other are called the excited states. Unless stated 

^Although trivial if the spaces ha in dmj are finite dimensional, this is a quite non-trivial property when some of the ha’s are infinite 
dimensional. 

*Here, for simplicity of the discussion, I will assume no degeneracy of the lowest eigenvalue 
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otherwise, I will consider models having translational invariance meaning that there exists an operator e*’’^ such 
that [Pi,Hi] = 0 and the adjoint action of realises a translation along hphys^ The operator 

Pi is called the momentum operator. 

At this stage, the model is still disconnected from physics. Indeed, in order to compare a theoretical model 
with experimental data one isn’t that much interested in the spectrum of excitations above the ground state nor 
in its associated eigenstates but rather in its finite temperature correlation functions. For simplicity, assume that 
the model is defined by fhe finife volume L Hamiltonian Hr acfing on a finife dimensional Hilbert space, viz. a 
sifuafion where all fhe local spaces ha are finife dimensional [J. The simples! physically pertinenf observable is fhe 
per sife free energy 

ft = --InZiLHi] where Zt\^l\ ^ tri)phys[e"^“''] (1.1.3) 


is fhe model’s finife femperafure parfifion funcfion. The finife femperafure correlation functions correspond fo fhe 
so-called fhermal expecfafion values of producfs of local, time evolved, operafors: 


o'S/'l)' 


where fhe femporal evolufior@ of an operator is defined as 
0® • e' 




e T 


Hi n 






(1.1.4) 


(1.1.5) 


The presence of femperafure fremendously complicafes fhe sifuafion. For insfance, fhe zero-femperafure analogue 
of ft is fhe per-sife ground sfafe energy. This follows readily, af leasf under fhe above hypofhesis, by faking fhe 
r ^ O"'' limif of fhe expression for ft- Hence, while only fhe knowledge of a single eigenvalue is necessary to 
characterise fhe zero femperafure case, one needs fo access fo fhe whole lower of eigenvalues and fhen be able fo 
sum up fhe associated series. The fask is, usually, infracfable. In facf, explicif expressions af finife L could only 
have been oblained for free energies associafed wifh free fermion equivalenl models. 

When setting fhe femperafure fo zero, fhe sifuafion simplifies. In whal concerns fhe zero-femperafure limif of 
fhe correlalion functions, fhe fhermal averages reduce to fhe ground sfafe expecfafion values 



• 0 ' 


l+x„ 


(hw)^^ — { 






( 1 . 1 . 6 ) 


where | 'P(j 5 ) is fhe eigenslale associated wifh fhe lowesl lying eigenvalue of H^. 

Lef IT, ) be an orthonormal basis of hphys buill oul of fhe eigenvectors of H^. Since Vt and commute, 
one can choose fhe | 'T, ) as common eigenveclors for fhese Iwo operators. Wifh each local operalor d'f \ one can 
associale ils form faclors, namely ifs malrix elemenls relatively to H^^’s eigenbasis, 

T'^) = < lof I ) . (1.1.7) 


Due fo fhe Iranslafion invariance of fhe model, fhe malrix elemenls of fhe local operalor facforise as 


. roO)('P^,'Pf) (1.1.8) 

Tn such a case the dimension of the space grows exponentially fast in L since, in order for the a* site to he non-trivial, one has to take 
diml)„ > 2 

^Whenever there is no time dependence, we shall drop the principal argument and write 0® = 0®(0) 
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where Pk and Ek are the eigenvalues of the momentum and the Hamiltonian H/, associated with the eigenstate 
I 'Fjt ) and relatively to the model’s ground state. As a consequence, one can expand an m point function at zero 
temperature and finite volume L into its so-called form factor series: 



••0 


(k,n) 

1 +Xffi 



m r \ m-1 

i; n{ 


0—1 




(1.1.9) 


This expansion is quite natural from the physics’ point of view. It can be seen as a decomposition of a correlation 
function into energy-momentum modes in that the dependence of the individual terms on the space and time is 
completely factorised in (11.1.91 ). In the case of a finite dimensional base space h with f)a - h for all a -what is the 
case of spin lattice models for instance- the set {| )| is finite. The form factor expansion is thus given in terms 

of a finite sum and thus perfectly well defined. In particular, one can lake any finife order, space or lime, parfial 
derivatives Ihereof. However, should I) be infinile dimensional -whal is typically Ihe case of inleracfing syslems of 
particles on Ihe line- Ihe form factor expansion a priori converges (Ihink of Fourier series) in L^, bul usually nol 
in a slronger sense. Hence, in general, allhough useful from fhe physics’ perspeclive, such expansions should be 
handled wifh ulmosl care. 

I have, so far, focused Ihe discussion lo finite volume syslems. Yel, Ihe siluafion of inleresl to physics cor¬ 
responds lo a model al finife lemperalure and infinite volume, viz- al L —> -i-oo. Immediately, Ihen, pops up 
Ihe question of fhe well-definileness of fhe limif be if on Ihe level of Ihe free energy or Ihe correlation funcfion. 
Surprisingly, fhe existence of fhe L —> -i-oo limif can be eslablished on rigorous grounds, al leasl slarfing from 
numerous realislic Hamiltonians H^. I refer to the book of Ruelle 13101 for more details. I will henceforth refer to 
the L - 1-00 as the thermodynamic limit. This limit does strongly alter the picture in that the volume plays a sort 
of regularisation parameter. First of all, the spectrum of will usually exhibit a continuous part which consists 
of so-called particle-hole excitations and a discrete part which consists of so-called bound states. On this level, 
one distinguishes two cases: 


• the tower of states forming the continuous part of the spectrum is directly connected to the ground state. In 
that case, one speaks of a massless model in that there exists an arbitrarily large number of excited states 
having a zero energy relatively to the ground state. 

• The continuous part of the spectrum is disconnected from the ground state, viz- there exists a gap between 
the ground statqil and the continuous part of the spectrum. In that case, one speaks of a massive model in 
that an arbitrarily large number of zero energy excitations is not possible. 


These two regimes of the spectrum are believed to have strong implications on the large-distance behaviour 
of the zero temperature behaviour of a model’s correlations functions. For instance, consider a two-point function 
directly in the thermodynamic limit and at zero temperature. At infinite spacing, the operators should 
be blind to each other’s presence so that the correlator should go to the product of expectation values of individual 
local operators building up the correlator: • (0^^). This argument holds independently of the massive 

or massless structure of the spectrum. The massive or massless nature of the spectrum is however believed to 
influence the speed at which the correlator approaches its limit, or, in other words the type of large-x decay of the 
so-called connected correlators ~ Presumably, the connected correlation 

functions of a massive model decay exponentially fast in the distance of separation between the operators 








( 1 . 1 . 10 ) 


*Note that, in principle, one can allow for a finite number of eigenstates to crush onto the ground state. In that case, the latter is finitely 
degenerated in the thermodynamic limit. 
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There are the so-called correlation lengths while the are the associated amplitudes. The ... include faster 
decaying terms, viz- those having smaller correlation lengths. The same structure of the asymptotic expansion 
is believed to hold true for massless models at finite temperature T. In such a case the correlation lengths are 
functions of the temperature which furthermore satisfy lim 7 -^o+ - +“■ 

The large-x asymptotic behaviour changes drastically in the case of a massless model: the correlation function 
are expected to approach their infinite distance limit much slower, algebraically fast in the distance of separation 
x: 





( 1 . 1 . 11 ) 


There, the Vk are the critical exponents while stand for the associated amplitudes. Note that the massless 
regime of a model is sometimes referred to as its critical regime. Although this has not been written down, both 
types of asymptotics -be it massive or massless- can posses, on top of a pure decay, vanishing terms that are also 
oscillatory in respect to the distance. 


1.1.2 Approximate methods and predictions 

For a generic realistic, even oversimplified, model if is hopeless fo solve fhe specfral problem associated wifh H^, 
nof fo mention calculafing ifs fhermal partition or correlafion funcfions, even af zero femperafure. However, one 
can hope fo sfudy certain overall properties of fhe correlation funcfions on fhe basis of fhe universalify princi¬ 
ple. Models sharing fhe same value of fheir zero femperafure crifical exponenfs are said fo belong fo fhe same 
universalify class. If is believed fhaf crifical models sharing fhe same symmefry properfies of fheir Hamilfonian 
should belong fo fhe same universalify class. In some sifuafions, fhe universalify principle allows one fo go even 
furlher and relate fhe decay properties af large-disfances for differenl massless models af finife, buf very small, 
femperafures. 

The universalify principle provides one wifh powerful means of characferising certain limifing regimes of 
a massless model’s correlation funcfions. Namely, if one is able fo obfain fhe critical exponenfs of a model, 
fhan one is immediafely able fo predicf fhose of all models belonging fo fhe same universalify class. In one 
spafial dimensioijl], fhere exisf several field fheorefic massless models whose specfra and critical exponenfs can 
be defermined explicifly: fhe Luffinger model (see II170II and references fherein) and fwo-dimensional conformal 
field fheories |[28llll01 . These can be faken as a basis for accessing fo fhe value of critical exponenfs for models 
belonging fo fheir universalify classes. I shall now develop on fhese ideas a bif more. 

The Iransformalion laws for so-called primary operators in a conformal field fheory impose fhaf correlafion 
funcfion of such operators display an algebraic in fhe disfances befween fhe operafors pre-facfor. These symme- 
fries are sufRcienfly consfraining so as fo completely defermine fhe disfance dependence of fwo and fhree poinf 
funcfions in a conformal field fheory: if is purely-algebraic. In such a sifuafion, fhe exponenfs driving fhe power- 
law behaviour of a correlafor are fhen expressed in terms of fhe scaling dimensions of fhe primary operafors fhaf 
build up fhe correlation funcfion. A given conformal field fheory is characterised by ifs cenfral charge c. Differenf 
values of fhe cenfral charge correspond fo disfincf universalify classes: fhe dafa issuing from fhe sfudy of confor¬ 
mal field fheories can be exploifed so as fo predicf fhe crifical exponenfs of a plefhora of massless quanfum models 
in one spafial dimension. The conformal field fheory-based predicfions build, in facl, on fwo pillars. 

Polyakov 11307 H argued fhaf fhe correlafion funcfions of a massless model should exhibif a conformal invariance 
in fhe limif where all of fhe local operafors are far aparf, i.e. in fhe large-disfance limif. Polyakov’s argumenf 
suggesfs fhaf fhe leading confribufion to fhe long-disfance asymptotics of a correlafor in a massless model should 
be reproduced by correlafion funcfions of appropriate operafors in some fwo-dimensional conformal field fheory. 


Tn the language of classical statistical mechanics, this corresponds to the case of a two-dimensional model (34§1. 
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Still, the identification of which conformal field fheory is fo be used and which are fhe "appropriate" operafors is 
lefl open af fhis sfage. 

In 1986 and independenfly, Bldfe, Cardy and Nightingale ll^ and Affleck [T]] argued fhaf fhe ground sfafe 
energy Eg.s. of a Hamilfonian having a massless specfrum in fhe fhermodynamic limif fakes fhe form 

%.S. = LEo - ^VF + ••• (1.1.12) 

oL 

in which Eq in fhe model’s per-sife energy in fhe fhermodynamic limif, is fhe velocify of fhe excifafion on fhe 
Fermi boundary while c corresponds fo fhe cenfral charge of fhe conformal field fheory belonging fo fhe model’s 
universality class. Lafer on, Cardy ll65l wenf much further and argued fhaf all fhe conformal dimensions {Aj-}^g/ 
of fhe primary operafors, on fhe conformal field fheory side, which arise in fhe modelling of fhe large-disfance 
behaviour of local operators in fhe original model can be read-off from fhe relative to fhe ground slate energies 
and momenfa P„ associaled wifh fhe model’s low-lying excifalions, i.e. Ihose whose excifafion energies scale as 
ML. 


27rv 27r 

En ^ + ^*„ +< + <) + •• • and P„ 4„ + +<-<) + ••• 

The integer picks fhe scaling dimension of fhe primary operafors associaled wifh fhe excited sfafe while 
m* € N issues from fhe facl fhaf fhe given exciled sfafe may also conlain conlribulions of fhe descendanls of 
fhe primary operalor. Finally, 4„ is an inleger encoding fhe facl fhaf zero energy excifalions in massless models 
can carry a non-zero momenlum due to fhe possibilily of Umklapp excifalions. The momenlum of an Umklapp 
excifafion is Ipp where pp is fhe so-called Fermi momenlum of excifalions. The presence of such a non-vanishing 
Umklapp momenlum was argued in 1986 by Bogoliubov, Izergin and Reshelikhin in If^ . 

Wifh fhese fwo pillars available, fhe choice of fhe "appropriate" operafors, on fhe conformal field fheory 
side, which should grasp fhe asymplofic behaviour of a given correlafor on fhe physical model side is done by 
advocaling fhaf fhe conformal operators should inheril of all fhe symmelries fhaf hold for fhe operafors involved in 
fhe correlation funcfion one slarts wifh. For insfance, if a lallice operalor 0® has non-zero form factors between 
the ground state and an excited state with energy then the primary operators with scaling dimensions A^ will 
be among the appropriate operators, on the conformal field fheory side, which grasp fhe asymptotic behaviour of 
correlalors involving fhe operator 

A similar line of reasoning applies when exploiting fhe Lulfinger liquid model as a tool for providing fhe 
critical exponenfs. One argues fhaf a model belongs fo fhe Lulfinger liquid universalify class if if has fhe same 
form of fhe low-lying excifalions above ifs ground sfafe. The parameters describing fhese excifalions fix fhe 
Lulfinger liquid model fhaf is perlinenl for fhe model of inleresf. The critical exponenfs of fhe model one slarfs 
wifh are Ihen deduced from fhe ones computed explicifly for fhe Lulfinger liquid model II1681I1691I268II . If is worth 
singling oul fhaf fhe Lulfinger liquid approach is limited to a smaller amounl of models lhan fhe more general, 
conformal field fheory based one. 


The large-distance asymptotics at zero temperature 

To rephrase things, Polyakov’s argument justifies why a conformal field theory should emerge as an effective 
large-distance theory, while Cardy’s observation permits one to extract, from the knowledge of the structure of 
a model’s excitations, the quantities which would characterise the scaling dimensions of the operators - on the 
conformal field theory side- which describe the large-distance regime of the model’s correlators. On the basis of 
these arguments one predicts that, at zero temperature, a connected two-point function of a model belonging to the 
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universality class of some two-dimensional conformal field theory will exhibit the large-v asymptotic expansion 


<0 
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(1.1.13) 


The sum runs through the set of integers 7^"^^ which contains all the labels of the scaling dimensions that are 
relevant to the description of the two-point function’s asymptotic behaviour while are model dependent 

amplitudes associated with the contribution of a given conformal dimension. Within this approach, one also 
argues that the amplitudes should be given as the limits 




lim 

L —>+00 
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(1.1.14) 


where | T'aj ) would be the eigenstate of that is associated, on the conformal field theory side, with the primary 
operators having scaling dimensions A^. 

Note that expansions of the type (11.1.131) don’t say anything in respect to the sub-dominant in \x\ corrections 
to each term of the sum with a fixed exponent 2A^ -i- 2A^. This behaviour is expected not to be universal and thus 
not graspable directly within the sole framework of conformal field theory. 


The case of time-dependent correlators at zero temperature 


There were a few attempts to extend the predictive arsenal of conformal field theory to the case of the large- 
distance and long-time asymptotic behaviour of time and space dependent correlation functions. Such predictions 
then take the form: 
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(1.1.15) 


The amplitudes are the same as in (11.1.131) . However, per se, these predictions only hold for \x\ » \vft\. They 
are thus meaningless in that, when \x\ » Iv^tl, the time dependence is of the same order of magnitude that the 
sub-dominant corrections to each terms of the sum. 


The response functions at zero temperature 

Even though correlation function carry a lot of deep informations on a given model, it is not possible to measure 
them directly. Experiments such as neutron scattering, Bragg spectroscopy II342II or even experimental set-ups 
solely proposed on theoretical grounds such as the Eourier sampling of time of flight images II115II or stimulated 
Raman spectroscopy l(84l all measure directly the space and time Eourier transform of the connected two-point 
functions: 

5 OJ) - J • of (0)), • d/ispc(^) dt . (1.1.16) 

The choice a,[5 of operators is specific of the given experiment. Above, d/ispc(A:) is the Eebesgue measure for 
models exhibiting a continuous distance variable and it is the discrete measure attached to the sites of the model 
for lattice models such as spin chains. It seems natural to wonder whether there exists some universal behaviour 
of the response functions at least in some range of the momentum k and the energy oj. 

The conformal field theory/Euttinger liquid based predictions for the large-distance and long-time asymptotic 
behaviour allow one to predict the behaviour of these Eourier transforms in the limit when the frequency a> and 
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the momentum k both go to zero. In order to say anything more about the Fourier transforms one has to go beyond 
such a regime and, in particular, take into account the non-linearities in the excitation spectrum of the model. This 
remained a technical challenge for long, even on a heuristic basis. 

I will now describe the typical behaviour of a specific response function of a system of interacting bosons, the 
density structure factor oS) ( Fourier transform of the time and space dependent density-density correlation 

function of the model). Typically one observes, in the k > 0, co > 0 plane, a behaviour represented in Figure [TTI 
The modulus \S^^f^\k,a>)\ of the response function is relatively small between the k = 0 axis and the continuous 
line (the so-called particle excitation threshold given by the equation oj = Sp{k)). Its value grows sharply when 
one approaches the particle threshold line. It basically diverges on this line. Then, it decays in magnitude. The 
density structure factor vanishes on the dotted line (the so-called hole excitation threshold o) - Eh{k)). It is strictly 
zero between the dashed line and the a> = 0 axis. 



Figure 1.1: Typical behaviour of the modulus a;)| of the density structure factor in the plane k > 0,a> > 0. 

The response function presents a strong divergence close to the particle excitation threshold (black continuous 
line) and vanishes on the hole excitation threshold (dashed line). The response function is zero between the 
dashed line and the a> = 0 axis. 


The vanishing of the response functions between the hole excitation threshold and the m = 0 line follows, 
on heuristic grounds, from the sub-additivity of the energies of the excitations, that is to say the property that 
E{ki + k 2 ) < s{k\) + £(^ 2 ). This seems to be a general feature of many condensed matter physics models. The 
details of the behaviour of the response function above the hole excitation threshold and away from the particle 
excitation threshold strongly depend on the model. There is thus no hope to say much about it by means of a 
universal feature. However, the vanishing on the hole excitation threshold m = £/i(k) and the divergence on the 
particle excitation threshold o) = Sp{k) are both universal for integrable models. 

Very recently, in 2006, Glazmann, Kamenev, Khodas and Pustilnik II270II managed to find a way of treating the 
pertinent effects of non-linearities in the spectrum of a model of non-interacting fermions what allowed them to 
argue that the so-called density structure factor exhibits a power-law behaviour in |a; - £ft,p(k)| at fixed momentum 
k when tu approaches the particle or hole excitation threshold. The exponent governing this power-law behaviour 
is called the edge exponent. In the same year, Pustilnik BOSH argued such a power-law behaviour for the density 
structure factor of the Calogero-Sutherland model, this starting from its multiple integral representation. In 2007, 
Glazmann, Kamenev, Khodas and Pustilnik generalised their approach so as to deal with more complicated re¬ 
sponse functions II272II as well as with bosonic models 112711 . In 2008, Glazman and Imambekov Ill52l computed 
the edge exponents describing the power-law vanishing of the response functions of a gas of one-dimensional 
bosons in d-function interactions, the so-called Lieb-Liniger model. Their approach was a mixture of the previous 















22 


handlings and the use of exact expressions for certain thermodynamic quantities that can be deduced from the 
quantum integrability of that model. Finally, in 2009, Glazmann and Imambekov brought the theory to a satisfac¬ 
tory level of effectiveness. First of all II153L they provided a way to express, for Galilean-invariant models, the 
edge exponents, at momentum k, in terms of Spj^{k) and certain other natural observables for the model. Further, 
they provided 111541 a convenient effective model -the non-linear Luttinger liquid- allowing one to grasp all the 
effects of the non-linearities in the original model’s spectrum. In that paper they also exhibited some universal 
feature of the ratios of response functions S^"^\k, Ep{k) + 6aj)IS^'^^\k, £p{k) - dto) when doj —> O'*'. 


The case of non-zero temperature 

Although certain experimental situations actually deal with models that are, effectively speaking, at zero tempera¬ 
ture, this especially due to the development of modem experimental techniques of cold atom physics, most of the 
measurements take place at finite temperature T. Going back to the case of massless models at finite temperature, 
one can argue, within the setting of Cardy’s approach, the general form of the low-temperature behaviour for the 
model’s free energy in infinite volume and also the general form of the large-distance asymptotic behaviour of its 
correlation functions. Note that these, at finite temperature, are expected to decay exponentially fast in the distance 
of separation between the operators. In general, one expects that the thermodynamic limit / = Iim^_,+oo ft of the 
per site free energy has the low-T behaviour 


T 6 


(1.1.17) 


in which Eq is the model’s per site ground state energy, c is the central charge of the conformal field theory that is 
supposed to grasp the large-distance behaviour of the model’s correlation functions while Vf is the velocity of the 
excitation on the Fermi boundary. 

More generally, one argues that the low-temperature behaviour of a model’s correlation functions in given by 
an analogous formula to the zero-temperature case. In the case of a two-point function, the expansion takes the 
form 
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(1.1.18) 


in which is the tower of conformal dimensions of the primary operators, on the conformal field theory side, 
representing the given operators 0*^"^ • 0^^ on the finite volume L model side. These conformal dimensions coincide 
with the ones that appeared in the large-distance asymptotic behaviour of the zero temperature correlator 

• 0^\0)^ . Also, the above prediction for the large-distance asymptotic expansion is supposed to be valid 
only in the regime of low-temperatures, namely x —> -i-oo, r —> with xT being fixed and finite. 

Having at one’s disposal such universal predictions for various asymptotic regimes of the correlators, several 
questions arise: 


• can one access, even for some small amount of models, to the finite-size corrections to the ground and 
excited states energies and momenta and check that these are indeed of conformal type? 

• Assuming that the corrections are of such a form, can one confirm the conformal field theory or Luttinger 
liquid model based predictions for the large-distance asymptotic behaviour of at least one correlation func¬ 
tion in this model at zero temperature, this starting from the first principle, viz. solely by using the definition 
of the model and no other heuristics? 
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• Can a similar program be carried out for some model at finite but small temperature? 

• Can anything more be said relatively to the long-distance and large-time asymptotic behaviour? 

• Can one reproduce, starting from first principles, the predictions for the response functions and, in particular, 
test their universal behaviour? 

As will be discussed in the following, the first point has been answered positively in the 80’s. Also, some 
checks of the second point could have been carried out for models equivalent to a free fermion model. The first 
derivation of the second point has been done by myself and collaborators during my PhD studies. 

In the core of this manuscript, I will explain how I subsequently managed to provide a rigorous framework, 
building however on auxiliary hypothesis, that allows one to answer positively to the second, third and fourth 
points. I will also discuss a less rigorous, but quite convincing, approach that I developed so as to answer positively 
to the second, fourth and fifth point for a large class of models. 

1.2 Quantum integrable models 

So far, I have been carrying out a rather general discussion, without making much assumptions on the one¬ 
dimensional quantum model. It is high time to remind that there exists a specific class of models in one spatial 
dimension: the so-called quantum integrable models. These models enjoy of a sufficiently rich underlying alge¬ 
braic structure that renders possible all of the mentioned computations relative to an explicit characterisation of 
their spectrum, their correlation functions etc. Due to such properties, the quantum integrable models can natu¬ 
rally serve as a huge laboratory for testing the CFT/Luttinger liquid based predictions and, sometimes, even going 
beyond their scope. 

1.2.1 The coordinate Bethe Ansatz 

The field of quantum integrable models started to flourish in 1931 with the seminar work of Bethe 1321. In that 
paper, Bethe proposed an Ansatz for the eigenfunctions of the so-called XXX spin-1/2 Hamiltonian Uxxx, which 
is the isotropic limit (A = 1) of the XXZ spin-1/2 Hamiltonian: 

L ^ L 

Hxxz = +idL)) - 

a=l a=l 

Hxxz is an operator on the Hilbert space f)zxz = ^xxz’ where h^xz ~ Further cr^, cr^ and cr^ are the 

standard 2x2 Pauli matrices, and the index a in cr^, w = x,y, z, means that the matrix acts non-trivially solely in 
the a* Hilbert space h^xz Pauli matrix cr^. Also id^ is the identity operator on hxxz- Furthermore, 7 > 0 
is a coupling constant - the exchange interaction -, A takes into account the possible anisotropy of the interactions 
between the spins in the longitudinal and transverse directions while h is an overall magnetic field pointing in the 
direction of the anisotropy. The model represents an antiferromagnet when A > -1. For moderate anisotropy 
-1 < A < 1 and magnetic fields 0 > |/z| < 4/(1 -i- A) the model is a massless antiferromagnet while, for A > 1 and 
magnetic fields 0 > |/z| < 4/(A - 1) it is a massive antiferromagnet. 

In 1958, Orbach 11303 II generalised Bethe’s construction to the XXZ case. Owing to [Hxxz> Xa=i = F, the 
eigenvectors of Hxxz belongs to sectors with a fixed eigenvalue N of the operator X^^j(id/,-cr^)/2. Bethe’s Ansatz 
provides one with a combinatorial expression for the coordinates of the eigenvectors of Hxxz in the canonical basis 
of hxxz graded by N. These coordinates depend on a set of auxiliary parameters -the rapidities- {Ta)^. In order 
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to produce eigenvectors, among other things, these parameters have to satisfy a set of algebraic equations of high 
degree, the so-called Bethe Ansatz equations. For the XXZ Heisenberg magnet at -1 < A < 1, viz- when A can 
be parametrised as A = cos(^), these take the form: 

/ sinh {Ak - i^/2) A f sinh {A( - ^ ^ 

\ sinh {Ak + i^/2) / H I sinh (Ac -Ak + i^) ' 

The eigenvalues £>xxz{{^a]^) of ^xxz are then expressed as simple functions of the rapidities associated with the 
given state: 


N 

&xxz{{Aaf,) = 2/LA - 2] 

a=\ 


_2/sin^(^)_ 

sinh (Aa + i^/2) sinh (Aa - i^/2) 


L-2N, 
—I- h 


( 1 . 2 . 2 ) 


It is natural to ask about the completeness and the orthogonality of the system of Bethe eigenvectors. This 
remained an open problem for a long time. Bethe gave some counting of solution argument in favour of com¬ 
pleteness. However, subsequently, the argument was shown to be wrong. The proof of completeness was only 
given in 1994 by Tarasov and Varchenko for the so-called inhomogeneous XXZ chain and by Mukhin, Tarasov and 
Varchenko II288I in 2009 for the homogeneous XXX chains, this provided that one slightly changes the perspective 
of understanding the Bethe Ansatz equations and its solutions. 

The XXZ chain is not the only instance of a quantum integrable model. Numerous other models were stud¬ 
ied in the literature, the non-linear SchrAudinger model or the lattice sine-Gordon model so as to name a few. 
For instance, the non-linear SchrAudinger model is a quantum field theoretical model of canonical Bose fields 
<l'(x), <l'^(x) living on a circle of lengfh L, subjecf fo periodic boundary condifions and inferacfing fhrough fhe 
Hamiltonian 


%L5 


dxO\x)dx<^{x) + ca)'*'(x)0'''(x)0(x)<l)(x)} • dx - hn^LS with 



There, h > 0 plays the role of a chemical potential while c > 0 is a coupling constant characterising the strength 
of the repulsive interactions. Per se, this model goes out of the setting discussed earlier on. In particular, it is 
ill defined in fhaf one cannof really provide a rigorous consfrucfion of O, <1)^ as operators on some space. If can 
nonefheless be understood as an inducfive limif, in fhe weak sense, of a laffice model c.f. Chapler|2] Independenfly 
of such fine poinfs, in each sector corresponding fo a fixed eigenvalue of fhe number of parficle operator ^nls the 
model is equivalenf fo a gas of N bosonic parficles inferacfing fhrough a d-funcfion pairwise pofenfial wifh sfrengfh 
2c. 

The model af c = -i-oo, the so-called impenetrable bosons, was introduced in 1960 by Girardeau II150II who 
also obtained its spectrum and eigenfunctions. In 1964, Brezin, Pohil and Finkelberg It60l introduced the model in 
its full generality and proposed a coordinate Bethe Ansatz construction of its eigenfunctions up to V = 3 particles. 
During the very same year, and probably independently, Lieb and Liniger 12641 solved the model for any value 
of N. In a subsequent publication, Lieb M259ll carried out an extensive analysis of its spectrum. In 1993, Dorlas 
mini proved the completeness of the system of eigenfunctions built through the Bethe Ansatz. 


1.2.2 Spectrum in the large volume limit 

In the limit where the volume L diverges, one can provide a rather convincing description of the energy levels for 
Bethe Ansatz solvable models. First calculations of the sort have been carried out by Hulten II173II in 1938 for the 
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case of the XXX chain at zero magnetic field. The author was able to identify -on a heuristic basis- the specific 
eigenvector constructed by Bethe which gives rise to the model’s ground state. He then proposed an approach 
allowing one to compute the leading in the model’s volume (number of sites) L behaviour of the ground state 
energy. Hiilten argued that the parameters describing the model’s ground state at zero magnetic field are 
such that N = L/2 -for chains of even length- and that, in the L -i-oo limit, they form a dense distribution on 
R with a density pxxx- Building on the form of the Bethe equation, he argued that pxxx satisfies a linear integral 
equation which he was able to solve. He then used this information to compute the leading in L behaviour of 
the ground state energy. Hiilten’s density approach was generalised to many other models, but always in a rather 
heuristic setting. Orbach 11303 II applied it to the case of the XXZ chain but was not able to solve explicitly the 
associated linear integral equation. A year later. Walker 1136 111 proposed a change of variable that allowed him to 
bring Orbach’s linear integral equation at A > 1 into one driven by a 7r-periodic Wiener-Hopf operator acting on 
L^([0; tt]). In this way, he could solve the integral equation by using Fourier series expansions. In 1964, Griffiths 
il64l generalised the approach what allowed him to deal with the ground state of the massless XXZ chain in the 
presence of a finite magnetic field. 

The investigation of the excited state was initiated by des Cloizeaux and Pearson HI 051 in 1962. The authors 
derived the form of the dispersion relation of the excitations above the ground state. Four years later, des Cloizeaux 
and Gaudin 11041 extended the analysis to the case of the XXZ chain. Although they did obtain the correct form 
of the dispersion law, they gave a wrong interpretation of the spin of the excitations. This fact was corrected 
later, in 1981 by Faddeev and Takhtadzhan 11341 . In 1967, Lieb 12591 provided a very convenient description 
of the energies of the excited states in the non-linear Schrddinger model. Namely, he argued that the leading 
in L behaviou]@ of the relative excitation energies in respect to the ground state Fgx can be grasped within the 
particle-hole excitation picture. This characterisation of the energies of the excited states was only based on 
handlings of real valued solutions to the Bethe equation. However most models, the XXZ chain being a 
paradigmatic example, do have complex valued solutions. This fact was already known to Bethe. In fact, starting 
from Bethe’s seminal work and until the early ’80s, it was widely accepted that such complex-valued solutions, 
on top of consisting of a certain amount of real roots also contain strings -sub-sets {xk + ia^ + eppa, o. = -n, ■ ■ ■ ,n} 
with the "centre" of the string Xk satisfying some modification of the original Bethe equations for the model-. The 
deviations eppa in respect to the ideal strings were believed to be exponentially small in respect to the modeFs 
volume L. The so-called string hypothesis has even been used to provide wrong proofs of the completeness of the 
Bethe Ansatz. The breakthrough came in 1982 with the pioneering analysis of Destri and Lowenstein 11081 of the 
structure of the complex solutions to the Bethe equations describing the chiral invariant Gross-Neveu model. These 
Bethe Ansatz equations are structurally similar to those arising in the XXX spin chain. Destri and Lowenstein 
11081 showed that, in the L —> -i-oo limit, the complex solutions to the Bethe Ansatz equations describing the 
low-lying excited states form 2-strings, quartets and wide pairs, but do not form general, larger, strings. The 
centres of these strings were then show to satisfy a set of coupled equations called the higher level Bethe Ansatz 
equations. The work of Destri and Lowenstein was followed, a few months later, by the two independent papers 
ifTSl 13671 . Woynarovich 13671 studied the case of the massless regime of the XXZ chain at anisotropy 1 > A > 0 
while the analysis by Babelon, Viallet and de Vega ifTSTl was the most complete and dealt with all the regimes of 
the XXZ chain. Later, in 1984, the derivation of the higher level Bethe equations for the massive regime of the 
XXZ chain was reconsidered by Virosztek-Woynarowich 13601 . This last paper corrected certain spurious terms 
present in the higher level Bethe equations for the massive chain obtained earlier. All the aforementioned works 
allowed for a deep understanding of the structure of the large volume limit of solutions to the Bethe equations 
that describe the low-lying excited states of the quantum integrable model. Also, recently in 2007, Caux and 
Hagemans l69l studied the complex solutions to the Bethe equations for the XXX chain and provided a thorough 
numerical description of the solutions for 10 sites long chains. This analysis what manifestly showed a strong 


*Viz. when terms vanishing in L are dropped 
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deviation from the "string-hypothesis" form. 

The density of Bethe roots approach described above was rather heuristic. Several elements of rigour have 
been brought by Yang and Yang 113711 13721137311 in 1966. In particular these authors provided a rather good 
justification, for the XXZ chain, of the specific solution fo fhe Befhe equation fhaf gives rise fo fhe ground sfafe. 
Yang and Yang also gave a firmer ground fo why a densificafion of fhe ground sfafe Befhe roofs should hold for fhe 
XXZ chain. Furfhermore, fhey provided 1137211 a rafher exfensive discussion of fhe properfies of fhe linear infegral 
equations fhaf is salisfied by fhe density of fhe ground sfafe Befhe roofs. However, fhe proof of fhe densificafion, 
for -1 < A < 0 and also for A > 1 and large enough, has only been given recenfly by Dorlas and Samsonov I1113II 
in 2009. The proof of fhe densificafion for fhe ground sfafe Befhe roofs as well as for Befhe roofs describing a 
class of parficle-hole excifed slates, Ihis for any A > -1 was given by myself in 2015 1I251L 

Sfill, fhe main inferesl for sfudying fhe large-L behaviour of fhe Befhe roofs resided in being able fo access 
fhe 1/L corrections fo fhe low-lying excifed sfales’ energies, firsf, so as fo lesl fhe conformal field strucfure of fhe 
excifafions in fhe model and, second, so as fo exfracf from fhere fhe critical exponenfs. The firsl realty effecfive 
approach allowing one fo do so was proposed by de Vega and Woynarovich 111091 in 1985 and builf on an ingenious 
handling of densifies. The aufhors freafed fhe case of fhe massive regime of fhe XXZ chain. Allhough nof 
formulafed direclly in Ihis way, fheir melhod builf al some poinl on non-linear infegral equafions. During fhe 
late 80’s, fhe melhod of de Vega and Woynarovich was conformed wilh success fo fhe calculafion of fhe finile- 
volume corrections fo fhe low-lying excifed slates’ energies of various quanlum inlegrable models. The melhod 
had, however, cerlain limils of applicability. In 1990 Balchelor and Kliimper Il226ll proposed a non-linear integral 
equafion based framework fhaf allowed one for a very effecfive compulalion of fhe finile-volume correction. This 
approach was subsequenlly developed in 1991 by Kliimper, Balchelor and Pearce II227I1 and in 1993 by Kliimper, 
Wehner and Zillarlz II232I . In 1992, Deslri and de Vega 111061 elaborated further fhe non-linear integral equation 
based-approach fo exlracling finite-volume corrections and broughl if fo a quite salisfacfory level of effecliveness 
in 1995 flOTl . 

These works, and many olher fhaf followed, confirmed Cardy’s predictions for fhe large-L behaviour of fhe 
ground and low-lying excifed sfales’s enegies. This allowed for an idenfificafion of fhe cenfral charges and con¬ 
formal dimensions associafed wifh numerous quanlum inlegrable models. 

1.2.3 The algebraic Bethe Ansatz 

During his 1967 analysis 12601126 ll 12621 126^ of fhe various phases of fhe six-vertex model Lieb observed 12611 
12631 fhaf fhe Iransfer malrix associafed wifh Ihis model of Iwo-dimensional slalislical physics possesses exaclly 
fhe same Befhe eigenveclors as fhe XXZ spin-1/2 chain. A similar slalemenl has been made by Sulherland 13431 . 
fhe same year and, apparenlly, on independenl grounds In 1968, McCoy and Wu 12831 wenl one sepf further and 
showed by a direcl calculafion fhaf fhe XXZ Hamiltonian commufes wilh fhe Iransfer malrix of fhe six-verlex 
model, hence ensuring fhaf fhe Iwo objecf aclually share fhe same eigenveclors, irrespectively of whefher fhe 
Befhe eigenvectors span fhe whole Hilberf space of fhe models. In 1970, Sulherland 13451 generalised fhe resulf 
of McCoy and Wu and demonslraled fhaf fhe so-called XYZ Hamilloniaiji] commufes wilh fhe Iransfer malrix of 
fhe eighl-vertex model. If was however Baxter fhaf, on fhe one hand, eslablished a clear connection belween fhe 
Iwo objecls and, on fhe ofher hand, unravelled fhe deep algebraic strucfure al fheir roof. In his 1972 analysis of fhe 
free energy of fhe eighf-verfex model, Baxler l22l conslrucled a one-paramefer A family of Iransfer malrices t^vCd) 
associafed wilh Ihis model. The paramefer A is usually referred fo as fhe specfral parameter. Baxler represenled 
t8v(d) as fhe Irace of a producl of "local" L malrices. This producl is called, nowadays, fhe monodromy malrix 
whereas fhe L-malrix if referred fo as fhe Lax malrix of fhe model. In fhe case of fhe eighl verlex model, if is 
a 2 X 2 malrix over fhe ring of linear operators on C^. Baxter showed fhaf Ihese Iransfer malrices commute af 


*This is a generalisation of the XXZ Hamiltonian where all nearest-neighbour spin-spin interaction bare a different weight. 
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different values of the spectral parameter. The commutation follows from a set of constraints that are satisfied by 
the weights of the eight-vertex model which he referred to as the star-triangle relation. In fact, this very relation 
was already known to Onsager when he solved the two-dimensional Ising model BOIL Baxter showed that the 
star-triangle relation can be rewritten as a matrix relation between products of local L matrices R\ 2 ^\'L 2 - L 2 L\R \2 
where 1,2 are auxiliary spaces associated with the Lax matrices while /? is a 4 x 4 matrix acting in the tensor 
product of the spaces 1 and 2. A similar equation, has been obtained in 1967 by Yang l370l in a completely 
different setting when he studied the factorisable scattering on the line for the gas of A-particles, not necessarily 
bosonic, interacting through a d-like repulsive potential. Nowadays, the 7?i2LiL2 = L2Li7?i2 equation is referred 
to as the Yang-Baxter equation. On top of proving the commutativity of the transfer matrices, in a subsequent 
paper, Baxter ll^ showed that the XYZ Hamiltonian can be expressed as 5^ In t 8 y(/l)| 2 =o- Upon restricting 
the parameters of the model, one then finds that the XXZ Hamiltonian is given by the logarithmic derivative 
at zero spectral parameter of the six-vertex model transfer matrix. This allowed Baxter to establish a direct 
connection between transfer matrices of two-dimensional statistical mechanics and quantum integrable models in 
one dimension. I emphasise that Baxter’s work added a deep algebraic structure to quantum integrable models: a 
quantum integrable Hamiltonian is an explicit member of a commutative algebra of charges generated by a family 
of commuting transfer matrices. In this respect, one obtains a conceptual bridge between the quantum and the 
classical integrabilities: integrability is the existence of a sufficiently large explicit set of charges in involution. At 
that stage, however, it was not clear how, starting from a given quantum integrable Hamiltonian, one can find the 
commuting transfer matrix that would embed the Hamiltonian into a sufficiently large set of charges in involution. 

In 1979, Faddeev, Sklyanin and Takhtadjan III3III showed that what Baxter observed was actually just the tip of 
the iceberg of a deep algebraic structure. As pointed out by Baxter, the local RLL relation can be lifted to a global 
^ 12 TiT 2 = T 2 Ti ^12 one satisfied by the model’s monodromy matrix. While Baxter used this relation solely to 
prove the commutativity of the transfer matrices, it actually provides ones with the algebra satisfied by the entries 
of the model’s monodromy matrix. Faddeev, Sklyanin and Takhtadjan 1113111 built on these algebraic relations so as 
to construct the eigenvectors of the trace of the monodromy matrix - the so-called a transfer matrix of the model-. 
They realised this program for the lattice discretisation of the sine-Gordon model. They were able to provide a 
Lax matrix satisfying the local Yang-Baxter equation, up to second order corrections in the lattice space. Although 
their Lax matrix was only approximate, the authors argued the error to be negligible in the continuous limit when 
the lattice spacing is sent to zero and the per se quantum version of the sine-Gordon model formally recovered. In 
the approach of the Leningrad school, the eigenvectors are constructed as products of the 12 entries of the 2x2 
auxiliary space representation of the monodromy matrix: 

ia,}f ) - Ti2(Ti)---Ti2(Tyv)|0) . (1.2.3) 

The operators Ti 2 (/l) form a commutative family and act on the so-called pseudo-vacuum vector 10 ) which satisfies 
T 2 i(d)| 0 ) = 0, for any A. For | {Aa]^ ) to be an actual eigenvector of the commuting family of transfer matrices, 
the parameters {Aa}^ have to satisfy the Bethe Ansatz equations of the model. The algebraic approach to quantum 
integrable models described above leads to tremendous simplifications in the resolution of their spectral problems. 
Indeed, the eigenvectors are not expressed as some interlocked combinatorial sum as in the coordinate Bethe 
Ansatz but, rather as the action of a string of pseudo-creation operators on a reference state. One thus recovers, at 
least in part, the structure of a Fock space so familiar to free-fermionic models. It is important to stress that it was 
precisely this algebraic construction of the eigenstates that really opened the possibility of an efficient investigation 
of the structure of the space of state (calculation of the norms, the scalar products and, more generally, calculation 
of the correlation function) of quantum integrable models. Furthermore, it was the discovery of this algebraic 
structure that was at the roots of the theory of quantum groups, formalised by Jimbo 111901 and Drinfel’d HI 1411 in 
the mid and late 80’s. 

In the years that followed its discovery, the algebraic Bethe Ansatz was applied to a plethora of models. The 
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main difficulty was, in fact, to construct the solutions to the "local" Yang-Baxter equation defining the fundamental 
Lax matrix of the model. This could have been done for the XXX chains by Faddeev and Takhtadjan II133I1 or the 
lattice discretisations of the sine-Gordon and non-linear Schrddinger model by Izergin and Korepin Il85ll so as to 
name a few. Note that the Lax matrices obtained by Izergin and Korepin were satisfying the Yang-Baxter equation 
to all order in the lattice discretisation parameters. The mentioned models were built over the rank 1 Lie algebra 
5 I 2 . In order to treat more complex models built over of higher rank Lie algebras, it was necessary to generalise 
the notion of the algebraic Bethe Ansatz what led to the so-called nested algebraic Bethe Ansatz developed by 
Kulish and Reshetikhin 1125311254II in the early 80’s. The Kulish-Reshetikhin procedure is an algebraisation of 
the nested coordinate Bethe Ansatz approach used earlier by Yang 07011 for a multicomponent Bose gas and by 
Sutherland 0441 for a multicomponent spin chain. I refer to the 1982 review of Kulish and Sklyanin 12551 for a 
list - definitely non-exhaustive- of other models for which Lax matrices were constructed. 

It is also important to mention that there exists a class of models for which the algebraic Bethe Ansatz is not 
directly applicable since the models do not posses a buona fide pseudo vacuum but for whose it is possible to 
reduce the construction of the eigenvectors and eigenvalues model to the one of an auxiliary model which does 
posses a pseudo-vacuum. An archetype of such models is the XYZ spin-1/2 chain. The relationship between 
the original and auxiliary models is obtained by means of the so-called vertex- IRli transformation. Such a 
transformation was first proposed by Baxter 1^ . what allowed him to determine the spectrum of the zero field 
eight vertex transfer matrix by means of a coordinate Bethe Ansatz f2M . Later, Faddeev and Takhtadjan conformed 
Baxter’s trick to the algebraic Bethe Ansatz setting II132II . Among models solvable by means of such an extension 
of the algebraic Bethe Ansatz, one can mention higher spin or rank variants of the XYZ chain. 


1.2.4 Failure of the algebraic Bethe Ansatz: the quantum separation of variables 

Despite its tremendous etfectiveness, the algebraic Bethe Ansatz cannot always be applied be it directly on through 
a vertex IRF transformation. Indeed, its implementation heavily relies on the existence of the pseudo-vacuum 
vector 10 ). The latter, however, does not always exist. One can, in fact, provide many examples of quantum 
integrable models possessing a local Lax matrix and yet not admitting a pseudo-vacuum vector, the simplest one 
being the quantum Toda chain. It is a quantum mechanical N + 1-body Hamiltonian in one spatial dimension 
defined as 


N+l 2 N ^ „ 

Hxd = y — + with p„ = -— (1.2.4) 

^2 1 

and acting on 

N+\ 

hxd = ^ (^l)Td with f)"^ ^ L2(R,dx) . (1.2.5) 

n=l 

There, p„ and x„ are pairs of conjugated variables satisfying to the canonical commutation [xi.,p^] = 1 %. Just 
as for the XXZ chain, the index n refers to the quantum space 1)”^ where these operators act non-trivially. When 
K = \, one speaks of the so-called closed Toda chain whereas, when k - 0, the model is referred to as the open 
Toda chain. The Lax matrix for the Toda chain takes the form 


L(T) 


T-p e * \ 

-e* 0 J ■ 


( 1 . 2 . 6 ) 


^interaction round-the-face 
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Clearly, its 21 entry does not annihilate any local pseudo-vacuum, viz. there is no solution to e*|0), even in a 
generalised sense. This renders impossible the use of the algebraic Bethe Ansatz -under any of its variants- as a 
way to solve the spectral problem associated with Hxd- 

There are, nonetheless, ways of overcoming such issues. In his analysis of the eight vertex model Il2^ . Baxter 
characterised the spectrum of the transfer matrix t8y(/l) of the eight vertex model in terms of a second order finite- 
difference and operator valued equation relating the transfer matrix t8v(/l) and an auxiliary object, the so-called 
2-operator Q8y(/l). Although Baxter obtained this equation for the eight vertex model case, I will write directly 
the one that arises in the context of the closed Toda chain as this will serve better the purpose of the discussion: 

tTd(d) • QxdW = (if ^'QxdC^ + m + (-i)^^'QTd(^ - m ■ (1-2.7) 

The operator valued t - Q equation for the Toda chain was obtained, for the first time, by Gaudin and Pasquier 
114411 in 1992. The main point is that t - Q equations provide one with an alternative, in respect to the Bethe 
Ansatz, way of characterising a model’s spectrum. The sole form of the equation is, however, not enough for this 
purpose. One needs, in addition, to impose some additional constraints on t(/l) and Q(/l). The usual setting is that 

• t(/l) and Q(/l) are normal operators for real values of the spectral parameter; 

• t(/l) and Q(/l) commute at different values of the spectral parameter [t(T), Q(/i)] = 0; 

• t(/l) is a polynomial (be it a classical one, a trigonometric one or an elliptic one) in the spectral parameter; 

• Q(/l) satisfies, at least in a weak sense, some growth conditions in A and admits a meromorphic continuation 
to a sufficiently large strip around the real axis. 


Spectrum of the Toda chain 

The family {t(/l); Qf/r))^^ being normal and commutative, one can reason, by virtue of the spectral theorem, on 
the level of the space where both operators t(/l) and Q(/l) are realised as multiplication operators by t{A) and qt{A). 
In the case of the closed Toda chain, this leads to the following second order finite-difference equation for the two 
unknown functions tTd(d) and qt.^^{A)\ 

fTd(d) • qt,M) - (i)'^^'9.Td(2 + m + K- - iK) . (1.2.8) 

One looks for solutions of this equation under the requirement that fTd(4) is a monoic polynomial in A of degree 
A -I- 1 while is entire and subject to the additional constraint on the asymptotic behaviour of qtj^ (the bounds 
on the asymptotic behaviour were found, in the correct form, by Gaudin-Pasquier II 14411 ): 

q^^^(A) ^ • |/1 |t(2 |9G)I-S)J uniformly in |3(T)| < ^ . (1.2.9) 

The system might seem under-determined, in the sense that it contains too many unknowns. To convince oneself 
of the contrary, at least heuristically, it is helpful to make the parallel with the Sturm-Liouville spectral problem 

find all (A,y) € R x//2(1.) such that -y"(x) + V{x)y{x) = E ■ y{x) (1.2.10) 

with V sufficiently regular and growing fast enough at infinity and //2(R) is the second Sobolev space associated 
with L^(R). Although the above ordinary differential equation admits two linearly independent solutions for any 
value of E, only for very specific values of E does one find solutions that are in //2(R). Regarding to (11.2.81) . the 
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regularity and growth requirements on play the same role as the // 2 (R-) space in the Sturm-Liouville problem: 
the scalar t - Q equation admits solutions (fTd> <?td) belonging to the desired class only for well-tuned monoic 
polynomials of degree N +\. It is this effect that gives rise to so-called quantisation conditions for the Toda chain. 

The scalar t - Q equation based description of the spectrum of the Toda chain appeared for the first time in 
the early 80’s work of Gutzwiller II16611167II which dealt with the closed Toda chain involving a small number 
2,3 or 4 of particles. Gutzwiller derived the equation through a reasoning that appeared, at the time, completely 
independent of the integrable structure of the model. He represented the eigenfunctions of the 2,3 or 4-particle 
closed Toda chain in terms of an integral transform whose integral kernel was given in terms of the eigenfunctions 
of the 1,2 or 3-particle open Toda chain. The integral transform was acting on a product of functions q of one 
variable which arose as solutions to a second order finite difference equafion which fook exacfly the form of the 
scalar t - Q equation given above. As such, Gutzwiller’s handlings appeared to be at the root of a new method 
allowing one to solve spectra of certain quantum integrable models. However, the real deep connection which 
allowed for a systematic development of the method is definitely to be attributed to Sklyanin. In B24L by using 
an analogy with the classical separation of variables, Sklyanin gave a quantum inverse scattering method-based 
interpretation of the aforementioned integral transform. In the case of a quantum integrable model associated 
with the six-vertex /^-matrix -such as the quantum Toda chain-, the transform corresponds precisely to the map 
that intertwines the Ti 2 (/l) operator entry of the model’s monodromy matrix T(/l) with a multiplication operator. 
Sklyanin represented the Yang-Baxter algebra of the quantum Toda chain on the space hsep where Ti 2 (/l) acts 
as a diagonal operator. The main simplification stemmed from the fact that tTd(d) was represented on hsep as a 
sum of second order finite-difference operators in one variable. As a consequence, the multi-dimensional (partial 
differential equations on and multi-parameter (the eigenvalues of the operator coefficients in the spectral 

parameter expansion of the transfer matrix tTd(4)) spectral problem for tTd(d) was reduced to a multi-parameteiE] 
one-dimensional spectral problem which took precisely the form of the t - Q mentioned earlier. In Sklyanin’s 
approach, the eigenfunctions of the transfer matrix tTd on hsep were given as products of the function qt^^. In 1992, 
Gaudin and Pasquier II 1441 realised the Q operator for the Toda chain as an integral operator on hid and constructed 
explicitly its integral kernel. This allowed them to show that tTd(T) and QxdC^) satisfy to the aforementioned 
operator t - Q equation. 

Gutzwiller 11671 provided the general form of the solutions to the scalar t - Q equation of the model. On its 
basis one could then formulae a set of quantisation conditions for the zeroes of the polynomial fTd(4). However, 
these equation (see Chapter 0 for more details) were extremely indirect. Solving them, even with the help of a 
computer appears to be a hopeless task. A huge surprise relatively to the spectrum of the Toda chain came from 
the study of four dimensional gauge theories, an apparently completely disconnected subject. In 2009, Nekrasov 
and Shatashvilii 12931 argued the existence of a correspondence between supersymmetric vacuua in their theories 
and eigenstates of certain quantum integrable models. This framework allowed them to argue 12921 a relatively 
simple description, based on non-linear integral equations, for the spectra of various quantum integrable models, 
the Toda chain in particular. The Nekrasov and Shatashvilii description of the spectrum of the Toda chain builds on 
structures and objects which appear, at least at first sight, totally disconnected with those attached to the quantum 
separation of variables. It is thus natural to ask: 


• is it possible to recover and prove the description of the spectrum of the Toda chain conjectured by Nekrasov 
and Shatashvilii? 


I will provide a positive answer to this question in Chapter[6l Section IGTI 


^because one has to keep track, one way or the other, of the different eigenvalues 
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The quantum separation of variables method 

I will now discuss the quantum separation of variables for the Toda chain in slightly more explicit terms. Let 
T(/l) = Li(/l) • • • LAr+i(/l) be the monodromy matrix for the Toda chain. The one parameter abelian family of 
operators [T(/l)] ^2 on hid is intertwined with a multiplication operator on hsep by a unitary operator 

^ : hsep - Z.2(R^+',dy) ^ hTd - Z.2(]R^+',d^+'x) . (1.2.11) 

In fact, due to the translation invariance of the closed quantum Toda chain, the measure dv on hsep factorizes 
dv - Aji® de into a "trivial" one-dimensional Lebesgue measure de that takes into account the spectrum s of the 
total momentum operator and a non-trivial part d/r which is absolutely continuous in respect to the A^-dimensional 
Lebesgue measure d^y and which will be specified later on. The operator ^ is realised as an integral transform 
that allows one to represent functions O € hid as 0(jrjv+i) = '^[0](jrAr+i) where, for sufficiently well-behaved 
functions <1) € hsep^ 


^[d>\{XN+\) = J 


<Py„(XN) ■ 


i(s-yN)xN+[ 




RiV+l 


dfr(yjv) 


I de . 


( 1 . 2 . 12 ) 


Here and in the following, 1 adopt the below notation for k-dimensional vectors 


Xk - {xi,...,Xk), similarly for and agree upon = (1.2.13) 

a=i 

Up to some minor modifications, the non-trivial part ipy^{xN) of '^’s integral kernel corresponds to the eigenfunc¬ 
tions, in the generalised sense, of [T(/l)]j 2 : 


N 

[T(T)]i2 • ‘Py.ixN) = f] (T - y,) • ipy^ixN) - (1.2.14) 

a=l 

The factorisation of the measure dv implies that the map factorises as well ^ o ^, in which the 

^ transform corresponds to taking a Fourier transform in s followed by the action of a multiplication operator 
whereas constitutes the non-trivial part of . Foi0F € L\y^ (R^, dyu(y^)), it is given by 


^lJy[F]{xt^) = J<fy^(xN )' F(yjv) ■ d/u(y^) . 


(1.2.15) 


Henceforth the integral transform 14n will be referred to as the separation of variables transform. The main advan¬ 
tage of the separation of variables transform is that it provides one with a very simple form for the eigenfunctions 
of the family of transfer matrices tTd(T). When focusing on a sector with a fixed momentum e, the joint eigen- 
functior@'T',.^j of tTd(/i) that is associated with the eigenvalue tTd(d) admits a factorised representation in the space 
f)sep^ in the sense that 


N 

a=l 


(1.2.16) 


*The subscript sym occurring in L*y^ indicates that the function F is a symmetric function of its variables, 
hhe spectrum is simple, as follows from An’s results (7). 
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appearing above solves the scalar form of the t - Q equation for the Toda chain (I1.2.8I) that involves the 
polynomial txd- 

To summarise, within the framework of the quantum separation of variables, the resolution of the spectral 
problem for the quantum Toda chain amounts to 

i) building and characterising the kernel of the SoV transform ; 

ii) establishing the unitarity of TYa? : L^(R.^,d^v) ^ Lsyj^(R^, d/i(j^)); 

iii) characterising all of the solutions to the scalar t - Q equation and proving the equivalence of this spectral 
problem to the original one for txd, viz- as it is formulated on hid- 

Point iii) has been first argued by Sklyanin II324L the arguments were then slightly improved by Gaudin and 
Pasquier II 1441 and, finally An Q proved fhe equivalence. The non-frivial pari of An’s proof consisfs in esfablish- 
ing thal if, upon factorising the movement of the centre of mass, € L^(R^, dx) is a joint eigenfunction of the 
family txd(d), then is entire and satisfies lo appropriate growth conditions. 

The history related to solving points i) and ii) is more sinuous and among others intersects with the theory 
of Whittaker functions for GL{N, IR). In fact, the road to the resolution of point i) takes its roots in the 1979 
work of Kostant 112481 . Kostant found a way to quantise the integrals of motion for the open classical Toda 
chain hence showing the existence of an abelian ring of operators containing Hxd|,^^o, viz- the quantum open Toda 
chain Hamiltonian. Furthermore, he was able II249II to identify the system of joint generalised eigenfunctions to 
this ring as the Whittaker functions for GL{N, R). Kostant’s approach has been further developed by Goodman 
and Wallach 111601116111162II in the mid 80’s what allowed them to treat, among others, the closed Toda chain 
Hamiltonians Hxdi^^j- Within this approach, a thorough characterisation of the relevant Whittaker functions is of 
prime importance. 

The systematic study of Whittaker functions has been initiated by Jacquet HI891 in 1967 and further developed 
by Hashizume 11721 and Schiffmann 13161 . At the time, the Whittaker function were constructed by purely group 
theoretical handlings, which allowed to represent them by means of the so-called Jacquet’s multiple integral. In 
1990, Stade 13411 obtained another multiple integral representations for the GL{N,M.) Whittaker functions. In 
1997, Gerasimov, Kharchev, Marshakov, Mironov, Morosov and Olshanetsky 11481 proposed yet another multi¬ 
ple integral representation for these functions which was based on the so-called Gauss decompositior0 of group 
elements. However, for many technical reasons that I will not discuss, all these representations, although explicit, 
were hard to deal with, not even to mention extracting from them some fine property of the object. Despite such 
technical problems, this state of the art was already enough in what concerned applications to the quantum Toda 
chain. 

Building on Gutzwiller’s construction and implicitly conjecturing that the ring of operators found by Kostant 
actually coincides with the quantum inverse scattering method issued integrals of motion for the open A-particle 
Toda chain, Kharchev and Lebedev 12041 wrote down a multiple integral representation for the eigenfunctions of 
the closed periodic Toda chain Hxdi^^i in the form outlined previously. Their construction worked for any 

value of N- The main point of their implicit conjecture relative to the equality between the rings generated by the 
two families of integrals of motion was to allow them to use Kostant’s characterisation of the eigenfunctions of 
the open Toda chain abelian ring of operators so as to identify the kernel tpy^ix^) with the Whittaker functions for 
GL{N, R). In this way, they provided an explicit construction for the integral kernel of ’Un- In the mentioned paper, 
Kharchev and Lebedev used the so-called Gauss decomposition based multiple integral representations for these 
Whittaker functions 11481 . Later, in 1205112061 . the two authors managed to connect their approach with Sklyanin’s 


^Note that the construction of Jacquet’s multiple integral representation is based on the so-called Iwasawa decomposition. 
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quantum separation of variables II324II approach to the quantum Toda chain. Indeed, in II327L Sklyanin proposed 
a scheme based on the recursive construction of the monodromy matrix which allowed one to build the kernel 
of the SoV transform through an inductive, but explicitly solvable, procedure. Kharchev and Lebedev 1120511206II 
managed to implement this scheme on the example of the open Toda chain, hence obtaining a new multiple integral 
representation for the GL{N,'R.) Whittaker functions which they called the Mellin-Barnes representation. Finally, 
in 111461 . Gerasimov, Kharchev and Lebedev established a clear connection between the group theoretical and the 
quantum inverse scattering method-based approaches to the open Toda chain. In particular, that last paper proved 
the previously used conjecture relative to the concurrency between Kostant’s ring of operators on the one hand 
and the quantum inverse scattering method issued conserved charges on the other hand. 

There exists one more multiple integral based representation for the generalised eigenfunctions of the open 
Toda chain which was obtained, for the first time, by Givental 1115111 in 1997. The group theoretic interpretation of 
Givental’s multiple integral representation has been given by Gerasimov, Kharchev, Lebedev and Oblezin 1114711 
in 2006. Since the corresponding proof built on a specific type of Gauss decomposition for the group elements 
of GL{N, R.), this multiple integral representation bears the name Gauss-Givental. Furthermore, the work 1114711 
also contained some comments relative to a connection between the Gauss-Givental representation and the Q- 
operator of the Toda chain constructed earlier by Gaudin and Pasquier Bl44ll . In fact, the connection between 
Q-operators and Gauss-Givental integral representations for the kernels of separation of variables transforms has 
been established, on a much deeper level of understanding, by Derkachov, Korchemsky and Manashov 1110211 . 
this a few years prior to paper 1114711 . Derkachov, Korchemsky and Manashov observed that one can build the 
eigenfunctions of the [T(/l)]j 2 operators arising in the context of the non-compact XXX chain out of the building 
blocks that were used for constructing the integral kernel of the model’s Q-operator. This allowed them to propose 
a "pyramidal" representation for the kernel of the separation of variables transform for the non-compact XXX 
magnet. In 1132211 . Silantyev applied the Derkachov, Korchemsky, Manashov method so as to re-derive the Gauss- 
Givental representation for the GL{N,'R.) Whittaker functions 

The above works, by-and-large, close the discussion relative to point i). I do stress that Sklyanin’s recursive 
method leading to the Mellin-Barnes representation as well as Derkachov, Korchemsky and Manashov’s method 
leading to the Gauss-Givental representation is quite general in that it solely builds on objects that are "natural" 
to the quantum inverse scattering method. Therefore, the methods are well entrenched: their implementation to 
other quantum integrable models solvable by the quantum separation of variables method, this in view of solving 
the analogue of point i) above, is only a technical question, ah conceptual issues being solved. In this sense, the 
state of the art relative to point i) is quite satisfactory. 

I will now discuss the unitarity of the transform ^ realising the quantum separation of variables. In virtue 
of the unitarity of the Fourier transform, this property boils down to proving the unitarity of ’Un, viz. the point 
ii) mentioned earlier. One can rephrase the unitarity of "Un as the property of completeness and orthonormalilty 
of the system of generalised eigenfunctions of the open Toda chain {[T(/l)] j 2 )i€R abelian ring of operators. I do 
stress that the construction of the appropriate measure space, viz. the space where the variable parametrising 
the eigenvalues of {[T(/l)]j 2 )i£R evolve adjoined to the explicit form of the measure d/u on this space, is part of 
the problem stated in point ii). For the sake of simplifying the discussion, I already used part of this answer from 
the very beginning, namely that e Still, I do stress that this property can only be affirmed, a posteriori, 
when completeness is proven. Again, a posteriori, it turns out that the measure dp is continuous with respect to 
Lebesgue’s measure on and takes the explicit form 

N _i 

dpijf,) = p(y^)-d^y with ^ . (1.2.17) 

^ ^ k+p 

Both completeness and orthonormality, have aheady been established within the framework of the group 


























34 


theoretical based approach to the model. Semenov-Tian-Shansky proved II319II the orthonormalilty of the system 
{jTyv which, Written formally, takes the form 


r * ^ 

J ■ (PyJXN) ■ d^X = fl’ 


(1.2.18) 


E'V 


(teS/^ a=l 


Also, the completeness of the system {j^ i-> which written formally, takes the form 


r * 

I (^rA.(^/v))V3'iv(^A') /^Cy^v) • d^y - ]~[ 6(Xa - x^) , 

< 3=1 


(1.2.19) 


follows from the material that can be found in chapters 15.9.1-15.9.2 and 15.11 of Wallach’s book II362I1 and 
appears as a culminating result of an 878 pages long two volume book developing various tools for constructing 
and analysing Whittaker vectors. 

The proofs 113191136211 are technically involved, rather long, and completely disconnected from the quantum 
inverse scattering method description. It is, in fact, not so much the technical part that poses problem but rather 
their lack of connection to the quantum inverse scattering method. The matter is that the quantum Toda chain is a 
very special model that can be solved by means of group theoretical methods. This is no longer the case for other 
quantum integrable models where one has to resort to the more refined algebraic machinery of quantum groups. 
One cannot thus build on the existing harmonic analysis on groups machinery so as to study completeness or 
orthogonality of such more general models. It means that if one would like to repeat such a path, then one would 
need to start developing an analogous theory, presumably from scratch, in a context that would be applicable to 
these other models. Taken into account the complexity and length of the aforementioned methods B1911362II this 
would be unreasonable. I stress that, as of today, even for the relatively simple case of the lattice discretisation of 
the Sinh-Gordon model i63]| . point ii) remains an open question. 

One can thus ask whether 

• it would possible to set a simple and systematic approach to the resolution of point ii) that would solely 
build on the objects and structures that are natural to the quantum inverse scattering method? 

I shall answer positively to this question Chapter 0 My construction allows, in principle, to extend the proof of 
unitarity of the SoV transform to other, more complex, models such as the lattice discretisation of the Sinh-Gordon 
model. 


1.2.5 Quantum integrable models at finite temperature 

The very first approach to the description of quantum integrable models at finite temperatures was developed in 
1969 by Yang and Yang II374II on the example of the non-linear Schrddinger model. These authors, building on 
the logarithmic Bethe equations describing the spectrum of the model Il264ll . carried out a large-volume L saddle- 
point like analysis of the statistical sum defining the model’s partition function and hence its free energy. The 
saddle-point analysis allowed Yang and Yang to argue an integral representation for the per site free energy /nls 
of the model in the thermodynamic limit: 


/nls - 


/l„[, 


-I- e' 


sU), AA 


2n 


( 1 . 2 . 20 ) 
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this for any values of the coupling constant 0 < c < +oo just as any value of the chemical potential h. The 
dependence of /nls on the coupling constant and on the chemical potential is encoded in the function e which 
corresponds to the unique solution to the non-linear integral equation referred to, nowadays, as the Yang-Yang 
equation: 

s(A) = A^-h-— - -^( 1 . 2 . 21 ) 

In J (A- fiY + 

R 

Yang and Yang showed that its solution exists and is unique, this for any value of T and h. In 1971, Yang-Yang’s 
method has been generalised to the study of the thermodynamics of the XXZ spin-1/2 chain simultaneously and 
independently by Gaudin II 14211 and Takahashi l348ll . Both works built on the so-called string hypothesis 
and characterised the free energy of the model in terms of a solution to an infinite tower of non-linear integral 
equations. Since then, Yang and Yang’s approach has been applied with success to many other models and bears 
the name of the thermodynamic Bethe Ansatz. Note that the reasoning of Yang and Yang which gave rise to the 
integral representation for /nls was raised to the level of theorem, only much later, in 1989 by Dorlas, Lewis and 
Pule II112L These authors represented the finite temperature and volume partition function of the model at general 
c in terms of an integral of a function versus the probability measure Pl;+co induced by the statistic operator 
g-rHAiLs of the impenetrable Bose gas (c = -i-oo) on an appropriate subspace of 2^. They subsequently 

showed that Pl;+oo satisfies a large deviation principle and fhaf fhe infegrand G is regular enough. In fhis way fhey 
could invoke Varadhan’s lemma -an infinite dimensional varianf of Laplace mefhod- so as fo esfimafe fhe large-L 
limif of fhe integral fhey obfained as a represenfafion of fhe parfifion funcfion. 

A completely differenl approach fo fhe sfudy of fhermodynamics of spin chains has been pioneered by Koma 
in 1987 on fhe example of fhe XXX Hamiltonian II235II . Two years lafer, Koma generalised his mefhod so as fo 
encompass fhe XXZ l236l Hamiltonian. Koma’s approach lakes ils roofs in Baxter’s observalion on fhe corre¬ 
spondence befween fhe eighl verfex model and fhe XYZ spin chain. Building on such ideas, Koma argued fhaf fhe 
compulation of fhe fhermodynamic limif of fhe partition funcfion of fhe XXX and XXZ models in a magnefic field 
is equivalenf fo oblaining fhe largesl eigenvalue of fhe Iransfer malrix associated wilh a specific inhomogeneous 
six-vertex model whose inhomogeneifies are funclions of fhe lemperalure. This Iransfer malrix is called, nowa¬ 
days, fhe quanlum Iransfer malrix and ils size depends on an auxiliary infeger called fhe Trotter number. In Koma’s 
approach, fhe free energy is expressed as fhe infinite Trotter number limif of fhe largesl eigenvalue of fhe quanlum 
Iransfer malrix. Koma proposed a characlerisafion of fhis largesl eigenvalue, al finile Trotter numbers, in terms of 
a system of logarithmic Bethe Ansatz equations. Although Koma could not provide a proper analytic framework 
for taking the infinite Trotter number limit, he was able to carry out a numerical analysis at finite Trotter numbers. 
He was also able to extrapolate his analysis and describe the infinite Trotter number limit of the largest eigenvalue 
on a numerical basis. In 1991, Takahashi improved Koma’s approach what allowed him to compute the infinite 
Trotter number limit explicitly. More precisely, Takahashi found a way to take the infinite Trotter number limit 
on the level of the Bethe equations what allowed him to obtain a characterisation of the thermodynamics of the 
XYZ and XXZ spin-1 /2 chains in terms of an infinite sequence of Bethe roots that ought to be fixed numerically 
1350113511 . In 1992, Kliimper II224II managed to sfrongly simplify fhe analysis of fhe infinite Troffer number limit 
for the restricted solid-on-solid model. He then conformed the approach to the case of the XYZ chain in 1993 
1122511 . To be more specific, building on the method of non-linear integral equations lfT9ll . Kliimper proposed a way 
for bypassing fhe problem of sending fhe Troffer number N fo infinify direcfly on fhe level of fhe Befhe equafions 
describing fhe largesf eigenvalue of fhe quanlum Iransfer malrix. He inlroduced an auxiliary funcfion whose ap- 
propriale subsel of zeros corresponds fo fhe Befhe roofs and was able fo construcl a non-linear infegral equalion 
satisfied by fhis funcfion. The main feafure of Kliimper’s non-linear infegral equalion was fhaf fhe Trotter number 
was only appearing paramelrically in ils driving lerm. Thus, al leasl on formal grounds, faking fhe infinite Trotter 
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number limit was trivial in that it simply boiled down to replacing the driving term by its limit. The limiting non¬ 
linear integral equation could then be easily solved on a computer by the iteration method. In this way, Kliimper 
obtained the full description of the XYZ and XXZ spin-1/2 chains at finite temperature solely in terms of a single 
unknown function that satisfies a single non-linear integral equation. This function allows one fo compufe fhe free 
energy af any finife femperafure T frough a formula fhaf is similar in spirif fo (11.2.201) . Kliimper’s mefhod also 
allows one fo build non-linear infegral equations describing fhe sub-leading eigenvalues of fhe quanfum Iransfer 
mafrix and fhus gives access fo fhe finife femperafure correlation lengfhs of fhe model. Kliimper’s approach al¬ 
lowed fo confirm fhe conformal field fheory-based predictions |T| for fhe low-T behaviour of fhe free energy. The 
quanfum iransfer mafrix based mefhod has, since fhen, been applied fo many ofher quanfum infegrable models. 

1.2.6 Quantum integrable models with integrable boundary conditions 

Allhough I have so far only discussed fhe case of models subjecf fo periodic boundary condifions, fhere also exisf 
quanfum infegrable models which are subjecf fo ofher types of boundary condifions. Apparenlly, fhe firsl inslance 
of such a model was found by McCoy and Wu II283I in 1967 who showed fhaf fhe XXZ Hamiltonian subjecf to so- 
called off-diagonal boundary fields commutes wifh fhe Iransfer mafrix of a generalisation of fhe six-verfex model 
sfudied by Yang II375II where one subsfilufes fhe periodic boundary condifions wifh fhe free ones. The invesfigalion 
of such models fhrough fhe Belhe Ansalz was pioneered by Gaudin II141II in 1971. In fhaf paper he was able fo 
implemenl new lypes of boundary condifions for fhe Lieb-Liniger model while sfill preserving fhe infegrabilify of 
fhe model: Gaudin proposed a modification of fhe Belhe Ansalz fil for dealing wifh such boundary condidlions. In 
1985 Schullz 01711 oblained fhe specfrum of fhe Hubbard Hamiltonian subjecf fo fhe so-called reflecfing boundary 
condifions. Then, fwo years laler, Alcaraz, Balchelor, Baxler and Quispel fj] gave a description of fhe specfrum 
of fhe XXZ spin-1/2 chain subjecf fo fwo longiludinal magnetic fields h+ acting on fhe firsl and Iasi sile of fhe 
chain: 
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The mentioned resulfs all buill on fhe coordinate Belhe Ansalz. In 1988, Sklyanin 0251 elaboraled a version of fhe 
algebraic Belhe Ansalz approach fif for dealing wifh models subjecf fo so-called infegrable boundary condifions. 
His approach ulilised fhe resulfs of Cheredink ifTSl on fhe facforisabilily of scahering in fhe presence of a boundary 
which relied on fhe so-called refleclion equation. Wilhin Sklyanin’s approach, fhe reflecfion equation conslilules 
fhe equivalenf of fhe Yang-Baxler equafion. Jusl as if has been discussed earlier on relatively fo periodic boundary 
condifions, nol all infegrable models are direcfly amenable to an algebraic Belhe Ansalz resolufion. For inslance, 
Ihis is usually fhe case for models subjecf fo fhe mosl general boundary condition^. Such models can however be 
Irealed by means of firsl applying a verlex-IRF Iransformalion and fhen solving fhe auxiliary model by means of 
an algebraic Belhe Ansalz, analogously fo fhe case of fhe XYZ chain, Ihis provided fhaf fhe parameters describing 
fhe boundary inferacfions salisfy some "weak" consfrainls. An archetype of such model, fhe XXZ chain subjecf fo 
non-longiludinal boundary fields, was freafed in ll64ll376L Nofe fhaf such models can also be solved by means of 
fhe quanfum separation of variables approach II1351I2211I 

Sfarfing from fhe finile-L expression for fhe energies of fhe ground and low-lying exciled slates provided by 
fhe Belhe Ansalz, Alcaraz et al. exlracfed Iheir large-L behaviour using mefhods analogous fo fhose employed 
for periodic boundary condifions. As expected, Iheir analysis showed fhaf fhe presence of boundary inferacfions 
generale an additional, conslanl in L, conlribufion -fhe so-called surface free energy- to fhe ground slate’s energy. 

tin the case of the XXZ spin chain, these correspond to applying boundary field which also couple with the cr' and cr' operators, this 
on both ends of the chain. 
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Furthermore, the 1/L corrections to the energies of the excited states obtained in ||3l took precisely the form 
predicted by conformal field theory ifll lSdl . 

One expects that a similar behaviour also holds for the XXZ chain subject to diagonal boundary fields (I1.2.22I) 
af finite temperature. Namely, the per-site free energy of this model is expected to admit the large-L expansion 

L,fm ^ ^ ^ ( 12 . 23 ) 

where thermodynamic limit of the per site free energy of the XXZ chain subject to periodic boundary 

conditions. The additional constant term /surf is called the surface free energy of the model. 

The only integrability-based investigation of the finite temperature surface free energy was carried out by Gdh- 
mann, Bortz and Frahm in 1521. In that paper, the authors provided a representation for the finite Trotter number 
approximant of the boundary free energy. In their approach, was expressed as an expectation value of 
a product of Nj2 local operators forming the so-called finite temperature boundary operator. This expectation 
value was computed in respect to the eigenvector associated with the dominant eigenvalue of the quantum transfer 
matrix arising in the description of the thermodynamics of the periodic XXZ spin-1 /2 chain. At the time, it was 
however not clear how to take the Trotter limit of the formula or even find some manageable, more explicif, ex¬ 
pression for the surface free energy at finite Trotter numbers, viz- one that re-casts the expectation value as some 
explicit function of the parameters of the model. 

Thence, the natural question related with this problem reads : 

• it is possible to find a manageable expression for sfarting from the Gohmann, Bortz and Frahm formula, 
this in such a way that the Trotter limit can be taken? If yes, can anything be said about limiting regimes of 
the surface free energy, such as its low-T expansion? 

It so happens that one can answer positively to the first question and provide an at least partially positive answer 
to the second one. I shall discuss these matters in Chapter [8] 

1.3 Correlation function in quantum integrable models 

The observables that are of main interest to the physics of a model are its correlation functions. I have argued 
that the correlators which are the easiest to deal with are the zero temperature ones since then the thermal average 
boils down to an expectation value in respect to the model’s ground state. Still, due to the highly combinatorial 
structure of the eigenvectors built through the Bethe Ansatz, obtaining effective expression for the zero temperature 
correlators of a quantum integrable model is a quite intricate task. 

Below, I will provide an account of the developments that took place relatively to computing the correlators of 
quantum integrable models, the XXZ chain and the non-linear Schrddinger model being paradigmatic examples. 

1.3.1 The free fermion equivalent models 

In the early days, the attention was focused on computing two-point functions in the simplest possible quantum 
integrable models, namely those explicitly equivalent to a model of free fermions. I remind that Lieb, Maths and 
Schultz 112651 . observed that the XX chain, viz- the XXZ Hamiltonian at zero anisotropjH can be made explicitly 
equivalent to a systems of free, viz- non-interacting fermions. The equivalence with free fermions also exists for 
many other integrable models such as the non-linear Schrddinger model at c = -tcx? or the two-dimensional Ising 

Tn fact, this also holds true for the XYZ chain provided that the longitudinal coupling constant in front of the a" — a- interactions is 
set to zero. For obvious reasons, the resulting model is referred to as the XY model. 
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model of statistical mechanics. The existence of an underlying free fermionic structure drastically simplifies the 
combinatorics of a model’s eigenvectors. Also, the Bethe equations utterly simplify at the free fermion point in 
that these decouple thus becoming explicitly solvable (to convince oneself, set ^ = 7r/2 in (11.2.11) 1. 

First results relative to correlators in free fermion equivalent models go back to the 1949 work of Kaufmann 
and Onsager II201L These authors managed to provide an explicit representation for the thermodynamic limit (the 
limit of an infinite lattice in this case) of the row-to-row spin-spin correlation function (cri jcri jv+i) of the two- 
dimensional Ising model. The result of II201II was given in terms of a sum of two Toeplitz determinants, each of 
size N. Kaufmann and Onsager also obtained, although did not publish, a simple representation for the diagonal 
spin-spin correlation function {cri^\cri^+i,N+i) in terms of a single Toeplitz determinant (see the excellent review 

m) 


(o-n ■ o-i+nmn) ^ DN[(pisg] with y’lsgCe'^) 


and . = _ 

V 1 - / sinh^ (27/T) 


is expressed in terms of the temperature and the model’s coupling constant. Above, the symbol stands for 

the Toeplitz determinant of the N x N matrix generated by the symbol /: 


n 

DnU] ^ detw [c;-;[/]] and cdf] ^ J /(e'®)e“‘^® • ^ . 

-TT 


Such a Toeplitz determinant based representation is very effective be it for computing the spontaneous magnetisa¬ 
tion ^{T) of the model or studying the large-distance asymptotic behaviour of the correlator. 

Numerous expressions for other correlations functions in the two-dimensional Ising model and other models 
equivalent to free fermions were obtained between the late ’60’s and the early 80’s by various authors (Abraham, 
Barouch, McCoy, Tracy, Vaida, Wu,...) what allowed to study many of the asymptotic regimes of these correlation 
functions f/dl 1275112761128111282112841135311354113681 ... . See also the book II285II . It is important to mention 
the important progress made by Wu, McCoy, Tracy and Barouch in B69I . These authors found a way to char¬ 
acterise the transition between the critical and off-critical regimes of two-point functions in the two-dimensional 
Ising model in terms of a Painleve III transcendent. They were able to study this transitional regime by deriving 
connection formulae for the third Painleve of interest to their study. In a subsequent work, McCoy, Tracy and Wu 
128011 brought several elements of rigour to the derivation of the connection formulae obtained in their earlier work 
with Barouch. One of the applications of the results obtained in II369II was the derivation of the first few terms in 
the T Tc±0^ asymptotic expansion of the zero field suscepfibilify defined, for fhe infinife laffice, as 

X{T) = j Yj (1.3.1) 

M,NeZ 

The analysis of 13691 was building on so-called exponential form factor expansions for fhe fwo-poinf functions, 
namely represenfafions given in terms of the exponent of a series of multiple integrals. Over the years, it was found 
ll54l 1269113041 how to explicitly take the exponent of this series and obtain so-called form factor expansions. 
These appeared as very effective tools for studying various properties of the zero field suscepfibilify. Nickel 
1296112971 argued fhe existence and form of fhe domain of analificify for fhe analyfic continuation o^x{T) from 
real positive femperafure fo fhe complex plane. The singular sfrucfure leading fo fhe domain of analyficify for 
fhe diagonal suscepfibilify has been argued in |[55l Finally, in Tracy and Widom II357II broughf fhe elemenfs of 
rigour leading to proof of fhe shape of fhis domain in fhe case of fhe diagonal suscepfibilify. Also, fhe papers 
lfm[54l exhibited various algebraic properties of fhe form factors multiple integrals which indicafe fhe possibilify 
fo explicifly separafe fhese into sums of producfs of one-dimensional infegrals. 
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In fact, a systematic study of the correlation functions in free fermion equivalent quantum integrable models 
-the impenetrable Bose gas, the XY model or its isotropic version the XX model- culminated in representations of 
these quantities in terms of Fredholm determinants (or their minors) of so-called integrable operators lISTl |82l 12421 
12581 12771 12781 l3T8ll366ll . The integrable integral operators id -i- acts on L^(^) with an integral kernel VxiA,iJ.) 
depending, on a parameter ;c in an oscillatory way. In the case of two-point functions, .r plays the role of the 
spacial and/or temporal separation between the two operators that build up the correlator. The large-.r asymptotic 
expansion of the associated Fredholm determinants then allows one to test the predictions of conformal field 
theories for the underlying models. In fact, the pure sine kernel determinant -or minors thereof- provide one with 
the simplest possible example of an integrable kernel that represents correlators in a free fermion equivalent model. 
The large-x asymptotic behaviour of log det [id - Sj^] was investigated starting from 1973 when des Cloizeaux and 
Mehta Il80l argued the first two terms in its large-x asymptotic expansion. Then, in 1976, Dyson II119II argued the 
expression for the constant term in the asymptotic expansion of the determinant and provided a recursive method 
allowing one to compute the sub-leading corrections in x. These results were then proven, within the setting of 
operator methods, by Widom B64L Ehrhardt 111211 . Basor and Widom lITSi and, independently, and Budyn and 
Buslaev llhTl obtained the large-x expansion for log det [id - yS^] when lyl < 1 and up to a o(l) remainder. The 
latter is of a quite different nature than for y = 1. Recently, Botchner, Deift, Its and Krasovsky ll5Tl were able 
to evince the transition mechanism between the two kinds of asymptotic expansions, thus establishing an earlier 
conjecture of Dyson 111201 . I should also mention that the discovery of the connection between this determinant 
il95t and the Painleve V equation allowed to access to many terms in the large-x asymptotic expansion of the 
associated correlation functions 11951 1277112781 |J7^ . 

Still, the systematic and efficient approach to the asymptotic analysis of various quantities related to integrable 
integral operators id -i- -and hence of correlation functions in free fermion model- has been made possible 
thanks to the observation 11791 that their analysis can be reduced to a resolution of an associated Riemann-Hilbert 
problem. The jump contour in this Riemann-Hilbert problem corresponds to the one on which the integral operator 
acts while the jump matrix is expressed in terms of the functions entering in the description of the kernel. In the 
case of interest to the correlation function, the integral kernel Vxi^,iu) depends on x in an oscillatory way: as 
a consequence, one ends-up with an oscillatory Riemann-Hilbert problem. One can carry out the asymptotic 
analysis of its solution by some adaptation of the non-linear steepest descent method invented by Deift-Zhou 
Il99lll00l in 1992. I do stress that it was precisely the Riemann-Hilbert problem setting that allowed for a complete 
and above all effective characterisation of the leading asymptotic behaviour of correlation functions in free-fermion 
equivalent models. The long-distance, large-time and long-distance at zero but as well non-zero temperature 
for various models has been carried out in the series of papers 17^ 11011 1177111781 118011181II . Also, transition 
asymptotics could have been considered recently within the Riemann-Hilbert approach Il5^ 17711 . 

The bottom line of all these studies is that 

• the correlation functions in free fermion models are described by special functions belonging to the Painleve 
transcendent class; 

• one can fully describe the limiting regimes of these objects, this in a quite efficient way. 

To conclude, one can say that the understanding of many aspects of correlation function in quantum integrable 
models at their free fermion points is, as of today, quite satisfactory. Still despite the existence of the powerful 
machinery of Riemann-Hilbert problems, there are still quite a few open problems remaining such as a detailed 
characterisation of general two-point functions in the two-dimensional Ising model and of their Fourier transforms 
and a more effective description of the zero field susceptibility, in particular, a better understanding of the algebraic 
structures at the root of its form factor expansion. Some progress has been recently achieved by Forrester and Witte 
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i366l who related the form factor expansion of the diagonal susceptibility to a series of Fredholm determinants of 
integrable integral operators. 

1.3.2 Correlation functions in interacting quantum integrable models 
The space of states 

The computation of correlation functions in interacting quantum integrable models, that is to say those that are 
not equivalent to free fermions was, and still is, a much more challenging task. In fact, prior to addressing the per 
se calculation of the correlators, it was first necessary to obtain a deeper characterisation of the Hilbert space of 
such models, namely manageable expressions for 

• the norms ( {Ta)^ | {Tq}^) of on-shell Bethe vectors, namely in the case when {Tq)^ solve the Bethe Ansatz 
equations of the model; 

• more generally the scalar products ( {Ta)^ | {pa}^) between an off-shell Bethe vector | ) and an on-shell 

Bethe vector | ), i.e. when the parameters {Aa}^ solve the model’s Bethe Ansatz equations while the 

parameters are kept generic. 

The first expression for norms has been obtained within the framework of the coordinate Bethe Ansatz by 
Gaudin II1401 . In 1971, he gave strong arguments in favour of a representation for the norm of an N particle eigen¬ 
state of the non-linear Schrddinger model which was given in terms of ratios of determinants of A x A matrices. 
Later, in 1981, Gaudin, McCoy and Wu II143II gave convincing arguments so as to justify an analogous-type of 
formula for the norms of the on-shell Bethe vectors of the XXZ spin-1/2 chain. Then, in 1982, Korepin |239| built 
on the operator formalism of the algebraic Bethe Ansatz so as to establish a set of recurrence relations satisfied by 
fhe norms associated with any integrable model underlying to a six-vertex /^-matrix. He was able to solve these 
recurrence relations in terms of ratios of size-A determinants, hence generalising the two previous results. In 1987 
Kirillov and Smirnov 11208 1 derived a 2A x 2A determinant representation for the scalar products in the non-linear 
Schrddinger model. A more convenient representation, valid for all integrable models underlying to a six-vertex 
/^-matrix, was found by Slavonv B30II in 1989 by means of solving certain functional equations associated with 
such scalar products. Slavnov subsequently provided proofs, building solely on algebraic structures, of his formula 
113331 13361 . Slavnov’s representation for the scalar products was given in terms of ratios of A x A determinants. 
This determinant representation is, as of today, at the root of most calculations of correlation functions in quantum 
integrable models. 

So far, I have only mentioned the simplest case of quantum integrable models, namely those built over a 
rank 1 Lie algebra. As already mentioned, there also exist quantum integrable models built over higher rank 
Lie algebras. There exists some results relative to determinant representations for norms and scalar products in 
quantum integrable models associated with rank 2 Lie algebras. In 1989, Reshetikhin B091I derived a block matrix 
determinant based representation for the norms of on-shell Bethe vectors in quantum integrable models enjoying 
of a SU{3) symmetry. It was only very recently, in 2012, that Belliard, Pakuliak, Ragoucy and Slavnov 1^ 
obtained a determinant representation for the scalar products in this model. Slavnov 13291 then generalised such a 
representation to the case of models having the so-called GL{3) trigonometric R-matrix. 

The existence of determinant representation for norms and scalar products appears to be one of the general 
characteristics of integrable models. I will demonstrate in the core of the thesis that such determinant representa¬ 
tions are particularly well suited for the calculation of form factors, and more generally, for constructing various 
types of representations for the correlation functions, this both at finite L and in the thermodynamic limit. Finally, 
they also constitute a good starting point to the calculation of the large-distance asymptotic behaviour of two and 
multi-point correlation functions. 
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The early approach 


The first activity relative to obtaining expressions for correlation functions in interacting quantum integrable mod¬ 
els arose soon after the appearance of the algebraic Bethe Ansatz. Indeed, the algebraic construction of the Bethe 
vectors allowed for a tremendous simplification of the underlying combinatorial structure of the Bethe vectors. 
This reflected itself in the very possibility to actually prove the norm formula i239t . Building on this determinant 
representation and on a crafty use of the algebraic structure provided by the algebraic Bethe Ansatz, Izergin and 
Korepin proposed in the mid 80’s first representations for the spin-spin correlation functions of the XXZ chain in 
a magnetic field. Their first result consisted in a combinatorial expression for the correlator of the finite-volume 
L chain III 86 II . Korepin subsequently obtained a series of multiple integral representation for the time and space 
dependent density-density correlation function of the non-linear SchrAudinger model 112401 . this already after tak¬ 
ing the model’s thermodynamic limit. This constituted an important progress in that it wasn’t even clear how to 
reorganise the representation so that the thermodynamic limit can be taken, at least on a formal level, viz- with¬ 
out discussing any issues related with the convergence of the resulting series. A year later, Izergin and Korepin 
11871 derived an analogous type of representation for the thermodynamic limit of the spin-spin two-point function 
in the XXZ chain. The structure of the answer was quite complicated though. The integrands of the n* sum¬ 
mand of these series were only defined implicitly: they were expressed in terms of certain combinatorial sums 
whose building blocks were not only defined recursively but also involved solutions to auxiliary non-linear integral 
equations. Although constituting an huge step forward, these first results did not allow to obtain any reasonable 
representation for the correlators. It was not clear how one could recast the combinatorial sums into a compact 
manageable form. A way of bypassing the combinatorics was proposed in 1987 by Korepin l241l . the so-called 
dual field approach. His method built on the introduction of auxiliary quantum fields which allowed him to recast 
the aforementioned multiple combinatorial sums in terms of expectation values in respect to an auxiliary vacuum 
(in the space where the dual fields act) of a Fredholm determinant of an integrable integral operator. The dual field 
valued integral kernel of the operator was depending parametrically on the physical parameters describing the 
correlator: the temperature T, the chemical potential h as well as the time t and distance x. The handling of such 
expressions remained nonetheless quite complex in that the operator’s kernel took values in an infinite dimensional 
space of unbounded operators. Dual field-based representations for other correlators were subsequently obtained 
in the works 1123411243ll . Although the large-x, t asymptotic behaviour of the operator valued Fredholm determi¬ 
nants could, in principle, be analysed -on a cavalierly formal level of rigour- via Riemann-Hilbert problems as 
observed in II179L one meets serious problems, even on a formal level of rigour, with applying these results to 
the characterisation of the large-x, t asymptotic behaviour of the correlation functions. The main problem was 
that the formal asymptotic expansion obtained for the dual field valued Fredholm determinant did not commute 
with the dual vacuum expectation value. Namely, computing the dual vacuum expectation value of apparently 
subdominant terms of the formal asymptotic expansion of the dual field valued Fredholm determinant produces 
dominant terms! Despite these problems, building on several ad-hoc hypothesis. Its and Slavnov HI821 derived 
the large-parameter asymptotics of the dual field valued Fredholm determinant that represents, after evaluating its 
dual field vacuum average, the space and time dependent field conjugated field two-point function in the non-linear 
Schrddinger model at finite temperature. In a subsequent work, Slavnov 13351 developed an efficient framework 
that allowed him to evaluate the dual field vacuum expectation value of the leading asymptotics that were obtained 
in the aforecited paper. However, due to the mixing of orders problem mentioned earlier, Slavnov could only 
argue, in this way, the leading asymptotic behaviour of the correlator’s logarithm. Still, despite all problems, it is 
a impressive piece of work. 
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The vertex operator and algebraic Bethe Ansatz approaches 

The first truly explicit and well defined representations for the correlation functions in quantum lattice integrable 
models away from the free fermion point should be attributed to the Kyoto school. In 1993, Davis, Foda, Jimbo, 
Miwa and Nakayashiki |[85l developed a vertex operator based framework so as to construct the eigenstates and 
characterise the spectrum of the infinite XXZ chain in the massive regime A > 1. Their construction built on 
the assumed presence of a Uq{sl 2 ) symmetry in the infinite XXZ chain Hamiltoniar0. Jimbo, Miki, Miwa and 
Nakayashiki II192I1 conformed this formalism so as to obtain explicit m-fold multiple integral representations for 
the so-called elementary blocks of length m in the A > 1 zero temperature and zero magnetic field XXZ chain. I 
remind that the elementary blocks correspond to expectation values in respect to the model’s ground state 


where is the 2x2 elementary matrix with zero entry everywhere except at the intersection of line e and row e' 
where it contains 1. The elementary blocks represent the matrix entries of the model’s zero temperature m-site re¬ 
duced density matrix. As such, they provide one with a basis allowing one to decompose any correlation function 
of the model. The result of the Kyoto school was a very important progress in respect to obtaining closed expres¬ 
sions for the correlation functions. For instance, the multiple integral representation for the elementary blocks 
allowed to obtain the value of the correlators at neighbouring sites and also to reproduce the staggered magneti¬ 
sation obtained previously in 1973 by Baxter ll^ . Idzumi, lohara, Jimbo, Miwa, Nakashima and Tokihiro II174II 
discovered that the f7q(sl2) symmetry of the chain implies that the multiple integral representations for the ele¬ 
mentary blocks satisfy to the quantum Kniznik-Zalmolodchikov equations II137II . In 1994, Jimbo, Kedem, Kojima, 
Konno, and Miwa II191I applied the vertex operator formalism so as to obtain multiple integral representation for 
the elementary blocks of the half-infinite XXZ chain in the massive regime and subject to a longitudinal magnetic 
field at the boundary. The vertex operator formalism was also shown to be effective in respect to computing the 
form factors of local operators in the massive regime of the infinite XXZ chain. Multiple integral representations 
for these objects can be found in the 1995 book of Jimbo and Miwa |l93ll . It is also worth mentioning that the 
method can be adapted so as to deal with the massless regime of the chain. Indeed, in 1996, Jimbo and Miwa 
119411 managed to provide solutions to the quantum Kniznik-Zalmolodchikov equations at |^| = 1, leading to a 
multiple integral representation for the elementary blocks of the XXZ chain in the massless regime. 

The setting up of an effective, quite systematic, algebraic Bethe Ansatz based approach to the computation 
of correlation functions in quantum integrable models has been made possible by the resolution of the quantum 
inverse scattering problem by Kitanine, Maillet and Terras II219II in 1999. Building on the Slavnov formula for the 
scalar products of Bethe states in the XXZ chain, they provided determinant representation for the form factors of 
local operators in the finite volume L XXZ chain, this irrespectively of the value taken by A or the magnetic field 
h. A year later, they B220t reproduced the results for the elementary blocks obtained by the Kyoto school both 
in the massive and massless regimes of the infinite XXZ chain, further generalising them to the case of a finite 
magnetic field. The algebraic Bethe Ansatz based approach to the characterisation of the elementary blocks was 
generalised by Kitanine II209I in 2000 so as to encompass the case of higher spin XXX magnets -with an explicit 
application to the spin 1 case- and to the case of higher spin XXZ chain by Deguchi and Matsui lISTl in 2010, 
provided that the anisotropy A is close enough to the isotropic limit. In 2007, Damerau, Gdhmann, Hansenclever 
and Kliimper lIMl generalised the previous setting for computing the elementary blocks so as to encompass the 
case of finite size XXZ chains. 


^This symmetry does hold for certain instances of specific boundary conditions for the chain, see (25^. 
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Explicit factorisation of the multiple-integrals 


Although explicit, the m-fold multiple integral representations for the elementary blocks could not be properly 
analysed within the setting of the existing methods. In particular, it was not clear how to extract from these 
the large-distance x asymptotic behaviour of the two-point function^ 

conformal field theory based predictions for quantum integrable models away from their free fermion point. This 
led to various attempts towards a better understanding of these objects. 

A natural way of dealing with these multiple integral representations for the elementary blocks was to attempt 
computing them explicitly, hence providing explicit and closed expressions for the correlation functions separated 
by a few sites. In fact, the very first explicit expression for the short-range correlators goes back to the 1938 
work of Hulten II173II who obtained -through a completely different reasoning- a closed expression for the nearest 
neighbour spin-spin correlator in the XXX chain, a result that was generalised to the next-nearest neighbour case 
by Takahashi II3491I in 1977. Still, it was the multiple integral representations for the elementary blocks that 
allowed for a systematic approach to obtaining closed expressions for short range correlators. In 2002 Boos and 
Korepin ll45l managed to separate the integrals representing the simplest possible elementary block, the so-called 
emptiness formation probabilit}@ II122L this up to the case of four sites {i.e. m = 4). Then Boos, Korepin and 
Smirnov Bhl built on the machinery of quantum Kniznik-Zalmolodchikov equations so as to extend the separation 
of the integrals for the emptiness formation probability up to the case of six sites. Their method appeared fruitful 
enough so as to allow Boos, Shiroishi and Takahashi to treat the case of four sites elementary blocks 1471129811 . 
Later on, Sato, Shiroishi and Takahashi 11314113151 were able to push the calculations even further and provided 
closed expressions for the spin-spin correlators of the XXX chain up to 7 sites and for generic elementary blocks 
of the XXZ chain up to 6 sites. 

The possibility to separate the multiple integrals by means of the quantum Kniznik-Zalmolodchikov equa¬ 
tions led Boos, Jimbo, Miwa, Smirnov and Takeyama 1 401 to set an approach, based on quantum Kniznik- 
Zalmolodchikov equations, which allowed them to treat the case of general blocks at any m. This solution allowed 
them If42ll to produce new kinds of representations for the ni-site reduced density matrix. Their analysis recast 
the elementary blocks as an expectation value of the exponent of an operator valued two-fold contour integral 
flrll . Their result proved an earlier conjecture ll46l that the emptiness formation probability can be expressed as 
a rational multi-variable polynomial in In 2 and ^{2p + 1), p € N* * and ^ being the Riemann function. It also 
showed that the length-m density matrix can be expressed as some combinatorial sum only involving products 
of two-auxiliary functions which are defined, at most, by a double integral. In this respect, one recovers one of 
the characteristics of free fermion equivalent models. The only difference is fhaf fhe complicafed sums do nof 
seem fo be expressible in terms of a single deferminanf, or any sfrucfured objecf for fhaf matter. Nonefheless, 
fhe separabilify led fhe aforementioned aufhors fo discover a free-fermionic sfrucfure in fhe infinite XXZ chain 
|39ll4l. They were able fo consfrucf fhe fermionic creation and annihilafion operafors as well as express fhe 
average value in fhe fermionic vacuum of producfs of such operafors in terms of deferminanfs |44l- This hidden 
fermionic sfrucfure allowed Jimbo, Miwa and Smirnov fo provide a characferisafion of fhe one-poinf functions 
in fhe sine-Gordon model bofh in infinite I197II and finife volume |198|| . This approach also allowed Negro and 
Smirnov ll29ll fo provide an analogous characferisalion of fhe one-poinf functions in fhe sinh-Gordon model in 
finife volume and wrife down a system of finife-difference equafion safisfied by fhe latter. These lasf resulfs were 
checked againsf ofher predicfions firsf in fhe same paper and fhen by Negro II2901I fhrough numerical mefhods. 


^For convenience, I label by x the sites of the chain. However, in this context, x is a discrete variable 

*This correlator corresponds to taking e„ = = 2 for any a = I,... ,m. 
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The large-distance asymptotic expansion of the spin-spin correlation functions 

Although fruitful, this was not the path I chose for investigating the correlation functions in quantum integrable 
models. The approach that I have been developing, since my early days in the field, takes its roots in the works of 
the Lyon group- Kitanine, Maillet, Slavnov and Terras- between 1999 and 2005, the date when I joined the group. 
During the mentioned period, the Lyon group built on the machinery of the algebraic Bethe Ansatz approach so as 
to construct various types of series of multiple integral representations for the and two-point 

functions of the XXZ chain in the massless regime 1121011216112181 . They also managed to conform one of their 
multiple integral representations to the case of space and time dependent spin-spin two-point functions B217II . 
The goal of these constructions was to build a representation that would allow one to extract the large-distance 
X asymptotic behaviour of these correlators and compare it with the CFT/Luttinger liquid based predictions and 
calculations of the conformal dimensions by means of extracting of the 1/L corrections to the energies of the 
low-lying excited states. 

I joined the group in 2005 and we continued these efforts. Our work culminated in 2006 112121 with the con¬ 
struction of an A-fold multiple integral representation for the so-called generating function of longitudinal 

correlators in integrable models associated with a six-vertex R matrix. This representation was called the master 
equation in that it allowed to re-derive many of the previously obtained representations for (e"*^' ) from this unique 
object. When specialised to a given model, this generating function allowed one to compute diagonal two-point 
functions: the density-density two-point function in the non-linear SchrAudinger model or the spin-spin two-point 
function in the XXZ chain. Building on the master equation, we managed to construct new types of series of mul¬ 
tiple integral representations for the mentioned correlation functions in the non-linear Schrddinger model and the 
XXZ spin-1/2 chain. In fact, we succeeded to construct one that had structural similarities with a Fredholm series 
for a Fredholm determinant. In particular, at the free fermion point, the series reduced to the Fredholm determi¬ 
nant det [7 -I- of an integrable integral operator closely related with the pure sine kernel mentioned previously 


vf\A,^x) = (e“-l)- 


sin(f[po(d)-poOu)]) 
TT sinh(T - jj) 


with 


Po(4) ^ -iln 


sinh (i 4'/2 -/r)\ 
sinh {i^ 12+ fi)) 


and 0 < ^ < TT parametrising the anisotropy as A = cos(^). This structural connection allowed us, at the time, to 
relate the building blocks of our series -the so-called cyclic integrals- to coefficients 5” In det [id -i- V;c]|^^q present 
in the Taylor series in y expansion of the logarithm In det [id -i- Vj^] of the Fredholm determinant of the so-called 
generalised sine kernel. The operator arising in the determinant is understood to act on with the 

integral kernel 


- yF{A)- 


sin [f (po(^) - Po(m)) - ^{gW - §0u))] 
TT sinh(/l - lu) 


This kernel depends on two functions F and g that are holomorphic in a neighbourhood of {-q ; < 7 ]. We were able 
to extract the large-x asymptotic behaviour of det [id - 1 - V;,;] at y small enough by carrying out 1121411 a Riemann- 
Hilbert analysis of the associated 2x2 matrix Riemann-Hilbert problem. This provided us with the large x 
asymptotic behaviour of <9" In det [id - 1 - same paper, we managed to build on this data and prove 

the large-x asymptotic behaviour of the cyclic integrals. In a subsequent publication II2131I . we inserted these 
large-x expansions into the series for and managed to re-sum them hence obtaining the large-x asymptotic 

behaviour of the generating function. From there, we were able to access to the first terms present in the large-x 
asymptotic behaviour of the longitudinal two-point functions, this both for the XXZ spin-1/2 chain in the massless 
regime and for the non-linear Schrddinger model this for all values of their coupling constants, viz- away from 
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these model’s respective free fermion points. In the case of the XXZ spin-1/2 chain, our result took the form: 



2 cos[ 2 xp(< 7 )] 

^2^2 ]| • ^2Z2(^) 


All the building blocks appearing in the above asymptotic expansion are constructed in terms of two auxiliary 
functions: the dressed momentum p(A) and the dressed charge Z{A). The coefficients that are explicitly written 
down only involve the values taken by these functions at q, the Fermi boundary of the model. The explicit 
expression for the amplitude in front of the oscillatorily decaying terms has not been written down in that 

it is quite bulky. I^^[Z]I^ is a functional of the dressed charge whose explicit expression is given in terms of ratios 
of Fredholm determinants of operators of the type id -i- U. The integral operators U act on functions supported on a 
small counter-clockwise loop surrounding {-q ; q\. Their integral kernels are expressed, in particular, in terms of 
the function Z. On top of the Fredholm determinant dependence of the amplitude also contains exponents 

of one and two-fold integral transforms involving Z. The functions p and Z are defined as the unique solutions to 
the below linear integral equations 


/ Z(A) \ ^ f _ sin(2^) _ / Zip) \ d^ 

\ F'(^) / J sinh(/l -p-iO sinh(/l - p + i^)\ p'ip) ] In 
-q 



and piA) 


A 

f p'(A)-dA. 
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I stress that the relation between the parameters (amplitudes and exponents) describing the large-x asymptotics 
and the original parameters of the model { and po(A) is highly non-trivial; clearly it goes beyond the type of 
reparametrisation of the constants arising in the original problem as it was the case of the Painleve transcendents 
where, at most, basic transcendental functions of the original parameters describe the asymptotic behaviour. It 
can thus be seen as a first manifestation of the fact that the correlation functions in interacting quantum integrable 
models do belong to a new layer of special functions that lies above the Painleve transcendents class. 

The asymptotics derived in II213I1 were the first results obtained starting from the first principles that confirmed 
the conformal field theoretic predictions for the large-distance asymptotic behaviour of two-point functions in 
massless integrable models away from their free fermion point. 

This naturally raises many new questions. 

• First of all, it is important to stress that the asymptotic expansion for given above was not ob¬ 

tained through a fully rigorous reasoning. Indeed, various handlings such as the existence of limits and the 
exchanges of limits, summations and integrations symbols, etc. were left unjustified. It is thus natural to 
wonder whether the method of asymptotic analysis can be set in a rigorous framework? 

• Second, the expansion contains only the first few terms. Is it possible to obtain the full structure of the 
asymptotic expansion of the two-point function, namely all the algebraic orders in x? 

• Third, the constants (amplitudes and exponents) arising in this expansion are expressed in terms of functions 
known to characterise the large-volume behaviour of the XXZ chain’s spectrum of excitations above the 
ground state. The critical exponents correspond precisely to the coefficients arising in the 1/L part of the 
energies of the low-lying excited states exactly as predicted by the conformal field theoretic methods. Is 
it possible to test the conformal field theoretic prediction for the large-volume power-law behaviour in the 
volume of the finite volume amplitudes? 

• Fourth, the very fact that is has been possible to extract the large-x behaviour out of the quite intricate 

series of multiple integrals representing adjoined to a number of quite intriguing algebraic identities 
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that were used in the course of deriving of the series’ large-^: asymptotics do seem to indicate that there is 
something special about this series. Could it be that the series of multiple integral representation for (e"'^' ) 
constitutes an example of a new class of special function lying one layer above the Painleve transcendent 
class? If yes, is it possible to characterise this class slightly better and on a more systematic ground? 

• Fifth, the method of asymptotic analysis worked for a specific example of a correlation function. Was this 
an accident? Namely, can the method be adapted to other settings, such as the correlation functions of other 
operators or to the time-dependent case or even to models at finite temperature? 

• Sixth, although successful, the method of asymptotic analysis of II213II was, on the one hand, quite involved 
and time consuming while, on the other hand, indirect in that building on representations, structures and 
objects that are proper to quantum integrable models but quite far away from the objects and quantities 
usually employed in physics. Is it possible to simplify the method, even if that would mean relaxing its 
rigour? Is it possible to derive the large-distance asymptotic behaviour of correlation function solely by 
building on objects that are "natural" from the perspective of theoretic physics, such as the form factor 
series? 

I devoted an important part of my research activity over the last six years to those question. I managed, 
sometimes alone and sometimes with the help of my collaborators, to provide a positive answer to all of them. 
Describing how and to which extent it is possible to answer positively to these questions will occupy a good part 
of this habilitation thesis, namely Chapters |2] to [H More precisely, the third point will be discussed in Chapter 
|2j the first, second and fifth points will be discussed in Chapter [3l the fourth point will be discussed throughout 
Chapters [3M1 Finally, the sixth point will be discussed in Chapter |5] 

1.3.3 Correlation functions at finite temperature 

The investigation of non-trivial properties of the correlation functions of the XXZ spin-1 /2 chain away from its 
free fermion point and at finite temperature was pioneered by Fabricius and McCoy II 13011 in 1999 through exact 
diagonalisation techniques. These authors observed that for anisotropies -1 < A < 0 "close" to the ferromagnetic 
point, the correlation functions exhibit a quantum/classical crossover in the sense that at low temperatures the 
spin-spin correlation functions are negative while, at sufficiently large temperature, they become positive. They 
interpreted this change of sign as issuing from a competition between quantum mechanical "kinetic" terms (the 
spin coupling in the transverse direction) and the potential energy terms (the spin couplings in the longitudinal 
direction). This transition was further explored on the basis of a numerical diagonalisation of the model’s quantum 
transfer matrix by Fabricius, Kliimper and McCoy II129II where the effect was attributed to a merging, at some 
temperature Tq, of real eigenvalues of the quantum transfer matrix giving rise to the largest correlation length 
followed by a creation, for T > Tq, of complex conjugated pairs, hence inducing an oscillatory behaviour in the 
distance, on top of an exponential decay. Some of these properties when then investigated by means of the non¬ 
linear integral equation describing these eigenvalues II128II . Generalisations of this study to other regimes of the 
parameters of the XXZ chain or to other models have been carried out in the works 112281 1229112301123111 

In 2004 Gdhmann, Kliimper and Seel II1571I managed fo conform fhe quanfum fransfer mafrix approach fo 
fhe compufafion of fhe fhermal average of fhe generating function of spin-spin correlafion funcfions in 

fhe XXZ chain af finife femperafure. Subsequenfly, fhey 111581 obfained mulfiple infegral represenfafions for 
fhe elemenfary blocks af finife femperafure. In 2006, Boos, Gdhmann, Kliimper and Suzuki ll38l conjecfured 
a facforised form for fhe elemenfary blocks af finife femperafure which was in fhe spirif of fhe resulfs of II4T1 . 
The effectiveness of fhis represenfafion relafively fo computing short disfance expression -up fo four sifes- for fhe 
fwo-poinf funcfions of fhe XXZ chain af finife femperafure was fhen demonsfrafed by Boos, Damerau, Gdhmann, 
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Kliimper, Suzuki and Wei/3e ll37]l . Also, the quantum transfer matrix based approach was shown to be applicable 
to the case of the finite temperature spin 1 XXX chain by Gohmann, Seel and Suzuki II1591I . 

These works were focused mainly on the study of the multiple integral based representation for the elementary 
blocks or for the generating function All these representations are such that the distance dependence of 

the correlation function is intimately intertwined to the model dependent part. However, as discussed earlier on, 
the form factor expansions are known to separate the distance-dependence of, say, a two-point function from 
its model dependent amplitudes. Since, effectively speaking, the models become massive at finite temperature, 
such expansion should provide one with a convenient approach to the large-distance asymptotic behaviour of the 
correlation functions at finite temperature. 

Hence, one can ask 

• it is possible to set a quantum transfer matrix formalism allowing one to provide a form factor based de¬ 
scription of the correlation functions at finite temperature? 

• Should this be possible, can one build on such an answer so as to test the conformal field fheory predictions 
af finile buf low femperafure? 

• Independenfly of fhe form factor based approach, is if possible to sef -analogously fo whaf has been done 
for fhe zero femperafure case II213II - an approach allowing one fo exfracf fhe large-disfance asympfofic 
behaviour of fwo-poinf functions direcfly from multiple infegral based represenfafions such as II157II ? 

I will show, in Chapter [H how I managed, in collaboration wifh Dugave and Gohmann, fo answer positively fo fhe 
firsf fwo quesfions, af teas! provided fhaf cerfain reasonable hypofheses are satisfied. Also, I will briefly commenf 
on fhe positive answer fo fhe fhird question in Chapter [3l which I obfained in collaboration wifh Maillef and 
Slavnov. 


1.3.4 Correlation functions within the framework of the quantum separation of variables 
The quasi-classical approach 

The sfudy of correlation funclions in quanfum infegrable models solvable by fhe quanfum separafion of variables 
was pioneered by Babelon, Bernard and Smirnov lfT4]| in 1996. The aufhors developed a procedure allowing one 
to quantise fhe system of classical separafed variables used for solving fhe classical sine-Gordon model. This 
enabled fhem fo quanfise fhe classical solifons of fhe fheory and argue fhe expressions for cerfain solifon form 
facfors of fhe quanfum model in infinite volume. The form factor fhey obfained coincided wifh fhose obfained by 
means of fhe boofsfrap approach II2001 133811 . Then, in 1998, Smirnov II3401I proposed a quasi-classical approach fo 
characferising fhe form facfors of local operafors of a conformal field fheory model wifh cenfral charge c < 1 and 
in finite volume. During fhe same year, building again on a semi-classical approach and fhe classical separafion 
of variables for fhe model, Smirnov 13391 argued fhe form faken by fhe form facfors of fhe A-parficle Toda chain. 
He conjecfured fhaf fhe non-frivial parf of fhe form factor of local operators 0 in fhis model fakes fhe form of fhe 
mulfiple infegral 



N 

(ja - yb) sinh [^{ya - y^)]} • ]~[ {(?Td*Aa)) • q^liya)] ■ T’oCvi, ■ ■ ■ ,yN) ■ d^y . 

a=\ 


(1.3.2) 


In such a represenfafion, represenf fhe fwo solufions fo fhe scalar t - Q equation for fhe Toda chain 

which represenf fhe eigenfunctions, in fhe separafed variables, of fhe fwo sfafes involved in fhe form factor. The 
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Vandermonde/hyperbolic Vandermonde two-body interaction correspond precisely to tbe density of tbe measure 
on tbe space where tbe separation of variables occur for tbe Toda chain, c.f. (I1.2.17I) . Finally, Fq is some symmetric 
function in the y^’s that is characteristic of the operator 0 involved in the form factor. However, Smirnov did not 
discuss concrete examples for which Fq could have been made explicit. 

The inverse problem approach 

The bottom line of the discussion carried out in Subsection 11.2.41 is that the quantum separation of variables 
provides an utterly simple description of the model’s eigenfunctions when these are represented on f)sep> the space 
where quantum separation of variables is realised. Therefore, when trying to characterise, ab initio, the correlation 
functions of a model solvable by the quantum separation of variables method, it seems reasonable to attempt 
bringing the calculations to the sole handling of objects living in hsep- This requires to find how the local operators 
of a given model are realised as operators on the space hsep- Technically speaking, this requires to determine the 
form taken by the adjoint action of the separation of variables transform on the local operators of the model of 
interest. Such formulae were provided for the first time, for the quantum Toda chain, by Babelon IfTSlI in 2004. 
In the mentioned paper Babelon represented a subclass of local observables associated with the classical Toda 
chain in terms of the classical separated variables of the model. By implementing a canonical quantisation of the 
classical separated variables, Babelon proposed a realisation of certain local operators of the closed quantum Toda 
chain as operators on x R, Aniyf^) ® de), the space where the quantum separation of variables takes 

place for the quantum Toda chairlll He performed various consistency tests for his reconstruction. In a subsequent 
paper, Babelon proved |[T2ll one set of his formulae by computing the action of the local operators of interest on 
the Whittaker functions. More precisely, he obtained a set of equations in dual variables which take the form: 

0 •'P^^;£(j^iv+i) ^ 0-'T^^;£(jr/v+i) . (1.3.3) 

The operator 0 appearing on the rhs of this equation represents a certain class of operators acting on the variables 
Xn+i attached to the original space hid- The operator 0 appearing on the Ihs is the dual operator to 0. It acts on the 
variables attached to the space where the separation of variables occurs, viz. on the dual variables and s. Since 
'T_y^;£(jrA?+i) corresponds to the integral kernel of the separation of variables transform, such equations are enough 
so as to solve the inverse problem. Recently, Sklyanin Il328ll managed to reproduce Babelon’s formulae through 
simple algebraic arguments based on the quantum inverse scattering approach to the quantum Toda chain. 

Already, at this point, one can ask: 

• it is possible to systematise and generalise the resolution of the inverse problem for the Toda chain to more 

general operators that those considered so far? 

I will answer positively to this question in Chapter 0 

Some further investigation of the form factors in models solvable by the quantum separation of variables has 
been carried out recently by Grosjean, Maillet and Niccoli II165II and then by Niccoli 11294112951 . The mentioned 
papers all deal with inhomogeneous "spin-chain" lattice models where all the local Hilbert spaces attached to the 
sites of the model are finite dimensional. In this case, the quantum separated variables are discrete and "live" on 
some finite-set constructed in terms of the inhomogeneity parameters. The method heavily relies on the genericity 
of these inhomogeneity parameters. In particular, the homogeneous limit which corresponds to the physically 
pertinent model is very singular. Some progress in this direction has been achieved in 112221 . In order to compute 
the form factors, the work 11651 built on the solution to the inverse problem by the method of direct/reverse 


^The index sym x - refers to symmetric functions in the first N variables 
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projectors introduced by Oota 00211 while the other two 1129411295 II used the resolution of the inverse problem 
introduced in II219II and further developed in II2741I . All these papers provide finite-size determinant representations 
for the form factors of a subclass of local operators in the relevant models they study. These determinants depend 
explicitly on the inhomogeneity parameters and have a quite singular homogeneous limit. Although this has yet 
not been written down anywhere, it is relatively easy by following the ideas of the work II202II to recast such 
finite-dimensional determinants as A-fold integrals of the type 

N 

sinh[—(ja -y^,)]sinh[— (ja -y^)]} • Ff • foCvi, ■ • ■, Jv) • dF ■ (1-3.4) 




^ /fll 

a<b 


Above, the parameters mi,m 2 are related to the coupling constants of a model. The confining pofenfial q - 
is given by fhe producf of fhe fwo solutions fo fhe scalar t - Q equafion of fhe model which paramefrise 
the two eigenstates that are involved in the form factor of interest. The integration contour is strongly model 
dependent and, for the three cases mentioned above, corresponds to some loop in the complex plane which sur¬ 
rounds some of the poles of the potential These poles of are such that their order grows linearly with 

N. Finally, the function Fq represents the input of the operator. Its explicit expression may or may not depend on 
depending on the model and operator considered. The above representation has already a well defined and, 
above all, easy fo fake homogeneous limit. 

The bottom line of this discussion is that the form factors of quantum integrable models solvable by the 
quantum separation of variables admit multiple integral representations of the type (11.3.41) or limits thereof (c.f. 
the Toda chain). In some cases such as the Toda chain, or the lattice discretisation of the sinh-Gordon model 
Il63l 12671 . the contour ^ simply coincides with R. In other cases, and in particular for models solvable through a 
discrete version of the quantum separation of variables, ^ is some loop in C. The confining pofenfial is relafed fo 
fhe solutions of fhe t - Q equations in fhe model while Fq is related fo fhe specific operafor being considered. In 
all cases, if is fhe large-A asympfofic behaviour of fhese integrals fhaf is of main inferesf from fhe poinf of view 
of applications fo physics. In fhe Toda chain case, fhis limif allows one for a characferisafion of fhe properfies of 
a sysfem of infinilely many quanfum particles in inferacfions. If is also importanf fo sfress fhaf, af leasf in whaf 
concerns fhe known explicif examples, fhe operafor inpuf Fq fo fhe integral represenfs a "small" perturbation of 
fhe A-fold infegral I F]. By fhis I mean fhaf ifs presence will nol affecl fhe mechanism which generafes 

the leading large-A asymptotic behaviour of In 3 a?[ITa? | F] . Since this very mechanism drives all the sub-leading 
terms in the asymptotic, it seems natural to develop methods of asymptotic analysis first for the unperturbed 
partition functions ln3jv[W^w I 1] and then generalise the techniques to the more complex but physically pertinent 
cases. 

When 'rF = R, the A-fold integral 3 a? [Wa? | 1] bares a structural similarity with integrals over the spectra of 
Hermitian random matrices or, more generally, yS-ensemble integrals. Such ensembles, in the case of so-called 
varying interactions, are given by the multiple integral 

zf= r f] 1^ - • d'^T . (1.3.5) 

a<b a=\ 

yS > 0 is a positive parameter and V a confining pofenfial growing sufficienlly fasl af infinily for fhe infegral 
(11.3.51) fo be convergenf. If was shown by Dimifriu and Edelman jllSt fhaf, for generalyS > 0 and quadratic V, 
the partition function (11.3.51) corresponds to an integration over the spectrum of a well-tailored family of random 
tri-diagonal matrices. The result was generalised to polynomial V by Krishnapur, Rider and Virag in II252II . Also, 
for general V, can be interpreted as a result of integration over the spectrum of random matrices which are 
drawn from the so-called orthogonal (yS = 1), unitary (Ji = 2) or symplectic (Ji = 4) ensembles. 
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jS-ensemble integrals, and in particular numerous properties related with their large-A^ behaviour, have been 
studied extensively in the literature over the last 40 years, see e.g. the books ll^ lMll2Mll306ll . A good deal of 
attention has been given to the study of universality in the local behaviour of the integration variables in the large- 
N limit; this behaviour should only depend on yS and on the local environment of the chosen integration variable 
on R. First results relative to the local universality in the bulk where obtained by Shcherbina and Pastur II305II at 
P -2. Such results where then extended to p - 1,2,4 within Riemann-Hilbert based techniques, both for the bulk 
W2\ [98l and the edge universalities |[9T]. Finally, the bulk and edge universality for general > 0 was recently 
established by Bourgade, Erdos and Yau Il56ll57ll58ll . 

The leading asymptotic behaviour of the partition function takes the form : 


InZ^^ = 


-A^(£*^Veq] + 0(1)) with ^ J'V(x)djj(x) - p J" In |x - y| d/i(x)dyu(y) . (1.3.6) 


x<y 


The leading term is given by the value of the functional taken at the equilibrium measure //eq- The latter 
corresponds to the unique minimised of on the space of probability measures on R. The properties of the 
equilibrium measure yUgq have been extensively studied ll^ 1257113111 . For sufficiently regular potentials, the 
equilibrium measure is Lebesgue continuous and supported on a finite union of intervals. In such a case, its can 
be expressed in terms of the solution to a scalar Riemann-Hilbert problem for a piecewise holomorphic function 
having jumps on the support of //gq. Such Riemann-Hilbert problems can be solved explicitly, leading to a one-fold 
integral representation for the density of //gq- This property was first observed by Carleman ||66l. 

On a heuristic level of rigour, the leading asymptotics of In issue from a saddle-point like estimation of 
the integral (11.3.51) . This statement has been made precise within the framework of large deviations by Ben Arous 
and Guionnet ifTOl . The calculation of the sub-leading corrections to (11.3.61) is usually based on the use of loop 
equations. This name refers to a tower of equations which relate multi-point expectation values of test functions 
versus the probability measure induced by Z^^ ■ First calculations of sub-leading terms were carried out in the 
seminal papers of Ambjpm, Chekhov and Makeenko |0| and of Ambjpm, Chekhov, Kristjansen and Makeenko 
(5l. These papers developed a formajl] approach allowing one for an order-by-order computation of the large-A 
asymptotic behaviour of Z^^'^ ■ However due to its combinatorial intricacy, the approach was quite complicated to 
set in practice. In Ill24l . Eynard proposed a rewriting of the solutions of loop equations in a geometrically intrinsic 
form that strongly simplified the task. Chekhov and Eynard then described the corresponding diagrammatics 11721 . 
what led to the emergence of the so-called topological recursion. The concept was then fully developed by Eynard 
and Orantin in 11126111271 . The latter allows one, in its present setting, for a formal yet quite systematic order- 
by-order calculation of the large-A expansion ofXnZ^^■ When the equilibrium measure is supported on a single 
interval, this expansion takes the form 


K 

\nZf = [F]+ 0(fV“^) (1.3.7) 

k={) 

for any K > 0 and with coefficients being some yS-dependent functionals of the potential V. When p - 2, 
the existence and form of the expansion up to o(l) was proven by Johansson 11991 for polynomial V such that 
supp(yUgq) is a Segment. An important input to Johansson’s analysis was the a priori bounds for the expectation 
values which were first obtained by Boutet de Monvel, Pastur et Shcherbina 1861 . The existence of the all-order 
asymptotic expansion atp = 2 was proven by Albeverio, Pastur and Shcherbina fTJ. Einally, Borot and Guionnet 
ISTl systematised and extended to all yS > 0 the approach of [2l, hence establishing the existence of the all-order 
large-A asymptotic expansion of Z^^ at arbitrary p and for convex real analytic potentials. When yUgq is supported 


^Namely based, among other things, on the assumption of the very existence of the asymptotic expansion. 
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on several segments, the form (11.3.71) of the asymptotic expansion is not valid anymore. In particular, some 
additional oscillatory terms in N arise. For real-analytic off-critical potentials and general /S > 0, the all-order 
asymptotic expansion was conjectured in II125II and established in Il50l . Also the asymptotic expansion has been 
obtained, in the two-cut regime at yS = 2 by Claeys, Grava and McLaughlin 17^ by means of Riemann-Hilbert 
problems. 

So far, 1 only discussed the case of varying interactions, namely when the confining potential V is preceded by 
a power of N. This scaling ensures that, for typical configurations of the da’s, the logarithmic repulsion is of the 
same order of magnitude in N than the confining potential. The case of non-varying weights (i.e. when NV W 
in (11.3.51) 1 is, in a sense, closer to the type of potentials that arise in the class of multiple integrals associated with 
the quantum separation of variables method. However, non-varying confining potentials were much less studied. 
When VT is a polynomial, one can restore the varying nature of the potential by a proper rescaling of the integration 
variables. Such an analysis has been carried out in 1971 . Still, the polynomial case is by far not representative of 
the complexity represented by working with non-varying weights. Indeed, the genuinely hard part of the analysis 
stems form the fact that, in this case, it is the large-variable asymptotics of the confining potential which drive the 
large-A behaviour of the integral. Basically, one has to rescale the integration variables Aa = T^^ya with Tyv —> -i-oo 
in such a way that the resulting varying potential Vj^{A) = lT(ryvT)/A^ produces, at large-A, a typical contribution 
of the same order of magnitude in N that the two-body Vandermonde interaction. The main problems are then 
related with the fact that: 

• the rescaled potential may not have a well defined large-V behaviour; 

• fhe non-varying potential W may have singularities in the complex plane. Then, the singularities of the 
rescaled potential Vn{A) - W{TpfA)IN will collapse, with a V-dependent rate, on the integration domain. 

In this situation, the usual scheme for obtaining sub-leading corrections breaks down. So far, the large-V asymp¬ 
totic analysis of a "non-trivial" /3-ensemble multiple integral with non-varying interactions has been carried out 
only when /3 = 2 by Bleher and Fokin |[33l . The most delicate point of their analysis was to absorb the contribu¬ 
tion of the sequence of poles (n/N, n = 1,2, ... , of the rescaled potential that were collapsing on R. In fine, they 
obtained the asymptotic expansion of the logarithm of the integral up to o(l) corrections. 

Taken all this into account, one can raise the questions 

• is it possible to generalise the existing results for /3-ensembles with varying interaction of the type (11.3.51) to 
more complex cases of multiple integrals with varying interactions? 

• is it possible to adapt the techniques that appeared fruitful in the random matrix context so as to carry out 
the large-V asymptotic analysis of the class of multiple integrals that is of interest to the quantum separation 
of variables method ? 

1 will provide a positive answer to the first question and report on a substantial progress relative to solving the 
second issue in Chapter |7J 


1.4 List of publications 

This habilitation thesis is based on the works below, listed thematically and in reverse chronological order of 
appearance. 
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1.5 Plan of the habilitation thesis 

In Chapter 111 I will describe methods allowing one to extract the large-volume asymptotic behaviour of form 
factors of local operators in quantum integrable models solvable by the algebraic Bethe Ansatz. I shall illustrate 
the method on the example of the non-linear Schrddinger model although many other models can be treated by 
the method. This chapter also contains results relative to making rigorous the passage from the Izergin-Korepin 
lattice discretisation of the non-linear Schrddinger model towards the Hamiltonian introduced earlier on. 
The content of this chapter is based on the works [Al, A2, A3, A4, AS, A6]. 

In Chapter [3l I will introduce the concept of multidimensional Fredholm series on the example of the series of 
multiple integrals representing the field-conjugated field lime and space dependenf Iwo-poinf function in Ihe non¬ 
linear Schrddinger model. I will explain how cerlain expansions of Fredholm delerminanls lhal can be obfained 
wilhin Ihe selling of Riemann-Hilberl problems allow one, upon inlroducing Ihe concepl of multidimensional 
deformation flow, lo exlracl Ihe long-dislance and large-lime asymptotic behaviour of Ihe aforementioned series. 
The approach builds on Ihe hypolhesis of convergence of auxiliary series and is rigorous on olher aspecls. The 
conlenl of Ihis chapter is based on Ihe works [A7, A8, A9, A10]. 

In ChaplerlH I will briefly commenl on Ihe problems related to extending Ihe mulli-deformalion flow melhod to 
Ihe asymptotic analysis of correlators represented by so-called "critical" multidimensional Fredholm series. I will 
provide an accounl of Ihe firsl steps laken in Ihe direction of oblaining Ihese asymptotics and shall as well briefly 
describe Ihe spin-off lhal Ihese have generated in respecl to characterising Ihe large-size asymptotic behaviour of 
so-called lacunary Toeplilz determinants. The content of this chapter is based on the works [All, A12, A13]. 

In Chapter [5l I will present another method allowing one to extract the asymptotic behaviour of correlation 
functions. This method is based on a direct analysis, in the long-distance and/or large-time regime, of a correlator’s 
form factor expansion. It allows one to extract the long-distance and large-time asymptotic behaviour of two 
and multi-point correlation functions in massless models as well as to characterise the critical behaviour of the 
dynamical response functions in the vicinity of the particle-hole excitation thresholds. It is, by far, less rigorous 
than the one described in Chapter [3] in that it completely ignores issues of convergence, exchanges of limits and 
control on remainders. Still, it has the tremendous advantage of remaining very close, at each of its steps, to the 
objects usually used in theoretical physics. This method culminated with the construction of a microscopic setting 
allowing one to argue, starting from first principles, the appearance of an effective description of the large-distance 
regime of correlators in massless one-dimensional quantum models -not necessarily integrable- in terms of a free 
boson conformal field Iheory. The conlenl of Ihis chapter is based on Ihe works [A14, A15, A16, A17]. 

In Chapter 0 I will discuss Ihe progress I made in respecl to Ihe various aspecls of Ihe quanlum separation 
of variables melhod for Ihe quanlum Toda chain. Firsl of all, I will discuss Ihe proof I gave of Ihe Nekrasov- 
Shalashvili conjeclure on Ihe quantisation conditions for Ihe closed Toda chain. This resull slrongly simplifies Ihe 
description of Ihe speclrum of Ihe quanlum Toda chain, in lhal il reduces Ihe latter to a resolution of non-linear 
integral equations. Then, I shall presenl a melhod allowing to prove Ihe unilarily of Ihe separation of variables 
Iransform. This melhod builds solely on objecls lhal are nalural to Ihe quanlum inverse scattering melhod and Ihus 
appears to be generalisable to olher models. Finally, I shall discuss some progress I made in respecl to solving Ihe 
quanlum inverse problem for Ihe Toda chain. The conlenl of Ihis chapter is based on Ihe works [A18, A19, A20]. 

In Chapter |7j I will reporl on Ihe progress I made relatively to exlracling Ihe asymptotic behaviour in respecl 
to Ihe large-number of integrations N in an A-fold multiple integral. I shall firsl discuss Ihe case of cerlain 
generalisations of /3-ensemble integrals wilh varying weighls and, subsequenlly, describe Ihe large-A analysis of 
a toy model integral which is al Ihe rool of underslanding Ihe large-A behaviour of cerlain classes of quanlum 
separation of variables issued multiple integrals. The conlenl of Ihis chapter is based on Ihe works [A21, A22]. 

Finally, in ChaplerHl I will presenl several resulls relative to Ihe characterisation of Ihe correlation functions in 
quanlum integrable models al finite lemperalure. I shall slarl by presenting Ihe calculation of Ihe so-called Ihermal 
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form factors for the local spin operators in the XXZ spin-1/2 chain. Then, I will briefly comment on the technique 
that allows one to extract the low-temperature behaviour out of the obtained results. I shall conclude this chapter 
by discussing the computation of the finite-temperature surface free energy of the XXZ chain subject to diagonal 
boundary fields, which constitutes the first step towards characterising finite temperature correlation functions in 
quantum integrable models subject to so-called open boundary conditions. The content of this chapter is based on 
the works [A2, A23, A24, A25, A26, A27]. 
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Chapter 2 

Large-volume asymptotic behaviour of form 
factors in integrable models 


The investigation of the large-volume behaviour of form factors of local operators has been made possible thanks 
to determinant-based representations for these objects. The first study has been carried out by Slavnov II331I1 
in 1990 and concerned the form factors of the density operator in the non-linear Schrddinger model. Slavnov 
obtained the leading in L asymptotic behaviour of the form factors taken between the ground state and an excited 
stated consisting of n particle-hole excitations. He found that the form factor was decaying like a non-integer 
power of the volume. Slavnov used his results to study the large-volume behaviour of the form factor expansion 
of the time and space dependent density-density correlation function at zero temperature. He was able to show, 
to the first order in perturbation around c = -i-oo, that the non-integer behaviour in the volume cancels out once 
that the summation over all the appropriate excited states is done. Then, in 2006, Arikawa, Kabrach, Muller 
and Wiele |(9l calculated the large-volume behaviour of form factors involving two particle-hole excitations at 
the free fermion point of the XXZ chain, also observing the presence of a non-integer power-law decay in the 
volume. The presence of such a power-law behaviour in the volume is typical for massless models and is, in 
fact, the main obstruction to writing down form factor expansion for these models directly in the infinite volume 
limit. This contrast strongly with the case of massive models where expressions for the form factors could have 
been obtained directly in the continuum, this as much for certain lattice models II193II then for numerous cases of 
massive integrable field theories 1120011207113381 . Still, until my recent work, the only investigation, starting from 
a finite lattice, of the large-volume behaviour of form factors of local operators in massive models has been carried 
out in 1999 by Izergin, Kitanine, Maillet and Terras 11841 . They were able to extract the large-volume asymptotic 
behaviour of a particular form factor of the cr^ operator in the massive phase of the XXZ chain corresponding to 
the staggered magnetisation. In that special case, the finite-volume form factor approaches, exponentially fast in 
L, Baxter’s formula ll25l for the staggered magnetisation. 

In the present chapter, I will describe the progress I achieved in the extraction of the large-volume L asymptotic 
behaviour of the form factors of local operators in massless quantum integrable models such as the XXZ chain 
at anisotropy -1 < A < 1 and the non-linear Schrddinger model. This analysis takes in roots in the 1990 work 
of Slavnov 13311 . Among other things, it brings several improvements to Slavnov’s method, renders it systematic 
and rigorous. In its present state of the art, the method of asymptotic analysis solely builds on the hypothesis of 
existence of a large-L asymptotic expansion of the so-called counting function associated with the model. The 
existence of an asymptotic expansion for the counting function can be proven in certain cases (the non-linear 
Schrddinger model and the XXZ chaiijl] at -1 < A < 0) hence raising the obtained large-L behaviour of the 

^After this thesis has been defended, I proved the existence of the asymptotic expansion for any A > -1 in 125T1 . 
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form factors to the level of theorem. To be more specific, the problem of the large-L analysis of form factors 
corresponds to extracting the large-L asymptotic behaviour of an N x N determinant det^r \M{Aa, Ab)\ in the case 
where M is some specific function of two variables, NjL —> cst when L —> -i-oo, and the parameters densify 
on an interval {-q ',q\.\ will discuss the method of large-L analysis on the example of the non-linear Schrddinger 
model. The analysis of the XXZ-chain case can be found in the three articles that I have co-authored [Al, AS, A6]. 
Two [ AS, A6] deal with the massless regime of the chain and have been written in collaboration with Kitanine, 
Maillet, Slavnov and Terras. The most recent one [Al] deals with the massive regime and has been written in 
collaboration with Dugave, Gohmann and Suzuki. 

This chapter is organised as follows. Section 12.11 is devoted to a presentation of a lattice discretisation of 
the non-linear Schrddinger model. In Section 12.21 I will build on the latter so as to prove [A4] the determinant 
representation for the form factors of the conjugated field operator in the model. In Section I will discuss 
the large-L behaviour of this form factor. Finally, in Section [2Al I will shortly discuss the structure of the large- 
volume asymptotic behaviour of form factors of local operators in the massive regime of the XXZ chain. I have 
studied this behaviour in [Al]. This short section will permit me to illustrate the fundamental difference between 
the form factors in massive and massless models. 


2.1 The lattice discretisation of the non-linear Schrodinger model 

2.1.1 The Lax matrix 


The lattice discretisation of the non-linear Schrddinger model acts on the Hilbert space 


M 


^LNS = 

n=\ 


with 


I," L^(R) and M € 


( 2 . 1 . 1 ) 


With each local space one associates the Lax matrix found by Izergin and Korepin II185II 


LOnCd) — 


^ ^ A 

- 1 -A + Z„ + cxlXnl'2. -1 • Pz„ 

i ^Pz„ -Xn \-I\ + Z„+ cxlXn /2 


cA 

where Z„ = 1 -i- (-1)”— . 


( 2 . 1 . 2 ) 


Lo«(/l) is a 2 X 2 matrix on the auxiliary space Vq - with operator-valued entries whose joint domain corre¬ 
sponds to some dense subspace of The operators correspond to the canonical bosonic creation and 

annihilation operators satisfying to the commutation relations \Xn,Xm] - The operator x*n is the adjoint 

of Xn and pz,, = yjZ„ + cXnXn!'^ is expressed in terms of the "number of particles" operator at site n. Finally, the 
parameter A corresponds to the lattice spacing. It is related to the model’s volume L as L = AM. 

The Lax matrix (12.1.21) satisfies the Yang-Baxter equation 


^00' (2 - p) Lqm (d) Lo'« ip) - Lo'n ip) Lo„ (d) 7?00' (d - p) , (2.1.3) 

driven by the rational /^-matrix 7?oo'(d) = d - ic^Poos with Pqo' being the permutation operator in Vq ® Vq'. The 
R matrix reduces to a one-dimensional projector at d = ic which ensures that the Lax matrix Lq„ (d) satisfies the 
quantum determinant relation 

Lo«(d)cJ^LQ°^(d -I- ic)(J^ = ^(d - y„)(d - y* -I- ic) with y„ ^ . (2.1.4) 


I remind that z* stands for the complex conjugate of z. 
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Izergin and Korepin Il85ll observed that the zeroes of the quantum determinant correspond to the values of the 
spectral parameter where the Lax matrix is of rank one. In other words, the Lax matrix (I2.L2I) reduces to a direct 
projector at the points v„, v* - ic, e.g.: 

['Lon(vn)]ab ^ , with = I j > ^ ^ipz )' (2-1-5) 

Furthermore, the Lax matrix becomes a reverse projector at the points v„ + ic, v*, e.g.: 

[Lon{Vn + ic)]ab = yi*\n) , with = U \ y^+\n) = ( ]. (2.1.6) 

2 \ -2ipz„-Ac/4 / \ 2ipz„-Ac/4 / 

These properties allow one to build a quasi-local Hamiltonian for the model. The latter is constructed out of the 
monodromy matrix: 

To;i...M(d) = To(T) - LoM(d)...Loi(T) - I J with Me2Z. (2.1.7) 


The monodromy matrix is a 2 x 2 matrix on the auxiliary space Vq with entries being operators acting on the 
quantum space ^lns ■ The fact that Lax matrices reduce to direct (at odd sites) or reverse (at even sites) projectors 
when the spectral parameter is set to 


2i . c 

V = V2n-l = V2n + ^ ^2 


( 2 . 1 . 8 ) 


allows one to construct the quasi-local local Hamiltonian out of the transfer matrix ti^sW - tro [To(T)]: 


HlA ?5 = hLWs(^) • tLiVs(>') 


Mil 

+ l)Y°U2k{v) U2k-i{v)y^^\2k - 2 )) 


jt=l 


• \J3^^\2k + 1)]^“— [Lo2;tU) U2k-M)\A=vy^^\2k - 2) . 


Above, refers to the operation of transposition of the operator valued vector I3^^\2k + 1). Note that there exists 
an alternative way of constructing the local integrals of motion for the lattice non-linear Schrodinger model by 
means of trace identities at infinity 111881 . 

According to Izergin and Korepin 11851 . in the continuum limit: 


A ^ 0 with L = AM fixed 


(2.1.9) 


^LNS approaches, formally, to the Hamiltonian H^vls of the non-linear Schrodinger model introduced earlier on. 
In this continuous limit, one can think of the k* site of the lattice model as contributing to the degrees of freedom 
attached to the "continuous coordinate" Xk - kA. Then, the discrete fields Xn are expected to be related to the 
canonical Bose fields O (x) as 

(«+l)A 

;y„= J 0(x)dx. (2.1.10) 

nA 

However, such an identification can only be given a formal sense in as much as, strictly speaking, the rhs does not 
have a precise mathematical meaning. On the other hand, the Ihs is perfectly well defined since the local operators 
Xn and x*n can be constructed explicitly in terms of the creation/annihilation operators for the one-dimensional 
harmonic oscillator. 
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2.1.2 The spectrum and eigenvectors 

The transfer matrix A i-» t^^vsC^) is diagonalised by means of standard considerations of the algebraic Bethe 
Ansatz. One introduces the so-called pseudo-vacuum state |0) = |0)j®---®|0)^ where 10 is uniquely 
defined by the condition ;y„| 0 )„ = 0 for all n. The state 

l«A({d.if)) - Bai)...Ba^jio) (2.1.11) 

is an eigenstate of the transfer matrix (A) associated with the eigenvalue 


N, 


tLNS (d I ) = a (T) • 

p=\ 


A — Ap -t- ic 
A-A„ 


V. 


p=i 


^ A - Ap - ic 


A-An 


( 2 . 1 . 12 ) 


where 


.AA 


cA 


a (T) = ( -i— + 1 + _ t 1 -i_ -t 1 - — 


.AA 


cA 


AA 


cA 


and d{A) - { i— + 1 + —r r ' i i^ + i — T" 


AA 


cA 


(2.1.13) 


provided that the parameters solve the Bethe Ansatz equations (BAE) 


d{Ar) dr — dp -I- ic 

^(dr) dr ~ dp — ic 

p+r 




The solutions to (12.1.141) are real valued, satisfy the so-called repulsion principle: 
if a b then Aa \ , 


(2.1.14) 


(2.1.15) 


and are in a one-to-one correspondence with a certain subset Sa;l (depending on A and L for AM = L fixed) of 
the sets of all ordered integers €\ < ■ ■ ■ < (a ^ Z. This statement follows, e.g. from the analysis developed in 
[A3], but can be readily established by a generalisation of the ideas presented in 1351 . 

The subset Sa;l goes inductively to the set of all ordered integers Ci < • • • < in the M — > -i-oo limit at L 

fixed. More precisely, given any choice of infegers < ■ ■ ■ < fhere exisfs a Ai^^ such fhaf, for A < Ai^^ (wifh 
AM = L fixed) fhere exisfs a unique solufion to the below set of logarithmic Bethe equations 


nr.m],y 


= 27r 


p=\ 


N, + \ 


r=\,...,NK with 0(/l) = iln(-^—. (2.1.16) 

1C - T 


Finally, using elementary properties of (12.1.161) . it can be shown that, given a fixed producf AM - L and any 
choice of infegers {\ < ■ ■ ■ < there exists a Aq > 0 such that the parameters (A) are continuous in 

A€[0;Ao]. 

In fact, the A ^ 0, MA = L limit of such a solution yU 4 = limA_>o yU 4 (A) gives rise to the set of parameters 
solving the logarithmic Bethe equations arising in the quasi-particle sector of the continuous model described 
by the non-linear Schrddinger Hamiltonian Ha?ls : 


N, 


= 27r 

p=i '' 


A, + l 


r= 1,...,A, . 


(2.1.17) 
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In the present chapter, a set of Bethe roots {^ 11 ^}^“ with a” will refer to the solutions of the Bethe Ansatz equations 
for the model at finite lattice spacing A. For clarity purposes, I omit writing down explicitly this dependence on A. 
When the'is replaced by a'", the set of Bethe roots {^ 4 )^'' is to be understood as one built up from the solutions to 
the Bethe Ansatz equations (12.1.17b for the model in the continuum and at finite volume L. 

It has been shown by Dorlas lllllll in 1993 that the vectors I (A( 1 /^ 4 if") ) converge, in some suitable sense, to 
the eigenfunctions 


L 

I 'P({wjf=i f • • • ’ ... d>'^(vivj|0) d^-^x 

0 


(2.1.18) 


of the non-linear Schrddinger Hamiltonian in the quasi-particle sector. The function if(xi ,..., | 

1/74 if") are, in fact, the eigenfunctions of the d-function particle Bose gas. They can be constructed through 
the coordinate Bethe Ansatz |[60lI264II and, for a generic set of variables {Aa}^\ take the form 


N, 


(^(xi,...,Xa?J {Talf") = (-iVc) " ^ Y\ 

a<b 


Acr(a) - Acr{b) “ icSgn {Xa - Xb) 


N, 


■n 


A^o-{a)'(^^a 2 ) 


a=l 


A(T(a) Acr(b) 

Above, I have adopted the below definition for the sign function: 

sgn (x) = 1 for X > 0 , sgn (x) = 0 for x = 0 , sgn (x) = -1 for x < 0 . 


(2.1.19) 


( 2 . 1 . 20 ) 


2.1.3 Structure of the space of states 


As mentioned in the introduction, the machinery of the algebraic Bethe Ansatz provides one with determinant rep¬ 
resentations for the norms II239II of Bethe eigenvectors as well as with those for the scalar products 13301 between 
Bethe vectors and Bethe eigenvectors. The form of these representations for the lattice non-linear Schrddinger 
model is given below. 

Proposition 2.1.1 A239I/ Let 1/14 i>e any solution to the Bethe Ansatz equations (12.1.16b . then the norm of the 
associated Bethe state admits the determinant representation 


N,+l 

N,+i n (fie.-Btb-ic) 

|k(l// 4 lf ^ n -deW,+i [ 5 ^^] . 


a=l 


N,+l 

n ihe.-fitb) 

a,b=l 

ai^b 


( 2 . 1 . 21 ) 


The entries of the matrix 5*^^ read 


N,+\ 


^ 2 ^ £ ^ ’ ( 2 - 1 - 22 ) 
p=i 


27rL \a{co) 

and we have agreed upon K (T) = 9'(A). 

Theorem 2.1.2 l\330\l Let { 14 )^'"''^ be a solution to the logarithmic Bethe equations (12.1.16b and 


generic set of parameters. Then, the below scalar product reads 


<'A(a 4 }f""')k({/^«if""'))- 


w.+i 

n d{Ae}j 


< 2=1 


n ((24 - Aef) - ipb - Pa) ] 

a>b 


deW,+i [nA({T 4 lf+',{/r,)f"^')] , (2.1.23) 
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where 





A'.+l 

= a (j^k) t{Aj,Hk) ]~[ {Aa - Hk- ic) 
(7=1 


A^.+ l 

d ijik) tipk, Aj) ]~[ {Aa -Hk + ic) (2.1.24) 

a=l 


and 


t{A,ii) 


-ic 

{A-jj.) (A-n- ic) ■ 


(2.1.25) 


Oota B02I observed that one can build on the reduction of the Lax matrix to projectors and reverse projectors 
so as to reconstruct certain local operators in the lattice discretised model in terms of the entries of the model’s 
monodromy matrix. The reconstruction identity which will be of interest takes the form 


^LNS 




(2.1.26) 


Using the explicit formulae for (k) and (k), c.f. (I2.1.5I) - (I2.1.6I) . one gets 


= ^X*mXi + Ap 2 ^_^pz^ and =-i^fcxliPz^ ■ (2.1.27) 

r=l 

Thus, by taking the formal A ^ 0 expansion of the rhs of (12.1.261) . one recovers the conjugated field operator 

tZ^5(v) • B(y) - -i|£AOnO) + 0 (a2) . (2.1.28) 


2.2 Form factors of the conjugated field operator 

The main goal of paper [A4] was to make the formal identification (12.1.281) rigorous. This result closes the gaps 
that are necessary so as to prove the determinant representations for the matrix elements of the conjugated field 
0^(0) and density <1)^(0)<1>(0) operators in the non-linear Schrodinger model. The proof of the theorems given 
below can be found in Appendix A of [A4] and builds on the determinant representations in the lattice discretised 
model obtained in Section 2.1 of that paper. I remind that the matrix elements of the density operator can be 
deduced from the scalar products between a Bethe eigenvector an a Bethe eigenvector in the so-called yS-twisted 
model, see e.g. 1121211 for the reconstruction and (12.3.11) for a definition of the /3-twist. Also, a determinant rep¬ 
resentation for the form factors of the conjugated field operator in the non-linear Schrodinger model has been 
obtained by Korepin and Slavnov ll247ll in 1999 through the use of the two-site model. This determinant represen¬ 
tation was then reproduced by Oota B021I in 2004 on the basis of the inverse problem discussed earlier. However, 
the mentioned results all relied implicitly on the hypothesis of the convergence of the lattice discretisation to the 
continuous model, hypothesis that I have proven in [A3], c.f. Theorems 12.2.1 ll2.2.2l below. 

Theorem 2.2.1 Let {Aeji^'‘ be a solution of the logarithmic Bethe equations (12.1.161) in the particle sector and 
set of generic, pairwise distinct, complex numbers. Then the below scalar product in the lattice model 
converges, in the A ^ 0 continuum limit, to the scalar product in the continuous model 

L 

{ I ^ J {//jf) Tixi,- {Atff) . 

0 


( 2 . 2 . 1 ) 
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Ai a consequence, one has the below determinant representation for the scalar products in the continuous model: 

N, 




n 

a=l 


n (^4 - ^ 4 ) (db - da) 

a>b 




( 2 . 2 . 2 ) 


where Q is the A ^ 0 limit ofQ./^ and, for generic parameters {Aa) and {pa) takes the form 

N, N, 

[n Yl (A, -p,- ic) - Aj) (Aa - Pk + ic) . (2.2.3) 


ijk 

^N,+ l 


a=l 


a=l 


Theorem 2.2.2 Let and [Arft^^ be any two solution of the logarithmic Bethe equations (12.1.161) in the 

+ I and particle sectors respectively. Then, the expectation value 

^ ^ I tZ^sW • B(v)|<A({^.jf) ) , (2.2.4) 

converges, when A —> O'*', to the below form factor of the field operator in the continuous model defined as 

L 


<i) 


- J ip(0,Xi,...,XN, I I {Ar,ff) . 


(2.2.5) 


The latter admits the below determinant representation 


N,+\ N, 




with 


a=l 


N, 


k=\ 




1 _ e Kar '■* 


in 


b=l b-tb 4, 


rk 


N,+\ 


Ujk =-i n 


4r,- bta a=\ 


n (4rj - Ar^ + ic) 


K{Ar, - 

>■ i -- 77 , +\r Nk ) 1 

= 1 ^0- +1C Yl (Ar - ArJ ® ‘ ' ~ 1 

a=l ‘ 

*j 


deX^ [6jk + Ujk] 
( 2 . 2 . 6 ) 

(2.2.7) 


The function '^fA appearing in the above expressions is the so-called discrete shift function for the continuous 

\^a\ 

model: 




N„+\ — ■ Nk 

tX /I 4 - a> + 1C |-X Ar^ - O)- 1C 

( I 77/ - a> - ic ( IT _ 

a=l a=l '^ra OJ ^ kC 


( 2 . 2 . 8 ) 


Theorem l2.2.2l alreadv presents the determinant in a "good" form by explicitly factoring out their most singular 
behaviour (/14 - 4^)“'. Such a factorisation can be achieved by starting from the representation in terms of 
detA?^[Q] obtained from (I2.2.4I) - (I2.2.5I) . multiplying and dividing it by a Cauchy determinant and then taking the 
matrix products explicitly. In fact, recasting the form factor in the form (12.2.61) is the first step which allows 
one to study their large-L asymptotic behaviour. Such Cauchy determinant factorisation trick was used, for the 
first time, in II331II . Independently of the Cauchy determinant factorisation. Theorem 12.2.21 provides one with a 
slightly different, in respect to the works 1124711302ll . determinant representation for [ArJ^^^. The 

equivalence of my representation with those obtained previously can be checked with the help of determinant 
identities analogous to those established in ll2l3ll -rA51. 































64 


2.3 The large-volume behaviour of the form factors of the conjugated field 

In this section, I will describe the structure of the large volume asymptotic behaviour of the form factors F<j,t 
associated with a specific class of excited states. Namely, I shall consider the form factors taken between an 
excited state corresponding to an n-particle/hole excitation, n-independent of L, above the lowest energy 

state in the N + 1-quasi particle sector and the ground-state of the model {Aa}^. These states and, in particular, the 
particle-hole terminology will be all described below. After having presented the results, I will shortly review the 
methods that I have developed so as to prove such a asymptotic expansion. The details can be found in the papers 
that I co-authored with Kitanine, Maillet, Slavnov and Terras [AS, A6]. As I mentioned, per se, various elements 
of the method take their roots in the pioneering work of Slavnov II331II . Although I will not discuss this case here, 
I do stress that it is not hard to generalise these results to the case of form factors involving two excited states of 
particle-hole types. 

2.3.1 Some general facts about the thermodynamic limit 

As already discussed, the eigenstates of the non-linear Schrddinger model in the quasi-particle sector, viz. those 
of the system of -bosons in 6 two-body interactions, are parametrised by the solutions to the logarithmic Bethe 
Ansatz equations (12.1.171) . In fact, by slightly changing the boundary conditions from periodic to /3-twisted ones: 

^(0, X2,..., XN, I 1^) - (2.3.1) 

one obtains a parametrisation of the eigenstates in terms of solutions to /3-twisted logarithmic Bethe Ansatz equa¬ 
tions: 

A -i- 1 

^ - —) + 2i7:/3 , r=\,...,N^. (2.3.2) 

p=i 

Since the parameter /3 will appear very useful in the following, I will focus on describing the solutions to the 
y6-twisted equations even though this might appear artificial af fhis sfage. For any < ■ ■ ■ < the sysfem of 
equations (12.3.21) can be inferprefecl^ as condifions for fhe minimum of a sfricfly convex funcfion -fhe so-called 
Yang-Yang funcfion- on 1.^' fhaf diverges af infinify. They fhus admif a unique solution. 

The energies, i.e. eigenvalues of Unls associated wifh a sef of roofs fake af /? = 0, fhe form 

N 

- h-N,. (2.3.3) 

a=l 

The sef of Befhe roofs giving rise fo fhe lowesf energy in fhe secfor wifh a fixed number A*, of quasi-parficles is 
conjecfurecQ to be given by the choice of consecutive integers Cq = a, a = 1,..., A*.. When /3 0, I will still 

continue calling the solution subordinate to this choice of integers the ground state in the Nk quasi-particle sector, 
even though it might no longer lead to the lowest energy state in this sector. 

In their turn, the integers {£j] associated with the excited state above the A,^ quasi-particle ground state are 
most conveniently presented in terms of holes in the consecutive distribution of integers for the ground state in the 
given sector and of "particle" integers which correspond to values taken by the £a that are outside of |[ 1; A/^ ]]: 

£a = a for a Nii^\hi,... ,hn and £h„ - Pa for a - ,n . (2.3.4) 

^It is enough to change variables fi ^ ji- linpIL. 

' Although this fact has been thoroughly checked, there is still no proof of this statement to the best of my knowledge. The statement is 
easy to see at c = +co and c = 0 through explicit calculations. It thus also holds perturbatively around these points for c 6 as ensured 
by the continuity in c of the solutions to ( 12.3.2b and the point-wise nature of the spectrum. For generic c it can be checked that the choice 
of consecutive integers does give rise to the lowest value of the energy among the class of bounded in L particle/hole excitation integers A- 
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The integer^ P\ < ■ ■ ■ < Pn and hi < ■ ■ ■ < h„ satisfy 

Pa and ha^ll', 


(2.3.5) 


There exists a convenient way of characterising the large-volume L behaviour of the solutions to the logarith¬ 
mic Bethe Ansatz equations. The main idea consist in studying the large-L asymptotic behaviour of their counting 
function: 


- He,] 


/ , ^ OJ 1 ^ ^ N, + \ .P 


a=l 


2L 


(2.3.6) 


By construction, it is such that = iaIL, for a = 1,..., Actually, (m) defines a set of background 

parameters {pa]aez, as the unique solutions to (ua) - ajL, a e Z. The latter allows one to define the rapidities 

_ _ i^at 

fip^, resp. of the particles, resp. holes, entering in the description of the Bethe roots for the excited state: 

[Pif: = \ [PpX] U [phXi . (2.3.7) 

I do stress that the set of parameters (pa}aei. does depend on the choice of £a, viz- is not universal for all excited 
states. I have omitted the explicit writing of this dependence since it would induce too bulky notations. 

One can show that the counting function satisfies a non-linear integral equation that linearises in the large-L 
limit. This allows one to prove that admits an all order in L“' asymptotic expansion in some L-independent 
strip around R. In order to describe this expansion, I first need to give a little more precision on the way that the 
thermodynamic limit is taken. 

At yS = 0, in each sector with a fixed number of particles A^, the model has a unique ground state. The A quasi¬ 
particle sector giving rise to the overall ground state of the model will issue from a balancing of the kinetic energy 
terms of an A*^-particle sector which grows to -i-oo with N^, and the chemical potential energy {-hN^) 

which decreases down to -oo with N^. In the following, A will always refer to the number of quasi-particles in 
the overall ground state. I stress that this number does depend on h. Accordingly, I will parametrise Nk = N + k 
in the following. Although I will not discuss how such a mechanism arises, I do remind that, when L —> -i-oo, the 
roots {pt,}^ with 7’^ as in (12.3.41) and n bounded in L form a dense distribution on the interval [-q ; q\ called the 
Fermi zone. The endpoint q of the Fermi zone is the parameter which arises in the unique solution {q, £{A \ q)) to 
the set of equations 

Q 

e(4 I 0 - (^ - P) I 2)^ = £0 (4) with £o (4) = - h and s{±Q 10 = 0. (2.3.8) 

-Q 

Although the unique solvability of the system (12.3.81) has been stated for many years, it was only in 2012 that I gave 
a proof thereof in [A2]. The proof boils down to proving that Q i-^ £(±2 | Q) is continuous, strictly increasing, 
strictly negative at 2 = 0 and going to -)-oo when 2 ^ +“■ The strictly increasing part being the hardest to 
establish. In collaboration with Dugave and Gdhmann [A23], we proved the existence of various other analogous 
quantities associated with the linear integral equations describing the massless regime of the XXZ chain. I stress 
that the spin-chain case the proof built on other ideas since, for certain values of the anisotropy, the XXZ analogue 
of the integral kernel K arising in (12.3.81) is strictly negative. I refer to that paper for more details and to II372II 
where part of the used techniques were pioneered. 

*This choice of a parametrisation for the L’s is not respecting the ordering Ei < • < G,- The latter is however readily recovered upon 
an appropriate permutation. 
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In the following, I set £(A) = s(A | q). For reasons that will become clear in the following, this quantity is 
called the dressed energy of the excitations. Pursuing the discussion of the thermodynamic limit, one can show 
that the ratio N/L admits a limit D € [0; +oo]: 

9 

D = — with p(A)- f 0(A-jii)p'(ju)$^ =A and p{-A) = -p{A). (2.3.9) 

n J In 

-9 


The solution to the above linear integro-difference equation is called the dressed momentum of the excitations, 
while pf = piq) is called the Fermi momentum. The model in infinite volume with a fixed value of D can always 
be approached in such a way that N/L - D - 0(1/L^); I will build on this assumption in the following. 

These preliminary parameters being introduced, I am in position to describe the large-L asymptotic expansion 
of the counting function (12.3.61) . The latter reads: 






OJ 




+ 




(2.3.10) 


The important point is that the remainder is uniform and holomorphic in some strip around R. In this expansion, 
^ is the thermodynamic limit of the counting function given by 


= + 2 - 


(2.3.11) 


The thermodynamic limit of the counting function defines particles’ {ppj and holes’ {phj asymptotic rapidities. 
These correspond to the unique solutions to 

^(MpJ = Y " X ■ (2.3.12) 

represents an overall correction to the asymptotic behaviour of the counting function. It is the one that is 
responsible for the 1 /L corrections to the ground state energy whose form can be predicted by conformal field 
fheorefic argumenfs. If lakes Ihe same form for all excited states. Finally, is the so-called shift function. 
It gathers all the 1/L corrections to the counting function issuing from the particular excited state. The shift 
function has another interpretation. It measures the spacing between the ground state roots Aa and the background 
parameters defined by {: 


Pa-La^ Ff{Aa) • [l^'{A a)\' (1 + O(L-i)) . (2.3.13) 

The shifl funcfion is expressed in lerms of Iwo auxiliary funcfions: Ihe dressed phase (piA,p) and Ihe dressed 
charge Z (T) which correspond lo Ihe solutions to the linear integral equation^ 

9 9 

c/>(A,p)-J k(A-t)</>(t,p)^ = ^0(A-p) and Z (A) - J K (A - t) Z (r) ^ = 1 . (2.3.14) 

-9 -9 


The explicit expression for the shift function reads 


cW I J 
^ \ K1 



(iyS-^)Z(T) 


n 

K(f>{A,q) - ^[(p{A,PpJ-(f>{A,phj] . 

£!=I 


(2.3.15) 


^The invertibility of / - K/ln on I?({—q ; q\) can be readily checked. See Lemma 2.2 of [A2]. 
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It will sometimes be useful, in the following, to deal with the finite-L shift function 

where 


CO 




1 

IttL 


N 

^ 6{(0 - Aa) 
a=l 


+ 


N+\ 

2L 


(2.3.16) 


(2.3.17) 


is the counting function associated with the model’s ground state, i.e. Aa solve the logarithmic Bethe Ansatz 
equations (12.3.41) at a: = 0, /3 = 0 and for Ca - with a = 1,..., A. The thermodynamic limit of finite-L shift 
function is precisely 


2.3.2 The excitation energy and momentum 

Given an eigenstate parametrised by the Bethe roots it holds 

and Pi.|'P({)ir 4 )f)) - !P(fcJ^)l) (2-3.18) 
where the eigenvalues £(1/74 j^") and are expressed in terms of the Bethe roots parametrising the state 

'^({ 7 ( 4 if") = '^Po(mO with po(A) = A and ^ '^eoQAeJ with eo{A) = A^-h. (2.3.19) 

< 2=1 a=l 

The form taken by the eigenvalues of follows from the calculations carried out when implementing the 
coordinate Bethe Ansatz for the model |[60ll264ll . The one taken by the eigenvalues of the momentum operator P/, 
has been obtained in |[35l . 

The counting function formalism allows one to estimate the thermodynamic limit of the momentum and energy 
of an excited state. In fact, one can show that, for L large enough 

= ni? 4 )f") - niXlf) - 2i/3p{q) + ^pM-p{FhJ + 0 (i) (2.3.20) 

<:/=! 

Sex = B{{ptf,^)-B{(Aaf,) = '^eipp:) - e{pH^ + 0(i) . (2.3.21) 

a=\ 

The remainder is uniform provided that n is fixed. Furfhermore, fhe rapidities {ppji and {phj appearing above are 
defined according fo (12.3.121) . 

The form faken by fhe relafive excifafion momenfum and energy clarifies fhe particle-hole and dressed energy/ 
dressed momenfum ferminology used earlier on. Indeed, in fhe fhermodynamic limif, fhe excifafions are formed 
by adding parficles -each carrying an energy sippj and a momenfum pippj- wifh rapidities oufside fhe Fermi 
zone and removing some of fhe particles wifh rapidifies inside fhe Fermi zone, viz- creating holes in fhe Fermi 
zone -each carrying an energy -s{phj and a momenfum -piphj- 


The critical { class 

When inspecting fhe form faken by fhe relafive excifafion energy £ex (12.3.211) . one particular configuration singles 
ouf among all fhe possible values of fhe rapidifes {ppj and {phj- 

Pp^ = ±q + O(^) and pp, = ±q + O(^) for a=\,...,n . 


(2.3.22) 
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Indeed, owing to the very definition s{±q) = 0 of the Fermi boundary q, one has that, for such configurations, 
Sex - 0(1/L). As a consequence, in the thermodynamic limit, the excitation energy of these states vanishes. In 
other words, at L = +oo, such eigenstates span the massless part of the spectrum. Exited states enjoying of the 
above property will be called critical. 

A set of integers {pa} and {ha} describing an excitation in the A/^-quasi particle sector is said to parametrise a 
critical excited state if the particle-hole integers can be represented as 

[PaW = [N, + Pa-,A7" ^ [ha]\ - { 1 + A, -U [ha^X'- ' (2-3.23) 

In such a decomposition, the integers Pa;±,ha;± are "small" compared to L, i.e. 

lim — - lim — = 0. (2.3.24) 

L—>+oo l_, L—>+oo l_, 

Furthermore, the integers Up-j, or rip--, resp. «/,;+ or corresponding to the number of particles, resp. holes, 
collapsing on the right or left Fermi boundary are subject to the constraint 

+ Up-- = nh-+ + Hh-- = n . (2.3.25) 

Although all "critical" excitations have a vanishing excitation energy, they may bear a non-zero relative ex¬ 
citation momentum. This allows one to regroup them into so-called ^critical classes, where i parametrises the 
thermodynamic limit of their relative excitation momentum as 2{pp, where pp = p{q) is the so-called Fermi 
momentum. The integer € Z is defined as 


£ — ^p\+ ^/i;+ — ^/i;— ^p',— • 


(2.3.26) 


In fact, by summing up the logarithmic Bethe equations for the excited state of the critical € class and those for 
the ground state, one recasts the relative excitation momentum (12.3.201) in the form 

I .N, 27rr”x^ 

= 27r(^ + i/3)-^ + —I 

'■ a=l a=l 


1'^ 

Yj^Pa,- 


Wr- 

1) + 


a=\ 


a=[ 


(2.3.27) 


2.3.3 Thermodynamic limit of form factors 
The smooth and discrete parts 


By applying Proposition 12.1.11 and Theorem 12.2.21 it follows that the normalised modulus squared of the ground- 
to-excited state form factor of the conjugated field can be decomposed into a products of two terms 



(0)|T 


)>f 

||T 

(fcjf 

)|P-Il^( 

'Xlf) 



= P3.28) 


one called the smooth part Qnj and one called the discrete part Dn- 
The smooth part reads: 




N 


ipjX 
I? 


{2a}^ 


N 

n 


- ic 

2 det^? 

+ U■ detA? \5jk + Ujk\ 

■Ww+i -ic 

detw+i 


•det/v 

;=w[^]] 
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(2.3.29) 


where stands for the double product 


Wn 


{Zalf 


{Za -Wb- ic) {Wg -Zb- ic) 
{WaYi ) I (Za -Zb- ic) (Wa - Wb - ic) 


= n 


while the matrices 5^'^^ [ ^ ] and ] take the form: 




141 

K(Aa-Ab) 


2nL^'{Ab) 

In its turn, the discrete part is represented as 


and 




KiMi, - He,) 

2^^(?I4|) (Ptb) 


D 


'N 


{P. 

{ha]\ 


ail 




nf=i {4sin2[7rF|4|(4)]) 


n^{2.L(?;f,)V4)ln{2.L?w) 

a=\ “ —' 


N 

n 

a=\ 


n{|e 


P^N+l 


= 1 Aa PCn+i 


(2.3.30) 


det 


■N 


(2.3.31) 


1 


-Pin ~ 

(2.3.32) 


Although both the discrete and smooth parts are explicit functions of the Bethe roots describing the two states 
and {/la)^, it is more convenient, for further purposes, to interpret them as functionals of the finite-L shift 
function and of the two counting functions and ^ associated with the two sets of Bethe roots. Note 
that, in fact, the whole information on the integers {ta) describing the given excited state is contained in the two 
collections of integers {pa) and {hg} as follows from (12.3.41) . This interpretation of the smooth and discrete parts 
in terms of functionals allows one to apply them on more general objects that the finite-L counting functions 
associated with some solutions to the logarithmic Bethe Ansatz equations. 

To be more precise, let /j be a biholomorphism on some open neighbourhood of R, strictly increasing on R 
and mapping R onto R and let v be any holomorphic function defined on fhe same neighbourhood. Then sef 

hy{<jo) = h{oS) + —v(a>) . (2.3.33) 

In fhis consfrucfion L is assumed fo be large enough for hy fo be a biholomorphism as well. 

The explicif expressions for [v,^,^y\ (and Qn-\ [v,^,^y\) are fhen given as above, wifh fhe obvious subsfi- 
fufions 

^141 ^ V , 1 hy (2.3.34) 

whenever fhese are wriffen explicifly. Also, in such a wrifing, one adopfs fhe convenfion fhaf fwo sefs of parameters 
{Aa]^ and are now defined as follows: 

• pii, k € Z is fhe unique solufion fo h (jut) = k/L, i.e. fhey are defined by fhe second argumenf of fhe 
functionals; 

• /l,t^ ^ £ 11; fVJ is the uniqu^ll solution to hy{Ak) = kjL, i.e. they are defined by fhe third argumenf of fhe 
functionals. 


I insisf fhaf here and in fhe following, whenever fhe paramefers pk or Ap enfer in fhe explicif expressions for fhese 
funcfionals, fhey are always fo be understood in fhis way. Also, I remind fhaf fhe integers {a are obfained from fhe 
integers {pail and {ha}\ as explained in (12.3.41) . 


^The uniqueness follows from Rouche’s theorem when L is large enough. 
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The large-L behaviour of the smooth and discrete parts 

In the remainder of this subsection, I will discuss the large-L behaviour of the smooth and discrete parts. Since I 
will focus on a specific class of excited states belonging to the N\ = N + I quasi-particle sector, it appears more 
convenient to introduce a simplified notation for the associated shift function: 


F/i{A) 








{Fp^ \ 

M I 


(2.3.35) 


Also, whenever the dependence on the rapidities of the particles and holes is suggested by the context, I will 
simply drop the explicit writing of this dependence in F/j, exactly as it has been written in the most Ihs equality of 
(12.3.351) . 


• The smooth part 

is called the smooth part due to the fact that its thermodynamic limit only depends on the rapidities of 
the particles and holes {lUhJI entering in the description of the thermodynamic limit of the excited state. 

Furthermore, this dependence is smooth. I remind that these two sets of rapidities are defined as in (12.3.121) . One 
of the consequences of smoothness is that a small (of the order 0(1) when L —> -i-oo) change in the value of the 
integers parametrising the state, say Pa Pa + ka with ka bounded in L, will not change the value of the smooth 
part’s thermodynamic limit but only manifest itself on the level of the 1/L corrections. 

The thermodynamic limit is expressed [AS] in terms of the thermodynamic limit Fj} (12.3.151) of the shift 
function associated with the excited state 


§N\] 


{Pa}\ 

{ha]\ 




{Ph„] 


[L^]x(i + 0 (l-i)) 


(2.3.36) 


The remainder is uniform provided that n, the number of particle-hole excitations, is fixed. For any function / that 
is holomorphic on an open neighbourhood of {-q ; q\ and such that e*^“^ - 1 has no zeroes there, the functional 
representing the leading large-L asymptotic behaviour of the smooth part takes the form: 


lm,l 


w=nn 


Pha ~ ^ + F^C e^“^[-f](t'/ia+«c) 
a=l e=± - ^ + Q2-mCm{p,,+eic) 

/ f;/.. 1 \ 


- 2 \n 2 C[/](g+eic) 


det^ [/ - Kiln] 


.Cam 






det<^„ 


id + U[/] 


{PpXi 


. (2.3.37) 


There C[/] is the Cauchy transform on {-q ; q\ and Co[/] is given by a double integral 


r dyU /(/^) j ^ rrn f f f (jl) 

C[/](T)- --- and Co[/] - - -- -^dAdp . 

J Imp-A J (A-p-icf 


(2.3.38) 


All determinants appearing in (12.3.371) are Fredholm determinants of integral operators of the type id -i- A with 
A a compact trace class operator. The integral operator id - K/Itt acts on L^([-q;q]) and has integral kernel 
-K(A - p)l2n. The integral kernels of U and U are given by 


uvn 





-1 oj-q Ppjjio-ph,+ic) \ eC\ 2 mf}{oj) Kjca- oj') 

2n o) - q + ic \ (a> - phj (oj - Pp^ + ic) J eC[ 2 iff/]( 6 j+ic) Q- 2 mf((D) _ ^ 
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and 


mn 





1 gj-q A [ (tn - jUpJ (fajic) ] QC[2mf^(L,) K(aj-to') 
2n to - q - ic 1 (a* - fihj (to - jip^ - ic) J QC[l\nf^(w-\c) Q 2 mf(oj) _ j 


and depend parametrically on the positions of the particles and holes. The operators id + U[/] and id + U[/] should 
be understood as acting on L^(^q), where is a counterclockwise loop surrounding the interval [-q ; q] but not 
any other singularity of the integrand. This means that the poles at a» = of the integral kernels are located 
inside of ^q whereas the zeroes of T - i are located outside of the contour. In Section l2.3.4l below. 

1 provide a more precise definition of their determinants, as, in principle, the existence of such a contour is not 
guaranteed for all possible choices of the parameters {fipj, {fihj when its function argument / is given by the shift 
function F/j associated with this excited state. 

The function posses two properties worth singling out. 


• is invariant under any permutation of the particle (or hole) rapidities; 


• satisfies the reduction properties 


Qn 




[/] 


\f^pn l-^hn 


Qn-\ 





(2.3.41) 


Note that these two properties still hold when Qn is evaluated on the shift function Fp since the latter also 
satisfies to the same reduction properties. 


The discrete part 

Dfj is called the discrete part since its leading large-L behaviour not only depends on the "macroscopic" rapidities 
{pp^} and [pha] entering in the description of the excited state but also on the set of integers {pa} and {ha) charac¬ 
terising the excited state. This strongly contrasts with the smooth part case in that an 0(1) change of the integers 
parametrising the excited state, say Pa Pa + Ki, ka bounded in L, leads to a change in the value of the leading 
asymptotics Dj^. 

First elements of the technique to analyse the large-L behaviour of appeared in II331I1 and were fully 
developed in [AS, A6]. The large-L asymptotic behaviour of Dp^ takes the form 


Dn 


{Pa\\ 

{ha}\ 





[PpXiPa] 

{Pha 1 > {ka\ 



, /InL 
x|,+0 - 



(2.3.42) 


The remainder is uniform in the integers {pa} and {/jq) provided that the number of particle-hole excitations remains 
fixed. The functional Dq takes the form, for any function v smooth on 1. 


Dq[v\ = — • A / ^A'+I -kipa ^ G^(l - v{-q)) ■ G\2 + v(q)) 


X exp 


V(A)v(p)-v'(p)v (A) 
2(A-p) 


dAdp \ . (2.3.43) 


-q 
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The parameter Tat+i appearing above is defined as the unique solution to L^(/l/v+i) 
function and 

X [y] (A) ^ exp I - J — j— —d//| . 

-q 

Finally, the part of D^^’s asymptotics depending on the excited state reads 


77 + 1, G is the Barnes 


(2.3.44) 


n 


■N,n 


{f^PaVAPa} 




a=l 


n ‘P^(Mpa^Mp,)‘f^(Mha,MhJ 


a<b 


‘PiMpa > f^K)<p{Mh,, f^pj<piq, //ft 
1 


det„ 


ai^b 


K - Pb 


n 

a=l 


sin [nvjphj] _ ^2( iPa - N + v{ppJ],{Pa} + iO+,|A^ + \ - ha - v{phj},{ha + viphj] 


{Pa-N-l+ i0+}, {pa + vippj}, {N + 2-ha}, {ha} 


There 


N[y] 




v{A)-v{a)) .5 ^ o 

d/I and (p{A,p) = 2n- 


A - a> 


p(A)-p (p) 


(2.3.45) 


(2.3.46) 


Above, I have introduced the hypergeometric-like representation for products of T-functions: 


{ak) 

{bk) 


n 

k=i 


^{ak) 

r{bk) 


(2.3.47) 


Note that the iO"^ regularisations in the expression for are necessary so as to give rise to a meaningful 
expression when some of the integers pa take negative values. 

Formula (12.3.421) provides one with the most general form of the asymptotic behaviour of the discrete part, 
namely one that is valid for all possible choices of the integers {pa} and {ha}. It can be further simplified if one 
provides additional information on the specific choice of the particle and hole integers, see Section l2.3.5l 


Some steps of the proofs 
• The smooth part 

The key results for proving of the leading asymptotics of the smooth part is a repetitive application of Lemma 
12.3.1 [ given below, or its generalisation to the case of multiple products. 


Lemma 2.3.1 Let f be holomorphic in some open neighbourhood of {—q ; ^] x O, O open in C and such that it 
does not admit zeroes in this neighbourhood. Then, it holds 


v+i 


a=l 




a=l 


fiq, • [^ I 

a=i 


fippa’^) 

fiPh^oS) 


q 

j-explJ" dx ln/(T, o))-Fp{a 
- q 


|;-j).di}.(,/0(i)). (2.3.48) 
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The convergence of the finite-size determinants in (12.3.291) to appropriate Fredholm determinants can be seen 
as follows. One first recasts the determinants in the numerator as 


detA, \6jk + Ujk] = de%^ [id + UtF|4|]] 
where the contour is as defined previously while fhe integral kernel reads 


(2.3.49) 


-1 

= — f[ 

a=l 


<j)-He„+ ic 


N 

n 

<3=1 


CO - Ar+ ic 


CO - Ar 


K{co-co') 


(2.3.50) 


The confour is supposed fo safisfy fhe aforemenlioned hypofhesis. If fhese do nol hold, one should proceed as 
in fhe proof of Proposifion l2.3.2l c.f. Secfion l2.3.4l and Section 3.3 of [A4]. I will nol venlure in such technicalities 
here. If is readily seen, by using Lemma l2.3.1l fhaf 


^hui-uteil f-j; 


HS 






Pal\ 


{co,co) 


|dm| - 0(i) . (2.3.51) 


The firsf term corresponds fo fhe Hilberl-Schmidl norm of fhe operators. Therefore, by using fhe bounds issuing 
from fhe Lipschilz conlinuily of 2-delerminanls in respecl fo fhe Hilberl-Schmidl norm and fhe bound on fhe 
second term in (12.3.511) which ensures lhal fhe Iraces converge to each olher, one gets the convergence of the 
Fredholm determinants. The strategy is similar in what concerns the determinants arising in the denominator. It 
builds on the equality, at finite L: 


det^[H(">] 




with K{co, cjo') 


K{co - Co')\[_qr^ + 




eKjco - co') 


(2.3.52) 


where the Fredholm determinant on the rhs corresponds to an operator acting on L^([-^;'5] U U ^“). These 
three auxiliary contours are defined in Figure ITT] The resl follows from similar bounds fo (12.3.511) along wilh fhe 
facf thal q = 0(L“'). I also remind on Ibis occasion lhal given a sel A, 1^ sfands for ils indicafor funcfion. 

• The discrete part 

The main problem in the analysis stems from the fact that the parameters {/14) and {Aa} density, when L -1-00, 
on the interval [-q ; q\. This generates a certain amount of divergences issuing from products involving - Ah 

with b - £a = 0(1). Some of these divergences will then be cancelled by a similar effect issuing from the 
Vandermonde part of D^j. 

The first step of the analysis consists in separating, by hand, the contribution of the holes and particles from 
the one of the "back-ground" parameters that will condensate on the Fermi zone [-q\q\. In other words, one 
recasts Dm as 

Dm = D^^, • D^^'’ (2.3.53) 

where represents the contribution of the condensing "back-ground" parameters: 
nf=i j4sin2[7rF|4|(Ti)]) 

27rL(?;f )V.)) n [iTiLfiAa 

“ a=\ 







■bbf 


)1 


n;.i nS'fc-'W- 


(2.3.54) 
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Figure 2.1: Contours arising in the definition of the operator / - Kjln. The two endpoints q and -q satisfy to 

_ A^+ 1/2 _ 1 

^iq) = -— and^^C-^) = —. 

while grasps the most important part of the eontrihutions to the asymptotie behaviour of the form faetor, 
namely those issuing from the speeifie kind of exeitations present in the exeited state: 


T ( ga'fe.) 


" U„. n. 1 n;;l fe - w.)- ■ n" 10. - ?»)- 

ci^hij 


(2.3.55) 


Then, main idea eonsists in regularising the singular faetors involving differenees of variables that eondense on 
{-q ; q\ in the following way 

^ ^ _ = _ ^with '(p(jJ,A) - — - - —^-. (2.3.56) 

fia - Ab tpijUa, Ab) a-b + Fj4|(Ta) ^{410^) “ ^(41W 

The first term appearing in the rhs is regular when Ha Ab- Furthermore, 'ip ^ ip when L ^ +oo. This allows 
to treat all the parts eontaining ip exaetly as it was done for the smooth part. The seeond term generates an explieit 
dependenee on L. Furthermore, the dependenee on a and b is rather explieit what allows one to take explieitly part 
of the produets generated by this substitution. The simplest situation arises in the ease of so that 1 deseribe 
this faetor first. After some algebra, one ean reeast it as 


D»:' = . dal [^^1. 

There, 1 have made use of the following abbreviations 


(2.3.57) 


a<b 


l^Ph) 1 \ ^hh) 


a,b 0=1“ “ 


(2.3.58) 
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as well as 


n N+\ 


b=\ a=\ \[a-hb- -[a-pb- 7^{4l(^)] 


(2.3.59) 


and 


tfo = n 


0=1 


.r2 / ^ + iO^}> + 1 -J^a - Fn^^hJ), {ha + 


n 


{pa-N-\+ iO+), [pa + /"|4|(4J)’ {A^ + 2 - ha), [ha] 


(2.3.60) 


Having such a representation for at one’s disposal, one can already take the thermodynamic limit of Eq and 
&o by using Lemma l2.3.1l and the uniform in R.^ convergence 


(p{A,p) —> (p{A,p) . 

L—*+oo 


(2.3.61) 


The only problematic factor is the one involving the products over the continuous integers in Jq. The latter can be 
deal with, basically by applying Proposition l2.3.1l below. 


Proposition 2.3.1 Let f e C^(R), N,L be integers such that N/L D € R.'^ and h^ be a sequence of integers 
such that hijL tends to some finite value a: € R when L +oo. Let f(A) be a strictly monotonous smooth function 
on R such that ^“^(0) = -q and ^{D) = q. Define Ak = IL), k € Z. Then, it holds 


lim I n 

N,L-^oo [ i i 
N/L->D k=l 


k-hL + KAk) 
k - hL +f {Ah J 



f{A)-f{r\x)) 
f{A) - X 


r(T)dT 


(2.3.62) 


The proof can be found in Appendix A of [AS]. 

It thus remains to discuss After some algebra, it can be recast as 



n (/{Aa,Ab) n ‘P^(Ma,bb) 

a<b a<b 


N N+\ ^ 

n n '^(Eb,Aa) 

(3=1 b=\ 



•//o 


where 


(2.3.63) 


Ho 



A + 1,1 +/|4KT;v+i) \ A pin[^fi42(4)] \2 

A + 1 + F|4|(Ta,+i) / H I nFie^fAa) > 

X |l - ^daMo) - F[(^fAb) ^ . 

a<b ^ ^ a,b=l ^ ^ 


(2.3.64) 


Again the first set of products in (12.3.631) is readily taken care of by means of Lemma l2.3.1l It remains to deal 
with Hq. The idea consists in separating the double products between those pairs (a, b) such that a - b is "large" 
and those where the difference is "small". In fhe former case, one can freaf, in a sense, fhe producf perfurbafively 
in fhaf fhe difference of shiff funcfions will be "small". In fhe laffer case, one can, effectively speaking, freaf fhe 
difference of shiff funcfions as a consfanf. More defails can be found in Proposifions 5.2 and 5.3 of [A6]. 
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2.3.4 The Fredholm determinants 

I will now present the result which provides one with the correct way of understanding the Fredholm determinants 
appearing in (12.3.371) this in the case where the contour as it has been described previously, does not exist. 
The below definition holds, as well, in the case of complex valued rapidities. Prior to stating the result, I need to 
introduce some new notations. Given d > 0 and a > 0, let 

= {z € C : |3 (z)| < 2d) , - {z e C : |3 (z)| < d and \% (z)| < a] , (2.3.65) 

and, given /3o € C, set 

- jz e C : 1051 (/3o) >^(z)>% ifio) and |3 (z)| < 3 (/3o)) ■ (2-3.66) 

Let, also, Do,e stands for the open disk of radius e that is centred at 0. I remind that, given a set 5, 5 stands for its 
closure and IntCS') for its interior. 

Proposition 2.3.2 Let m be fixed and e ,6 > Q be small enough. Assume that one is given two holomorphic 
function v and h on U 2 S, such that 

h{U 2 s)’^[z : 5l(z)>0) and zi->3(/z(z)) is bounded on U 25 ■ (2.3.67) 

Then, there exists 

• ySo € C with % (fio) > 0 large enough and 3 (fif) > 0 small enough ; 

• To > 0 but small enough ; 

• a small counterclockwise loop around Kq+g; and in U 25 ; 
such that, given vp (T) = v (A) + ifih (T), one has 

^-imyvpU) _ 2 ^ Q for all A on and inside '^q and uniformly in {fi,y) € Up^ X lDo,yo • (2.3.68) 

Moreover, given the integral kernel 

l£-jl 

as defined by (12.3.391) . there exists /3o e H''', %(J3o) > 0> such that the function 

T(Z) - G(1 - yvp i-q) )G(2 + yvp (q) ) - l) - det^^ [id + yU[yvp] | jj J ] (2.3.69) 

is holomorphic in z = (il^pJI, {dha }1 >/?> t) belonging to xlnfiKq+cf x Upg,xDQ^yg^, this uniformly inO <n < m. 
T) admits a (unique) analytic continuation to X Int(.K'^+f)” X {z € C : )R (z) > -e) X 2)o,i-(-e- 


The proof can be found in Section 3.3 of paper [A4]. 
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2.3.5 Form factors of the critical /^-classes 

I have mentioned earlier that the expressions for the large-L behaviour of the form factors can be further simplified 
if one has more information on the integers {pa} and {ha} and, in particular, on their magnitude in respect to N. 
Due to the prominent role the ^-critical classes play in the large-distance and long-time asymptotic analysis of two 
and multi-point functions, I shall now discuss the reduction of the large-L asymptotic behaviour of the conjugated 
field form factor in fhe case when fhe parficle-hole infegers describe an excifafion belonging to an T’-crifical class, 
c.f. (I5.2.13I) . Effectively, such form factors are paramefrised by fhe infeger £, fhe values of fhe fhermodynamic 
limit of the counting function associated to an ^-critical class on the left or right Fermi boundary: 

= mq) - 1) ± , (2.3.70) 

and the sets of "local" left/right integers: 

u {p,;.}”'’" and U (2.3.71) 

where pa-± and ha-± appear in (15.2.131) . 

Note that the expression for the values of the shift function on the Fermi boundaries follows from the identities 
Z{A) = 1 +(p(A,-q) - (p{A,q) and Z~^{q) = 1 +(l){-q,q) - (p{q,q) . (2.3.72) 

The first one is straightforward while the second one has been established in 11246113341 . 


Corollary 2.3.3 Given an excited state belonging to the (-critical class and parametrised by the sets of local 
particle-hole integers (12.3.711) . the form factor of the conjugate field admits the large-L asymptotic expansion: 


<'T( 

'KfP') 

|Of ( 0 ) 1 T 

({djf 

)>f 

||T 

(IW.IT' 

)|P-I|t( 


P 


- (^^%Pa-±y,{ha-±})-\l+0< 


)( 


lnL + max{{pa-±-,ha-±]) 


(2.3.73) 


where the coefficient ~9y^{lpa-±]', {ha-±]) reads 


(^^%Pa-±V,{ha-±}) = 


G\2 + g;) • G\l - g-) 
' ’ G2(2 + ^ + g;)-G2(l -^- 

.nhAPa\vy,{ha-+} I gf + 1) Rn, 


p(5)+^+l) +(5f+f) 


5r) 

^,n,,S{Pa,-y{ha-,-} I -g;) (2.3.74) 


and 


nh 


Rn,,n,{{Pay{ha\\^) = 


sin [Trg] 


n 


In,, n {Pa - Pb) ■ YliK- hb) 


a>b 


a>b 


np m, 

n Y\{Pa+hb- 1)2 

a=\ b=l 


y 

n 

a=\ 


^\pa + 5) fr - 5) 


r2(pa) 


n 

a=\ 


r\ha) 


-. (2.3.75) 


The explicit expression for the amplitude 77(d>^) can be readily inferred from the expression for the smooth 
and discrete parts. Since it will play no role in the following, I refer to Section 3 of 12151 . Note that ^f(<l>^) 
can be interpreted as the properly normalised in the volume L thermodynamic limit of the form factor of the 
conjugated field operator faken befween fhe ground slate and fhe fundamenlal represenlalive of fhe excited slale 
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in the € critical class. More precisely, let be a set of integers giving rise to an excited state in the { critical 

class parametrised by the integers: 


j {ha-,--a]\] if^>0 

I {{0} ; [ha,^ = a]-^] U {{pa,- = a}-/ ; {0}) if ^ < 0 

Then, it follows from (I2.3.74I) . that 


(2.3.76) 


lim +(3f+^) 

L—*+oo I 


\{^(\ 


Id)'*' (0) 1T 


')>l 

|2 

1 1 

IIT 


)IP-II'P( 

!4«|f)| 

IP i 




(2.3.77) 


2.4 Large volume behaviour of the form factors in the massive regime of the 
XXZ chain 


I have mentioned in the introduction that the XXZ Hamiltonian is a massive model as soon as the anisotropy 
exceeds one. Actually, the model in its massive phase posses a two-fold degenerated ground state. Starting from 
the model in finite-volume, one can obtain II219II determinant representations for the form factors of its local oper¬ 
ators, the spin operators cr^, (Tq and (r\ acting non-trivially on the a* site of the chain as the corresponding Pauli 
matrices. Building on these expressions, Izergin, Kitanine, Maillet and Terras computed the infinite volume limit 
of |( Tg;i |cr^ I T'g ;2 )P, where T'g;!, t = 1,2 are the two ground states. In the joint work with M. Dugave, F. Gdh- 
mann and J. Suzuki [Al], we have pushed these results much further and obtained the large-volume asymptotic 
behaviour of all form factors of the form |( IcTj | T'ex )P, t = 1,2 where | T'ex ) refers to the excited states. These 
form factors exhibit a integer power-law decay L~"'' in the volume. The exponent n/, corresponds to the number 
of continuous modes -the holes- that describe the given excited state in the L —> -i-oo limit. 

To be more precise about the structure of the answer, I would like to recall that the two ground states | ) 

of the XXZ spin-1/2 chain in the massive regime belongs to the zero magnetisation sector B71L Under very 
reasonable hypothesis, on can show that, in the large-L limit, the excited states | 'f'ex ) = | {Xafi', ) having a 

finite excitation energy above the ground state are parametrised by hole-rapidities {vhJi'' and complex roots ixa}"^■ 
In the thermodynamic limit, the hole-rapidities become free parameters belonging to [-7r/2 ;7r/2] while the value 
of the complex roots are discrete and given as solutions to a set of higher-level Bethe Ansatz equations ifTSl I360II 
which depend on the set of hole parameters that are associated with the state: 

■^oUa I {vkJT) - 0 , « = 1,.... (2.4.1) 


As a result of the asymptotic analysis of the determinant expressions for the form factors, it was shown in [Al] 
that the properly normalised ground to excited state form factor of the crj operator admits an interpretation in 
terms of a form-factor density tTal”^)' 


2 C 

=n{ 

a=l 


1 






det„^ [—d/oK I 


■(l + 0(L-')). (2.4.2) 


\^a—Xa 


Here the function p represents the density of real Bethe roots in the interval [-7r/2 ;7r/2]. The Jacobian of the 
function J/q generating the higher-level Bethe Ansatz equations can be thought of as a higher-level expression for 
the norm of an excited state. It provides one with the proper normalisation factor that is intimately attached to the 
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discrete measure corresponding to a summation over all the solutions to the higher level Bethe Ansatz equations 

(ITATT) . 

The clear interpretation of the formula in terms of a form factor density allows one to write down, under 
appropriate hypothesis of convergence, form factor expansions for the model in infinite volume. This strongly 
contrasts with the model in its massless phase where the non-integer power-law decay of the form factors of local 
operators does not allow one to write down, in any meaningful way, the form factor expansion directly in the 
infinite volume limit of the model. 


Conclusion 

The main result discussed in this chapter consists in providing the typical form of the large-L behaviour of form 
factors in massless quantum integrable models. I have discussed this form on the example of the conjugated field 
form factor in fhe non-linear Schrddinger model buf fhe overall fealure of fhe asympfofic behaviour are acfually 
frue for ofher local operators and also ofher quanfum integrable models. The general fealure is lhal fhe form factors 
decay as a non-infeger power in fhe volume. This renders fhe Ireafmenl of such models complicated direclly in fhe 
infinife volume limif. As if will become clear later on, fhe expressions for fhe large-L behaviour of fhe form facfors 
are al fhe roof of undersfanding fhe large-dislance and long-time asymptotic behaviour of mulfi-poinf correlalion 
funclions in massless models. 

Very briefly, in fhe Iasi Section, I have discussed fhe form laken by fhe large-L asymptotic behaviour of form 
facfors of local operators in massive models. These decay as an integer power of fhe volume. This is in slrong 
confrasl wifh fhe massless case and explains why if was possible lo freal massive models direclly in fhe continuum. 
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Chapter 3 

Large-distance and time asymptotics of 
two-point fnnctions: the multidimensional 
Natte series approach 


As follows from the discussion carried out in the last chapter, one is able to represent the form factors of local 
operators in a wide class of quantum integrable models solvable by the algebraic Bethe Ansatz as finite-size de¬ 
terminants Il219[l302ll . It has been shown by Korepin and Slavnov l242l in 1990 that, for free fermion equivalent 
models, it is possible to build on such a determinant structure so as to explicitly sum-up the form factor expan¬ 
sion of two-point correlation functions. Slavnov generalised B32II the setting in 1996 to the case of a specific 
mulfi-poinf correlation function arising in the free fermion limit of the non-linear Schrddinger model. Within the 
free fermionic form factor summation approach, once the infinite volume limit is taken, a two-point function is 
represented by a Fredholm determinant (or some finite rank perturbation thereof) of an integrable integral operator 
id-i-Vji; acting on some contour that is determined by the properties of the model. For models subject to periodic 
boundary conditions, the operator Vjc depends on the distance separating the two operators as well as on the dif¬ 
ference of time evolution between them. In fact, for a general free-fermion equivalent model at zero temperature, 
the integral operator id -i- associated with the form factor expansion of the time and space dependent two-point 
functions acts on a compact interval {-q ; ^] of R while its integral kernel Vxi^, jj) fits into the class of kernels 


Vx{A,IJ) - 4 


sin[7rv(/l)] sin[7rv(ju)] 
2i7r(/l - n) 




, e(A) = 


• xu(A) g{A) 


(3.0.1) 


The above kernel is expressed in terms of two auxiliary functions v and e. The function v encodes the fine sfrucfure 
of fhe excifafions above fhe ground sfafe, e is some oscillafing function while sfands for the integral transform: 


O^Jy,F](T) = i J 


E{A) 

2n e- 2 uTv(,A) _ I 


(3.0.2) 


The functions v, u and g just as the integration curve appearing in (13.0.21) depend on the specific model fhaf 
one considers. In facl, for free-fermion equivalenf models, v and g are consfanfs while u lakes a simple form. 
The conlour corresponds, in this case, to a deformation of the real axis. The asymptotic analysis of Fredholm 
determinants det [id -i- Vj,;] for various cases of interest to free fermion equivalent models has been carried out, in 
particular, in the works 1(731118111 . 

When considering quantum integrable models that are away of their free-fermion point, it is not possible to 
represent correlation functions in terms of Fredholm determinants or finite rank perturbations thereof any more. 
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However, as first observed in the work II213II and later developed in [A7, A9, A 10] one can represent the correlation 
functions through series of multiple integrals of the type (or some small variation this form) 


^ G —1 G — 1 G — 1 G — 1 


1 


Za - 'lb 


■Tn 


d 1, - • -, Afi 

yi,...,yn 


(3.0.3) 


There, and ^ are some contours in C encircling [-q-,q], n is a holomorphic function in a neighbourhood 
of [-<7 ; < 7 ] U and is real valued on \-q ; q\ while is some holomorphic function in a neighbourhood of the 
integration contour satisfying to some technical hypothesis. I call such series multidimensional Fredholm series. 
This name originates from the fact that, at the free fermion point, these series degenerate to the Fredholm series 
associated with some integral operator. There are quite a few open question relatively to multidimensional Fred¬ 
holm series, a general theory allowing one to set sharp convergence criterion in particular. However convergence 
is a question that can be considered on separate grounds from the one of the large-v asymptotic expansion of the 
object that the series represent. Still, in order to carry a more concrete discussion, it is easier to think in terms 
of the series than in terms of the object it represents. Thus, for the time being, I will assume the series to be 
convergent. 

I showed in the works [A7, A9] that the analysis of the large-x behaviour of such series boils down to one of an 
effective generalised free fermion model. As a consequence, the large-x analysis boils down to one of Fredholm 
determinants of operators id - 1 - with Nx given by (13.0.11) . However, the price is that one has to consider functions 
V and e that are quite general in contrast to the free fermion point. The approach of [A7, A9] shows that kernels 
of the type (13.0.11) appear as a natural basis of special functions allowing one to represent series of the type (13.0.31) 
and thus the correlation functions of a wide class of interacting {i.e. away from their free fermion point) integrable 
models as the action of a certain multidimensional flow on their associated Fredholm determinants. The main 
motivation for my study [A8] of the time-dependent generalised sine kernel (13.0.11) was to obtain a convenient 
and effective representation - that I called the Natte serie^ for the associated Fredholm determinant. This series 
is built in such a way that one can read off the large-x asymptotic behaviour of the determinant. Besides, it also 
allows one to access to the structure of the all order large-x asymptotic expansion of the determinant. The Natte 
series for the Fredholm determinant allows one to recast the representation of (13.0.31) in terms of the action of a 
multidimensional flow as some explicit new series of multiple integrals. The latter provides one with a new type 
of representation for two-point functions. The main feature of this representation is that it is built in such a way 
that one is able to read-off the asymptotic behaviour of the correlators out of it. Therefore, the results established 
in my paper [A8] provide one of the fundamental tools that are necessary for carrying out the long-distance and 
large-time asymptotic analysis of the two-point functions in massless integrable models which was carried out in 
[A7,A9]. 

I will discuss the method of multidimensional flows and the results it begets in this chapter. In Section 13.11 
I will present results relative to the large-x asymptotic behaviour of the Fredholm determinant of the operator 
id -I- Vjc with Nx given by (13.0.11) . On the one hand, I will provide the full structure of its large-x asymptotic 
expansion and, on the other hand, I will present its Natte series expansion. Finally, I will also discuss the Natte 
series representation for the Fredholm determinant associated with a rank one perturbation of the operator id - 1 - Nx- 
This last result will be of main interest to the study of the large-distance and long-time asymptotic behaviour 
of the two-point function considered in this chapter. In Sections 13.21 and 13.31 I will focus on discussing the 
method of multidimensional flows on the example of the zero temperature reduced density matrix in the non- 

*The origin of this name issues from the so-called pig-tail (or braid) hairstyle that is called Natte in French. A braid is a specifically 
ordered reorganization of the loose hair-do style. Similarly, the Natte series reorganizes the Fredholm series in a very specific way, so that 
the resulting representation is perfectly fit for carrying out an asymptotic expansion. 
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linear Schrodinger model. This correlator is defined, for the model in finite volume L, as 

PNixJ) ^ < T({Tjf) Id)U, 001^(0,0) I T'({T,)f) )• ||T'({^)f)||“' . (3.0.4) 

Above, the parameters correspond to the set of Bethe roots giving rise to the model’s ground state. 

In Section[3]2j I will provide a quick sketch of the main ideas behind the multidimensional flow method. Then, 
in Subsection I3.2.21 I will present the results for the large-distance and long-time asymptotic behaviour of the 
field-conjugated field correlator. In Section [331 1 will explain how, starting from the form factor series expansion 
of pNix, t), one can construct, in the infinite-volume limit, the multidimensional Fredholm series representation 
for the field-conjugated field correlator. This construction builds on certain technical hypothesis of convergence 
of auxiliary series and relies on the per se multidimensional deformation flow method. I will then provide the 
multidimensional Natte series representation for pj^{x, t), directly in the infinite volume. 

3.1 Large-x asymptotic behaviour of an auxiliary Fredholm determinant 

Hypothesis 

The characterisation of the large-x asymptotic behaviour of det [id -i- Vj^], or of the determinant of some small rank 
perturbations of Vj^, holds provided that the functions u, g and v entering in the description of the integrable kernel 
(13.0.1!) satisfy to a certain amount of hypotheses: 

• There exists d > 0 such that u and g are both holomorphic on strip Us/ 2 , c.f. (12.3.651) . 

• The function u is real valued on R and has a unique saddle-point in Us/i located at To ^ \ {±^}- This 

saddle-point is a zero of u' with multiplicity one, that is to say 3 ! Tq e R : m'(To) = 0 and m"(To) < 0. 

• M is such that, given any rj > 0, decays exponentially fast in A when ±3 (T) > d > 0 for any fixed 
d > 0, and )R(T) —> +oo with T € Us/ 2 - 

• The function v is holomorphic in an open neighbourhood Nq c Us /2 of [-< 7 ; < 7 ]. It is also such that 
sin [ttv (T)] has no zeroes in some open neighbourhood of {-q ; q\ lying in Us/ 2 - 

• The function v has a "sufficiently" small real part at ±< 7 , i.e. |)R [v(±< 7 )]| < Xjl. 

• The contour is as depicted in Figure [TT] 


3.1.1 The Natte series representation of the Fredholm determinant 


In order to state the result, I first need to introduce a few auxiliary functionals that arise in the description of the 
Natte series. The functional 


<^[y,u,g] = 


S [v, u] 
^y2(^)+v2(-?) 


• exp 


I J [ixu'{A) + g' (T)] V (T) ddj , 


(3.1.1) 


describes an overall pre-factor of the Natte series. It is expressed by means of the auxiliary functional S [v, u] 
which takes the form 


S[v,u] = 


G\1 +v{q))- G2(1 -v{-q))- e^f• e^iM 


[2q{u'{q) -I- • [2q{u'{-q) + iO"'')]''^ 


i2ny 


(3.1.2) 
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R + iJ 
.> 



Figure 3.1: The contour c Usi 2 - 


where G is the Barnes function fTTII and 


^ _ 1 f/(T)y(ju)-v'(/r)v(T) 


• d/ld// + y{q) 


H 

f 


-q 


v{q) - v(T) 
q - A 


dA + v( 




vj-q) - v(T) 
q + A 


dA . (3.1.3) 


Note that the iO'*' regularization is important only when u'(q) < 0 or u'{-q) < 0 and allows one for a non- 
ambiguous definition of the power-laws appearing above. I do stress that I always understand powers as defined 
through the principal branch of the logarithm, viz- arg e] - n'; 


Theorem 3.1.1 Under the mentioned hypothesis, the Fredholm determinant det [id + V^] admits the Natte series 
expansion: 

det[id-tF,] ^ [v,M,g] • |l-i-^[y,e^,M]| . (3.1.4) 

The coefficients of the Natte series expansion '7-(„ [y, e^, u] are certain functional ofv,e^ and u. Their explicit 
characterisation, in terms of combinatorial sums, can be found in equation (7.10) of [AS]. These functionals 
satisfy to the estimates 

\Hn [y,e^,M]| < [m(x)]" , (3.1.5) 

with the control function m (x) being n-independent and growing as m(x) = O {x~'^) with 

w = ^min|l/2,1 - >v - 2max |)Ry(e^)|j and w = 2 sup ||)R [y (T) - y (e^)]| : \A-eq\=6, f - ±} , (3.1.6) 

where 5 > 0 is taken small enough. These bounds ensure the absolute convergence of the Natte series provided 
that X is large enough. 

The functionals Fin [v, e^, u] take the form 


[f] 


Fln[v,eA,u\ = [v,&^ ,u\ + ^ 


”=-[§] 


„ixm\u{q)-u{-cp\ 


[f] b m-b 

-zz z 

h=\ p=0 m=t)-[2] 


Jxm[u{q)-u{-q)] ixi][bu{Ao)-pu{q)-{b-p)u(-q)] 

J .. . Fl^fbb-p) ^ 


y2m\v(q)+v(-q)\ 


x2q(b-p)v(-q)-2qpv(q) 
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There [•] stands for the floor function and I have adopted the convention that 


T} - \ in the space - iike regime rj - in the time — iike regime . 


(3.1.8) 


In this decomposition, one has that [v, eT, m] = O (a: “) oniy produces exponentiaiiy smaii in x corrections 
to Tin [v, e^, u\ whiie the functionais Tijf'^ [y, e^, u] and [y, e^, u] admit the asymptote expansions 


Tin'^^ [y, e^, u] 


^ [v, e^, u] with [v, 6^, «] ^ O f 


n+r-2m 


r>0 


^ [y,e^, u] with [y, e^,u] = O 


r>0 


(log x) 


n+r-2{m+b) 


.(3.1.9) 


This Natte series expansion is proven in Section 7 of [A8]. The various estimates of the building blocks of the 
Natte series provide one with the structure of the asymptotic expansion of the Fredholm determinant. In do stress 
that this asymptotic expansion goes beyond the type usually encountered for higher transcendental functions. 
Indeed, the large-x asymptotic expansion contains a tower of different fractional powers of x, each appearing with 
its own oscillating pre-factor. Once that one has focused attention on a given phase factor and associated decay 
as a fractional power in x, then the corresponding functional coefficients e^, u\ or e^, u\ admit 

an asymptotic expansion in the more-or-less standard sense. That is to say, they admit an asymptotic expansion 
into a series whose F*’ term can be written as Pr+n (log x) lx"*'' with Pr+n being a polynomial of degree at most 
r + n. One of the consequences of such a structure is that an oscillating term that appears in a sense "farther" (large 
values of n) in the asymptotic series might be dominant in respect to a non-oscillating term present in the "lower" 
orders of the Natte series. This structure of the asymptotic expansion proves the conjectures raised in 1128911353ll 
for certain specialisations of this kernel. Also, upon specialisation, one gets in this way the general structure of 
the asymptotic expansion of the fifth Painleve transcendent associated with the pure sine kernel II1951I . First few 
terms of the asymptotic expansion have been obtained by McCoy and Tang II279I . The presence of logarthms In x 
in the expansion was first observed in 112141 . 

1 will now present the first few explicit terms of the large-x asymptotic expansion of the Fredholm determinant. 
The subleading terms in (13.1.41) are written somewhat implicitly. So as to be explicit, one has to distinguish 
between two situations depending on whether the saddle-point Aq is inside of ] - g; ^[ or outside of it. The first 
case (-q < Aq < q) will be called the time-like regime and to the second one (ITqI > q) the space-like regime. 


Corollary 3.1.2 Under the mentioned hypothesis, the Fredhoim determinant det [id -i- Vx\ admits the ieading x 
- 1-00 asymptotic behaviour: 


det [id + V^] = ^ [v + €,u,g]-\l + 0(- 

e€|±l,0| 


logx\\ bi[v,u,g] 


+ - 3 "^ Tr[v,n,g]-(l + 0(^)]. (3.1.10) 

X2 \ X / 


The functionai b[ [v, u,g\ takes different forms depending on the space-iike or time-iike regime: 

_ v{-q) So v(q) So 

1 ij't- 

bi [v,u,g] = 


sJ-27tu"(Ao) 


’(-q) (To -I- qf S- u’iq) (Tq - qf S^ 


v{-q) S- v(q) S^ 


'(-q) (To -I- qf So u'iq) (Tq - qf *50 


time — iike 
space - iike 


(3.1.11) 
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The constants S± and .So are defined as 


S+ ^ [Iqxu'iq) + e^{q) (e - l) exp | - 2 f 

^r(l+v(q)) [ J_, 


‘‘v{q)-v{ii) 


S- - 




-2mv{-q) 


1) 


[Iqxu' (-q) + 


2 , ,r(i + v(-^)) 


r(i-v(-^)) " 


W, 


q q-T 

‘‘ vi-q)-v(M) 

q q + T 


and 


d/i|, (3.1.12) 
d/j.} , (3.1.13) 


So=«U)e'S|— 

do - <7 - i0+ 


) 2v(/lo) f p 

exp|-2| 


v (/lo) - v(//) 
do - // 


d^i \ X 


(e ^I'TvC/io) _ _ iij^^ 

1 space - like 

(3.1.14) 


The proof of this expansion can be found in Section 6.2 of [A 8 ] and heavily relies on the asymptotic analysis 
of the Riemann-Hilbert problem associated with that is carried out in Sections 3 to 5 of the same paper. 1 will 
not venture into the details of this Riemann-Hilbert problem here and, rather, refer to [A 8 ] for more precisions. 

The specific case of the kernel Vx(d, p) corresponding to 

u{A) = A - tA^ lx, g = 0, q-i and v = cst (3.1.15) 

has been studied in the literature in the context of its relation with the impenetrable fermion gas f/^ . Upon such 
a specialisation, one indeed recovers the coefficients of the asymptotic expansion obtained in that paper. 

The first terms in the expansion (13.1.101) correspond to the first non-oscillating and the first two oscillating 
corrections that are not related with the presence of the saddle-point at do in the sense that they are purely due 
to the effects induced by the presence of the boundaries ±< 7 . These corrections can be recast in a slightly more 
explicit form as 


+ = exp{ J [ixu' (d) + (d)] v(d)dd}x{ -(l+ 0 ( 


ee|±l, 0 | 


+ !B[v+ !,«]• 


rlo^j 

Px[u{q)-u(-q)\ ^giq^gi-q) 
Mq)r\A+(v(-q)r\T 


(l+0(i^))+ S[y-!,«]• 


px[u(-q)-u(q)\ +g{-q)-g(q) 

^(v(q)-tfHv(-q)-lT 


• l+( 




3.1.2 The Natte series representation for a rank one perturbation 


1 now provide a more extensive description of the Natte series representation for the Fredholm determinant of a 
rank 1 perturbation of the operator id + More details can by found in Proposition 7.2 of [A 8 ]. 

The object of interest e^] is defined as: 




^ • det [id -I- -I- aP] 

2n dal\a=Q 


(3.1.16) 


where P is the one-dimensional projector acting on L^(^v) with the integral kernel 


P{A,p) = -sin[ 7 rv(d)]sin[ 7 ry(yu)] e(d)e(/i)0-gv[v,e ](d)0-^Jy,e U(yu) . 
n 


(3.1.17) 
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[y, e^] can be recast in terms of the unique solution / to the linear integral equation 


sin [7tv{A)] f{A) + 



(/l,/i)sin[n-y(ju)]/(//)dyU ^ sin[7ry(/l)] e{A)0<^^[v,e . 


(3.1.18) 


This alternative expression reads 

X^,[y,e^] = ( £ e-\A) • ^ + ij' ^m\nv{A)^f{A)e{A)0<^,[v,e-\A) ■ • det [id + V,] . (3.1.19) 

Finally, I need to introduce a finite truncation of the contour n |z € C : |)Rz| < w|. and 

have been depicted in Fig. 13.21 


]R + id 

.> 



Figure 3.2: The contour consists of the solid line. The contour corresponds to the union of the solid 
and dotted lines. The localisation of the saddle-point To corresponds to the space-like regime. Both contours lie 
in [7,5/2. 


The Natte series for the perturbed determinant contains the auxiliary functionals: 






1 


y (<?) / e-^i'Tvi?) _ 1 


p< [v] (T) = exp 


I 


v( A) - v(/r) 
A-n 


d//| , 
(3.1.20) 


and 


[v,p] - 


-2q „ / 1 - V {-q) \ [2qp'{-q)\ 


K\v]{-q) \ v{-q) ) e-2uTy(-q)_l 


\2v{-q)-l 


and :Ro[v] =& 2[y](qQ)|^d2— 

Ao + qj 


2y(io) 


(3.1.21) 


Theorem 3.1.3 Let w > |To| -i- ^ > 0 and x be large enough. Then, the perturbed determinant X^(,w)\v, e^^ given 
by (13.1.191 ) admits the Natte series representation 


Xyyin’) [y, e J — 


j^v2(q)+v2(-q) 


2, _ S[y,U + iO^]J[i^^XA)ygXA)]y(AW^ ^o[y]lk;+^[(-^o) j.»u„H,u„) ^ 


1 


■27TXU"{Ao) 


+ 


^l+2v(^) 


-I- 


771-[y,n-HiO+] 

^l-2y(-q) * 


,ixu{-q)+gi-q) 


+ zzzL"“‘”’ 11 '' 


f^tgizt) 


d^zt 


(2mT 

(3.1.22) 
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The second sum appearing in the last line of (I3.3.45I) runs through all the elements k belonging to 

= {k = {k\,... ,kn+\) : € N* and € N = 1,... such that ^^akg + kn+i - » [ . (3.1.23) 


a=l 


Once that an element ofTCg has been fixed, one defines the associated set of triplets 


'^{k\ “ I (^1’ ^ 3 ) > ^1 ^ E1; + 115 ^2 £ E1; 3 > ^3 £ 11; ^1 ~ ndt^^n+i 3 r • 

The third sum runs through all the elements {et}tej^^^ belonging to the set 


(3.1.24) 


f k^n+l 

Sniic) ^ I e {±1,0} Vt e with ^ ^ 0 for ti = I,... ,n and ^ en+i,p,i = 1 

<3 = 1 P=l 


In other words, &n(k) consists of n-uples of parameters et labelled by triplets t = belonging to J^j^y 

Each element of such an n-uple takes its values in {+1,0). In addition, the components of this n-uple are subject to 
summation constraints. These hold for any value of t\ or t2 and are different whether one deals with ti = . ,n 

or with ti = n + 

The integral appearing in the n^^ summand occurring in the third line of (13.3.451) is n-fold. The contours of 
integration depend on the choices of elements in Bn{k ) and are realised as n-fold Cartesian products of one¬ 
dimensional compact curves that correspond to various deformations of the base curve depicted in Fig. 13.21 
In the w —> +O 0 limit, these curves go to analogous deformations of the base curve All these contours lie 
in Us/ 2 . The detailed description of the curves can be found in the last paragraph of Theorem 7.1, below of 
equation (7.27), and in Lemma 7.2 of [AS]. 


The above Natte series is convergent for v large enough in that one has the bounds 


'Kn S„{k) 


[V] 


n 

tsj{k] 


Xtg 




C2 


(- 


(3.1.25) 


There c\ and C 2 are some n-independent constants. These constants only depend on the values taken by u, and g 
in some small neighbourhood of the base curve and by v on a small neighbourhood of {-q ; q\, whereas 

C 3 = ^ min|l/ 2,1 - 2 max |{R [v(t( 7 )]| - Tfj where = 2 sup | |{R [y(z) - v(t( 7 )]| : |z - t^| < e , r = ±| . 

Here e > 0 is sufficiently small but arbitrary otherwise. 1 stress that, should these norms change, then so would 
change the constants ci, C 2 and C 3 but the overall structure of the estimates in v would remain. 

The Natte series expansion (13.1.221) has a well defined w —> +00 limit: all the concerned integrals are conver¬ 
gent as the functions approach zero exponentially fast in respect to any variable that runs to 00 along 

In fact, one even has 


ZZ 


■N, 




[V] 


n 


Xig 


teJj 


I*) 





_ g-C4XW 


(3.1.26) 


for a X and n-independent constant C 4 > 0 . 

To close this section, 1 list several properties of the functions which will be of use later on: 
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i) {{u (z^)) ; {z^}) [v] is a function of {u (z<)} and [zt]- It is also a regular functional^] of v; 

ii) {{u {zt )}; {zt}) [yv] = O (y”) and the O holds in the (L^ n sense ; 

iii) can be represented as: 

({« iz ,)}; [z,]) M = Hll-f ({y (z,)); {u (z ,)}; {z,}) f[ M {zt)r^^‘ x Y] (e-2'-(^'> - l)" (3.1.27) 

€t = l 


where is a holomorphic function for |)R (y)| <1/2 and x [v] (d) is given by (13.1.201) ; 

iv) = O (v-“) and for n > 2 


Hi!.f = oix-n+YjYj Z 

b=0 p=0m=h-[^] 


(^ix[u{Ao)-u{-q)]^^ 


ylvi-q) 


(Mu{q)-u{-q)]\'^ ’fP 


2 [y( 9 )+v(-g)] 


V - 1 - 

Zj_ \m,p,b,T ■ 

(3.1.28) 


r€|±l;0| 


The O {x~°°) appearing above holds in the (L' D sense. In order to lighten the formula, I dropped 

the argument-dependent part. However, I do stress that the 0(.v““) as well as p b t depend on the same 

set of variables as Also, t] is as defined by (13.1.81) . while (13.1.281) makes use of the shorthand notation 

e+ - , e_ - and cq = (1 + ij) . (3.1.29) 

Finally, the functions pbr^^ c)nly supported on a small vicinity of the points ±q and Aq. When integrated 

along the integration reduces for each variable Zt, to one over a small circle dDo-q^ around qr (<?± = +<?, 
<?o = do). Their dependence on x is as follows. If a variable Zt is integrated in a vicinity of q^-, the function 
[77i;?^^]mpfoT contains a fractional power of multiplied by a function of zt which has a uniform 

on dDo-q^ asymptotic expansion into inverse powers of x. The coefficients in this asymptotic expansions contain 
higher and higher order poles at Zt = Evaluating the integrals associated to the various terms of the asymptotic 
expansion by residues at the poles at zt = qr provides one with the pre-factor in front of the x~'' terms. Since 
derivatives may hit on the fractional powers ;c±[2y(z<)-v(9T)]^ one ends up with a polynomial in Inx of degree r. 
Hence, in fine, one ends up with a contribution that is a 0( (In xjxY ). The structure of the integrands is such that, 
upon computing all the partial derivatives and for any holomorphic function h in the vicinity of the points +q, Aq, 
one should make the replacement: 

^ €th{zt) t]b{h(Ao) - h{-q)) + {ni - qp){li(q) - h(-q)) + {Sr-i + Sr--i + {I + q)6rfil2)h{qr) . (3.1.30) 


3.1.3 The main steps of the proof 

The Natte series is a consequence of the non-linear steepest descent based representation for the solution ;y to the 
2x2 Riemann-Hilbert problem associated with the integrable integral operator Yx- Indeed, the non-linear steepest 


^See Definition l3.3.2l for a discussion of this property 
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descent analysis allows one to put the Riemann-Hilbert problem for x in correspondence with the Riemann- 
Hilbert problem for an auxiliary, piecewise analytic, matrix fl. The jump matrices arising in the Riemann-Hilbert 
problem for H are uniformly and L' n close to the identity matrix, what allows one to represent H in terms of 
a Neumann series. Further, one has the differential identity (c.f. Proposition 3.1 of [A8]) 


dx log det [/ + F] 



r(%) 




(3.1.31) 


where is the 2x2 matrix having 1 in its upper corner and 0 everywhere else while F (^e) is a loop in Usj 2 
enlacing counterclockwise the contour This loop is such that it goes to infinity in the regions where 
?7 > 0 is decaying exponentially fast. The Natte series is then obtained by taking the ante-derivative over x 
of (13.1.311) after having inserted the expression for x in terms of H and represented the latter by means of its 
Neumann series representation. Various technical details related with such handlings can be found in Section 7 
and Appendices B & C of [A 8]. 


3.2 The large-distance and long-time asymptotic expansion of the reduced den¬ 
sity matrix 

3.2.1 A bird’s view of the method 

In the following, p{x, t) = limA?,L^+oo pv(x, t) will stand for the, presumably existing, thermodynamic limit of the 
one-particle reduced density matrix pxiix, t) given by (13.0.41) . I will not develop on the existence of this limit, and 
take this as a quite reasonable working hypothesis, although some arguments in favour thereof can be given. 

The analysis starts with the non-linear Schrddinger model in finite volume. I will first provide certain re¬ 
summation formulae for pn{x, t) starting from its form factor expansion. Unfortunately, the very intricate structure 
of the summation over all the excited states in a form factor expansion prevented me, so far, from analysing its 
thermodynamic limit rigorously from the very beginning. I therefore introduce simplifying hypothesis. Namely, 
denoting the relative excitation energy by £ex^ c.f. (12.3.211) . I will argue that all contributions issued from ex¬ 
cited states such that £ex scales with L do not contribute to the thermodynamic limit of pn{x, t). This hypothesis 
then reduces the problem to the analysis of an effective form factor series pA?;eff(x, t). I then introduce a cer¬ 
tain y-deformation pA?;eff(x, t \ y) thereof. My conjecture states that pA?;eff(x, f | y = 1) = Pn-,&s{x, t) has the same 
thermodynamic limit as p/v(x, t). 

Then, I will focus on the analysis of the Taylor coefficients at y = 0 of the y-deformation: 

gm 

0 = ^ PV;eff (^, t \ . (3.2.1) 

All rigorous, conjecture-free, results of this analysis are relative to these Taylor coefficients. I will show that 
t) admits a well-defined thermodynamic limit p^^{x, t). One can provide two different representations for 
this limit, each being given in terms of a finite sum of multiple integrals. 

• The first representation is in the spirit of the ones obtained in II213II and [A 10]. It corresponds to a truncation 
of a multidimensional deformation of the Fredholm series for the Fredholm determinant (13.1.161) . 

• The second representation is structured in such a way that it allows one to read off straightforwardly the 
first few terms of the asymptotic expansion of p^^{x, t). The various terms appearing in this representation 
are organised in such a way that the identification of those that are negligible in the x ^ -)-oo limit {e.g. 
exponentially small in x) is trivial. The second series corresponds to a truncation of an object that can be 
thought of as a multidimensional deformation of a Natte series. 
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The above two results are derived rigorously without any additional conjecture. However, in order to push the 
results further and compute the large-distance and long-time asymptotic behaviour of the reduced density matrix 
in infinite volume p{x, t), I need, again, to rely on additional conjectures. Namely that 

1. the series of multiple integrals that arises upon summing up the thermodynamic limits of the Taylor coeffi¬ 
cients 0 /'w! is convergent; 

2. this series coincides with the thermodynamic limit of 11 7 - 1) and hence, due to the first conjecture, 

with p (x, t). 

On the basis of these conjectures one can write down two types of series of multiple integral representations for 
the thermodynamic limit of the reduced density matrix. One of the series is a multidimensional Fredholm series, 
viz- is of the form (13.0.31) . The second series issues from a multidimensional deformation flow of fhe Naffe series 
expansion for fhe rank one perfurbafion of the Fredholm determinant described in Section 13.1.21 Theorem 13.1.31 
Just as the original Natte series, the multidimensional one, viz- the one resulting from the deformation flow, has 
all fhe virfues in respecf fo fhe compufafion of fhe long-time and large-disfance asympfofic behaviour of p{x, t): if 
is sfructured in such a way fhaf one readily reads off from ifs very form, fhe sub-leading and fhe firsl few leading 
terms of fhe asympfoics. 

Before going a bif deeper info fhe defails, if seems imporfanf fo emphasise fhaf all of fhe conjecfures sfafed 
above are supported by fhe facf fhaf fhey can be proven fo hold in fhe limifing case of a generalised free fermion 
model [A8]. Unfortunalely, in fhe general case -too > c > 0 considered here, fhe highly coupled nafure of fhe 
integrands involved in fhe menfioned represenfafions does nol allow one for any simple check of fhe convergence 
properfies. Doing so demands fo push the large deviation based approach to extracting the large number of 
integration asymptotic behaviour of multiple integrals far beyond its present boarders, at least in my opinion. The 
progress I obtained recently in this field, see Chapter |7j can be seen as a firsl slep loward oblaining such esfimales. 

3.2.2 Asymptotic behaviour of the reduced density matrix 

I now describe fhe firsl few terms of the large-distance and long-time asymptotic behaviour of p{x, t), this provided 
that the hypothesis and conjectures described above do hold. Recall that the relative excitation momentum (12.3.201) 
and energy (12.3.211) of an excited state is described in terms of the dressed momentum p (12.3.91) and dressed energy 
£ (12.3.81) . One constructs out of these functions the function 

u{A) = p{A) - ts{A)/x (3.2.2) 

which plays an essential role in the large-distance and long-time asymptotic behaviour. It can be seen as a dressed 
counterpart of the bare function uo{A) = poiA) - tEo{A)lx- It is readily seen that the bare function uq is such that 
Up admits a unique zero on R. that is, furthermore, simple. It can be readily seen through a perturbative argument 
in respect to c~^ -that is however non-uniform in the ratio t/x- that u' admits a unique zero To on R , and that this 
zero is simple. This also seems to be confirmed by numerical simulations al lower values of c. I shall assume 0 
fhaf Ibis slill holds Irue for any value of c. I will also make fhe additional assumption fhaf To is uniformly away 
from fhe endpoinfs of fhe Fermi zone, viz- To ±q- 

Lef X > 0 be large, fhe rafio x/t be fixed and such fhaf To is uniformly away from ±q. Then, under the validity of 
the aforestated conjectures, fhe fhermodynamic limif of fhe zero-femperafure one-parficle reduced densify mafrix 

^ The analysis would still work, with a few minor modifications, should this hypothesis break. Indeed, in the worst case scenario one 
would then deal with a functions u such that u' has at most a finite number of zeros on R, each of them being of finite order. 
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p {x, t) admits the large- a: asymptotic expansion 


p (x, t) = 


-lin 


/(do) \Tq°\ 




^-2\xpf 


+ 


1^; 


[i (x + Vf [-i {x - 


(1r\[-§;?](^o) + o(1)) 
- l(l+o(l)) 


-I- 


Wf 


r. 1 ' --^t(1+o(1)) + 

[i(x-I- {-i{x-t*,rei 

)/(r++r)>o 




-(1+0(1)). (3.2.3) 


In this formula, ±vf corresponds to the velocity of the excitations on the right/left Fermi boundary. I remind 
that it is expressed as vf = s'{q) Ip'iq). 

The large x (with xjt fixed) asymptotic expansion has been organised with respect to the various oscillating 
phases it contains. Each phase appears with its own critical exponent driving the power-law decay in x. The 
method, in its present setting, allows one to determine the leading {i.e. up to o(l) corrections) behaviour of each 
harmonic. Just as it was the case of the asymptotics of the Fredholm determinant of the generalised sine kernel, 
the o(l) remainder terms stemming from one of the harmonics may be dominant even in respect to the leading 
terms coming from another harmonic. 

Also, 1 r\[-^ -qi stands for the characteristic function of the interval K. \ [-q ',q\. It is there so as to indicate that, 
to the leading order, the contribution stemming from the saddle-point only appears in the space-like regime do > q. 
I do stress however that there also exists saddle-point contributions in the time-like regime where do e] - ^; q[. 
These appear in the terms present in the sum over £* ,£~. 


• The critical exponents 

There are two types of algebraic decay present in (13.2.31) : 

i) the square root power-law decay (te"(do) - xp"{Aq))~^ . Its stems from the presence of a Gaussian saddle- 
point at do and has a characteristic critical exponent -1/2. 

ii) the decay involving the relativistic combinations x + Vft which exhibits non-trivial critical exponents ex¬ 
pressed in terms of the thermodynamic limit of the shift function associated with the specific class excita¬ 
tions generating the contribution. 

The power-law behaviour in x ± arising in the second and third term in (13.2.31) corresponds to an ex¬ 
trapolation of the conformal field theoretic predictions for the equal-time correlation functions to the t / 0 case. 
However, the first line goes out of the scope of the type of asymptotic behaviour that can be predicted on the 
basis of conformal field theory. In particular, it was absent in the predictions proposed in ||30l. The contribution 
containing the Gaussian term stems from excitations that are far from the linear regime of the spectrum which is 
the only one that can be grasped by a conformal field theory and which corresponds to particle/hole excitations 
with rapidities collapsing on the Fermi boundaries ±q. The full form of the asymptotic behaviour (13.2.31) can be 
argued on the basis of the non-linear Futtinger liquid approach, see e.g. the excellent review II155II . My result can 
thus be seen as a strong check of this heuristic method. The result has also a strong structural resemblance with 
the non-linear Futtinger liquid based predictions for the edge exponents II175II and amplitudes i320ll arising in the 



















93 


behaviour of the spectral functior0 close to the particle or hole excitation thresholds. In particular the definitions 
of the amplitudes in terms of form factors coincide. This topic will be given some more attention in Chapter |5] 
The critical exponents governing the algebraic decay in the distance of separation are expressed in terms of 
the thermodynamic limit of the shift function (at /? = 0) associated with certain explicit excited states, namely 

• F® (T) = - ^Z(A) - d> (T, q) is the shift function associated with the excited state having no particle-hole 
excitations in the N + I quasi-particle sector and given by the N + 1 Bethe roots {/i®}. I remind that Z is the 
dressed charge while (p is the dressed phase, c.f. (12.3.141) . 

• Fq‘^ (T) = - jZ{A) - (p (T, -q) is the shift function associated with the excited state corresponding to a single 
particle-hole excitation such that p\ -0 and h\ - N + \ and given by the -i- 1 Bethe roots {pq‘^}. 

• Fq° (T) = -^Z(T) - cp (T, To) is the shift function associated with the excited state corresponding to a single 
particle-hole excitation such that h\ = N + I and = To and given by the N + \ Bethe roots {p^}. 

The last term in (13.2.31) corresponding to a summation over the integers is slightly less explicit. The sum 
runs over all integers t- subject to the constraint + t~) > 0. The parameter x] is as defined in (13.1.81) . Finally, 
the * in the sums indicates that one should not sum up over those integers giving rise to the frequencies that 
are present in the first three lines of (13.2.31) . This sum represents the contributions of the harmonics oscillating 
with a bigger phase than the first few terms and given by 

<Pe+;e- - ^^uiq) + P~u{-q) - {F''+ P~)u{Aq) . (3.2.4) 

Each term is characterised by its own critical exponents 

= (1 + r + A+)^ + (A- - rf + , (3.2.5) 

where, 

A" = - rcp{eq,-q) - {t + l)(P{eq,q) + (^ + T)0(e<?,To) . (3.2.6) 

The critical exponents can, in fact, be recast in terms of the values taken by appropriate shift functions on the 
right (-)-) or left (-) Fermi boundaries. I will not discuss this interpretation here as this will be done in Chapter |5] 
where the asymptotics expansion (13.2.31) will be re-derived through a less rigorous but physically more transparent 
method. 

The method of analysis discussed here allows one to prove that the only harmonics present in the asymptotics 
are those oscillating with one of the frequencies and that they decay, to the leading order (i.e. up to o(l) 
terms), with the critical exponent Af+/-. Due to the lack of a more precise information on the structure of the sub¬ 
leading terms in the large-x asymptotic behaviour of the Fredholm determinant discussed previously, the method 
does not allow one to provide an explicit prediction for the amplitudes Cf+/-. 

• The amplitudes 

The amplitudes or appearing in front of the three first terms of the series have a clear 

physical interpretation. They correspond to properly normalised in the volume L moduli squared of form factors 
of the conjugated field More precisely. 


^The latter corresponds to the space and time Fourier transform of (O {x, t) (0,0))1]0; ^„,[(0 + <cl)+ (0,0)®(x,f))l,_„;0[(0. 
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• corresponds to the case where the form factor of is taken between the ground state represented by 

the set of Bethe roots {d) and the excited state in the N + \ quasi-particle sector with no holes and particles 
that is parametrised by the Bethe roots j//®): 



lim 


A^,L—>+oo \ '2.711 


/ L 




<'P({//®|)|Ot(0,0)|W)) 




(3.2.7) 


involves the form factor of taken between the ground state and an excited state in the N + I 


quasi-particle sector with one particle at Aq and one hole at q given by the Bethe roots {jUo"): 


, , ,2 / L 

= lim ^ 

' ^ ' N,L-^+oo\27r / 


<'P({/i^«))|d)t(0,0)|d'(|d))) 




(3.2.8) 


|!F^ involves the form factor of d)^ taken between the ground state and an excited state in the N + I 
quasi-particle sector with one particle at -q and one hole at q given by the Bethe roots 

<d^(|/|-"))|d)t(0,0)|d'(|d)))2 


hm 

' ' ' N,L-^+oo\2n! 




Ild'ddDii • ii'Pd//-^) 


(3.2.9) 


The very existence of the L -too limit is ensured by the results presented in Subsection 12.3.31 The explicit 
(but a bit cumbersome) expressions for the amplitudes can be found in Appendix A.3 of [A7]. It is important to 
remark that the exponents governing the large-volume L decay of the form factors associated with the amplitudes 
or coincide precisely with the critical exponents governing the decay of the relativistic 

combinations x±VFt. This confirms the conformal field theoretic predictions for the behaviour of such amplitudes 
in respect to the volume, c.f. (11.1.141) . 


3.3 The multidimensional flow analysis of the reduced density matrix 

Starting from (13.0.41) . one inserts the closure relatiorli] between the field and conjugated field operators, invokes 
the form of the spatial and temporal evolution of the fields 

(l)(x, t) = (1,(0,0) , (3.3.1) 


where Hnls is the non-linear Schrddinger model Hamiltonian and is the momentum operator and then applying 
the formulae (12.3.18I) - (I2.3.191) for their eigenvalues, one obtains the form factor expansion for the zero-temperature 
reduced density matrix (13.0.41) : 


Pn (x, t) 


4€Z iJ, 


with 



(3.3.2) 


The above series runs through all the possible choices of integers fa, - 1,... ,77 + 1 such that €i < ■ ■ ■ < 

This series is convergent, but only in the sense of distributions. This can be readily seen on the level of the 


*The completeness of the states built through the Bethe Ansatz has been proven in Gm 

























95 


integral representation along with the completeness, in an appropriate subspace of Lsy^([0; of the system 

As announced, I will start by arguing in favour of several reasonable approximations which reduce the above 
form factor series to another, effective one, whose structure already allows one for its rigorous analysis. However, 
in order to write down the effective form factor series, I need revisit the conclusions of the large-volume behaviour 
of the form factors of the conjugated field. 


3.3.1 The effective form factors 

It have shown in Subsection 12.3.3l of the previous chapter, that the below factorisation holds: 

|<-«l».ir)l'i>’(0,0)|^(|.ur)>|- - Up.inrp - ~1 p fwhrr ~1 r-1 


ll<A(Kir )ll"ll<A(UJf)lP 


{haY, 


This factorisation is given in terms of two functionals Dj^ and which, according to the results on the large-L 
behaviour of the smooth and discrete parts, satisfy 

{§n-,\Dn) () [^I4h ^I4h ^ ^ &N-\ (^Fo] • Dn [ ] [Fq, ^Fq] ' (l + O [—]] . (3.3.4) 


{ha}\ 


{ha}\ 


The remainder is uniform in {pa] and {ha} provided that the number n of particle-hole excitations is bounded in L. 
The functionals appearing on the rhs act on 


i) the thermodynamic limit ^ (T) of the counting function (12.3.111) . 


ii) the thermodynamic limit Fq{A) of the shift function at /? = 0 associated with an excited state labelled by the 
set of integers {pa}\ and {/iq}” (12.3.151) . The auxiliary arguments of Fq are the rapidities {ppYi’l and [phSi 
defined as pa = ^~'^{alL), a e Z. 


iii) The counting function associated with Fq\ + Fo(A) IL. 

I have dropped the dependence of the shift function Fq on the auxiliary arguments {ppYi'l and [phXi (13.3.41) 
since this information is undercurrent by the set of integers labelling the functionals D^i and Qn,i- 

Also, note that a straightforward analysis of the linear integral equation satisfied by fhe dressed momenfum 
p (T) ensures fhaf if is a biholomorphism on some sufiicienfly narrow sfrip Ug around fhe real axis and fhaf p is an 
increasing bijecfion from R onfo R. Therefore, due fo (12.3.111) . ^ enjoys fhese properfies as well. This guarantees 
thaf fhe paramefers pa are well defined. 

The explicif expression for fhe discrete parf is given by (12.3.321) . Below, I provide a rewrifing of fhe original 
expression for fhe smoofh parf (12.3.291) which will appear fo be more useful for further handlings. 


• The smooth part revisited 

The functional Qn,\ represents the so-called smooth part of the form factor. I extend its definition to any y as 

r yN-,l(FN+\)VN--i{pN+l) I [PpJI \-f-tr-t jyN-eiFpJ l^h^ - ltN +1 + iec\ 

^^■'^[{ha})^ [«(/') [^]]det^[H(^)[^^J] "I {PK)1 )\}X\\vnM lip^ - liN.t + tec] 

X Wn ( J det/v [Sjk + yVjk[Fo\({Aa\^,-, + yVjk[Fo]{{Aa]^-, il^tJ^X ] ' 
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For any set of generic parameters ({Zq}”; {ya}e x f/" one has 


W„ 


{Za}'; 

(yai'l 


n 


(za -yb- ic) (ya - Zb- ic) 


N 


/foil (ya-yb- ic) (Za -Zb- ic) 
Also, I remind the definitions 


and VN-e (w) ^ Y\ 


a=l 


o) - Ab + iec 
a> - iUb + iec 


^^b 1 T i:'( ^ 

InL^'ijUeJ 


K (Pb, - A'rJ 


and 


[^fo] ^ ^ab - 


KUa-Ab) 

InL^^Ab) 


(3.3.6) 


(3.3.7) 


Finally, for any set of generic parameters ({Za}”; € 17” x the entries of the two determinants in 

the numerator read 


VkAy\({Za]\\{ya]T') = 




i4rM({za)';;{yair') - 


= 1 


77+1 n 

n iZk - ya) n iZk - Za + ic) 

0=1_0=1_ A (Xk - Zb) 

n n+1 Q-2i7Tv(zk) _ J 

n {Zk - Za) n {Zk - yo + ic) 

a=l 

n+1 n 

n {Zk - ya) n iZk -Za-^c) 

0=1 _ 0=1 _A {Zk - ze) 

” «+l Q2\7Tv(zk) _ \ 

n iZk - Za) n {Zk -ya- ic) 

ort a=l 


(3.3.8) 


I stress that the singularities at Zk = Zj, j k of the determinants associated with, either V or V, are, in fact, only 
apparent. The mechanism which leads to the cancellation of singularities is discussed in 112121121311 . 


3.3.2 Arguments for the effective form factors series 

It is a common belief that the contribution to the form factor expansion of a two-point function issuing from the 
excited states whose energies differ macroscopically from fhe ground sfafe’s one (i.e. by a quantify scaling as some 
posifive power of L) disappears in fhe L -t-cx? limif. Heurisfically, fhis vanishing issues from an exfremely quick 
oscillation of fhe associafed phase facfors adjoined fo a sufRcienfly fasl decay of fhe form factors faken befween 
sfafes differing by large values of fheir momenfa and energies. 

In fhe following, I will build on fhe assumpfion fhaf fhe only pari of fhe form factor expansion in (13.3.21) lhal 
has a non-vanishing conlribulion to fhe Ihermodynamic limif p (x, t) of p*? (x, t) corresponds to a summation over 
all fhe excited slates which are realised as some finife (in fhe sense lhal nol scaling wilh L) number n, n = 0,1,... 
of parlicle-hole excilalions above fhe N + 1-parlicle ground slate. Indeed, Ihese are fhe only excited slates lhal can 
have a finite (i.e. nol scaling wilh L) relative excilalion energy. 

Even when dealing wilh excited slates realised as a finite number n of parlicle-hole excilalions in Ihe A -i- 1 
quasi-parlicle sector, il is still possible to end-up wilh a macroscopically large (i.e. diverging when L -i-cxj) 
relative excilalion energy if Ihe rapidities of Ihe particles become very large (i.e. scale wilh L). Such configurations 
of Ihe integers are oblained by choosing Ihe integers pa to lie at a distance larger than 0(L) from |[ 1; A -i- 1 ]]. 
Consequently, I will also drop the contribution of such excited states. 

Limiting the sum over all the excited states in the A -i- 1-particle sector to those having the same per-site en¬ 
ergy that the ground state means that one effectively neglects correcting terms in the lattice size L. It thus seems 

^ The results obtained in Appendix B.2 and B.3 of [A7] constitute a proof of this statement in the case of a generalised free fermion 
model. 













97 


reasonable to assume that solely the leading large-L asymptotic behaviour of individual form factors contributes 
to the thermodynamic limit of pi^ (x, t). The assumption can be checked to hold as long as one focuses on the con¬ 
tributions of all the excited states realised as 0,1,..., n- particle/hole excitations, with n bounded in L. However, 
in principle, problems could arise when the number n grows with L. 

The above assumptions allow one for the following simplifications of the form factor series (I3.3.2I) : 

i) The summation over the excited states having a large excitation energy is dropped. To be more precise, this 
means that I introduce a "cut-off" in respect to the range of the integers entering in the description of the 
rapidities of the particles. Namely, I assume that the integers pa are restricted to belong to the seS 

= jn € Z : -WL < n < wl) \ 11 ; N -t 1 ]] where wl ~ . ( 3 . 3 . 9 ) 

ii) The exact form factors are represented by the rhs of (13.3.41) while dropping the O • InZ) remainders in 
the large-volume behaviour of form factors given in (13.3.41) . 

W+l N 

hi) The oscillating exponent ^ uoipij- ^ mq (da) is replaced by its thermodynamic limit: 

a=l fl=l 


• (3.3.10) 

a=l 


Note that point ii) above implies that the roots for an excited state whose particles’ (resp. holes’) 

rapidities are labelled by the integers {pa)a=i (resp. {/za)a=i) now given as the pre-image pe^ - ^~^{ialL) of 
^a/T by the asymptotic counting function. Therefore, the value taken by the positions of the rapidities does not 
depend any more on the specific choice of the excited state one considers. In this respect, one effectively recovers 
a description of the excitations that is in the spirit of a free fermionic model. 

The above assumptions, put together, lead to the conjecture 

Conjecture 3.3.1 The thermodynamic limit of the reduced density matrix {x, t) coincides with the thermody¬ 
namic limit of the effective reduced density matrix pn-^s (x, t): 


lim pn (x, t) = lim p^-efi (x, t) 

N,L^+oo N,L—^+oo 

where pN-,eS (x, t) is given by the series 


(3.3.11) 


A?+l 

PN-eft (X, 0 = ^ 




n=0 pi<"'<pn h\<—<hn a=l 


{Pa 

{ha 


Fo 


{Ppa{ 

[Phj 


; ^0 


(3.3.12) 


There tBp = {n e Z : -wp < n < wp), = IBi \ |[ 1; N -i- 1 ]] and = H 1; N -i- 1 ]]. Also, the * refers to the 
running variable of Fq on which the two functionals act. 


The effective form factor series (13.3.121) possesses several differences with respect to one that would arise in a 
generalised free fermion model (c./. equation (13.3.411) of Appendix B in [A7]). Namely, 

*One can choose wl to scale as any power where e > 0 is small enough but arbitrary otherwise. The choice 6=1/4 has only been 
made for dehniteness. One can find a more explicit illustration of this property in Appendix B.l of [A7]. 
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• the shift function Fq depends parametrically on the rapidities of the particles and holes entering in the 
description of each excited state one considers, c.f. (I2.3.15I) . It is thus summation dependent. 

• Each summand is weighted by the factor that takes into account the more complex structure of the 
scattering and of the scalar products in the interacting model. This introduces a strong coupling between 
the summation variables {pol” and {/iq}”. 


A separation of variables that would allow one for a resummation of (13.3.121) is not possible for precisely these 
two reasons. To bypass this issue, it appears convenient to follow the steps described below. First, one introduces 
a y-deformation pA?;eff(x, 11 y) of (13.3.121) such that pA?;eff (x, t \ y)|y=i = PN-.&ft (x, t)\ 


N+\ 


P/V;eflf(x, t I r) = ^ ^ 


«=0 P\<—<Pn hi<—<h„ a=l 




{Pa]\ 

{ha]\ 


jFq 


{Pp.f, 

Kli 


; ^; ^yFo 


. (3.3.13) 


For any finite N and L, one can prove by using the explicit representations (12.3.321) for and (13.3.51) for 0N-y 
that the y-deformation pN-,eff (x, f | y) is holomorphic in y belonging to an open neighbourhood of the closed unit 
disclil Hence, its Taylor series around y = 0 converges up to y = 1. It is show in Theorem C.l of [A7] that, given 
any fixed m, fhe m* Taylor coefficienf of pN-,es{x, 11 y) af y = 0: 

Qin 

P^effCx, 0 = ^PiV;eff(x, 11 y) , (3.3.14) 

oy y=0 

admifs a well-defined fhermodynamic limif p^^{x, t). This facf is absolufely nof clear on fhe level of (13.3.141) as, 
due fo (I2.3.43I) - (I2.3.451) . each individual summand vanishes as a fractional power-law in L fhaf depends on fhe 
excifed sfafe considered. I proved fhe exisfence of fhis fhermodynamic limif by carrying ouf a re-summation of the 
series representing pj(,”gff(x, t) so as to recast the object in terms of a finite amount of Riemann-sums converging 
to multiple integrals in the thermodynamic limit. This approach leads to a representation for the thermodynamic 
limit Pgj^\x, f) given in terms of a finite sum of multiple integrals and corresponds to a truncation of the so-called 
multidimensional Fredholm series, see Appendix C of [A7]. 

It is then possible to build on the information provided by very existence of the thermodynamic limit so as 
to recast Pg^\x, f) in terms of yet another finite sum of multiple integrals. This new representation corresponds 
to a truncation of the so-called multidimensional Natte series that will be discussed below. The latter gives a 
straightforward access to the large-x asymptotic expansion of p^^{x, t). 

The proof of the existence of the thermodynamic limit and the construction of the truncated multidimensional 
Natte series for p^^{x, t) constitute the rigorous and conjecture free part of the analysis. Those results will be 
summarised in Theorem l3.3.4l to come. 

Working on the level of the Taylor coefficients pj^”g^(x, t) instead of the full function pN-,e«{x, t \ y) taken at 
y = 1 has the advantage of separating all questions of convergence of the obtained representations from the 
question of well-definiteness of the various re-summations and deformation procedures that are carried out on 
f) (and subsequently on p^^{x, t) once that the thermodynamic limit is taken). Indeed, by taking the m'*’ 
y-derivative at y = 0, one will always end up dealing with a finite number of sums of multiple integrals. However, 
if one would have carried out the re-summations directly on the level of peff (x, t), one would have ended up with a 
series of multiple integrals instead of a finite sum. The convergence of such a series constitutes a separate question 
that deserves, in its own right, another study. 

^The apparent singularity of the determinants at i c./. 13.3. 8b . are cancelled by the pre-factors sin^[;rFo(/lt)] present in 

c.f. J2332l >. 
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There is also a way to check, on a heuristic level of rigour, the well-foundedness of the various "truncation" 
hypothesis. This check can be preformed on the example of the equal time {t = 0) density-density correlation 
function. One can compute the presumably existing thermodynamic limit of the correlator in two ways. On the 
one hand, by using its form factor expansion and the hypothesis I described above. On the other hand, by using the 
master equation approach II213II which takes into account the contribution of all excited states and builds on totally 
different techniques. In the thermodynamic limit, both approaches lead to the same answer. I refer to Appendix 
D.3 of [A9] for more details. 

3.3.3 An operator ordering 

Prior to carrying out the re-summation of the form factor expansion for t), I will discuss a way of repre¬ 

senting functional translations and generalisations thereof. These tools allow one to separate the variables in the 
sums occurring in (13.3.141) . and carry out the various re-summations. A more precise analysis and discussion of 
these constructions is postponed to Appendix D of [A7]. In the following, ^ (IT) stands for the ring of holomor- 
phic functions in £ variables on the set W c C^. Also, / € ^ (IT), with IT non-open means that / is a holomorphic 
function on some open neighbourhood of IT. Finally, given / e let ||/||l‘”( 5 ) = supess^g^ \fis)\- 

In the course of the analysis, one deals with various examples (D^ , QN-,y^ ...) of functionals T [v] acting 
on holomorphic functions v. The function v will always be defined on some compact subset M of C whereas the 
explicit expression for T [v] will only involve the values taken by y on a smaller compacli] K c Int (M). In fact, 
all the functionals that will be encountered share the regularity property below: 

Definition 3.3.2 Let M, K be compacts in C such that K c Int (M). Let be a compact in ^ N. An 

£ ^-parameter family of functionals 'F [•] (z) depending on a set of auxiliary variables z € IT^ is said to be regular 
(in respect to the pair {M, K)) if 

i) there exists constants Cp > 0 and C' > 0 such that for any f,g^ff (M) 

ll/ll™ + llgll™ < ^ lir [/](•)-r [g] (•) < c'-II/-g||™, (3.3.15) 

where the ■ indicates that the norm is computed in respect to the set of auxiliary variables z e IT^. 

ii) Given any open subset ITy c for some £y € N, if v{A,y) € G {m x ITy^ is such that ||v||L‘”(A'xwy) < Cp, 
then the function (y,z) ^ F [v(*, j)] (z) is holomorphic on ITy x IT^. The * indicates the running variable A 
ofv{A, y) on which the functional F [•] (z) acts. 

The constant Cp appearing above is called constant of regularity of the functional. 

This regularity property is at the heart of the aforementioned representation for the functional translation and 
generalisations thereof. However, priori to discussing these , I first need to define fhe discrefisafion of fhe boundary 
of a compacf. 

Definition 3.3.3 Let M be a compact with n holes (i.e. C \ M has n bounded connected components) and such 
that dM can be realised as a disjoint union of n + I smooth Jordan curves 

«+l 

7 , :[0;1]^5M, i.e. 5M = ^y,([0; 1]) . 

a=\ 


T remind that Int (M) stands for the interior of the set M. 
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A discretisation (of order s) of DM corresponds to a collection of {n + \){s + 2) points 
tj,a - 7a{Xj) with j = 0,..., s+\ and a - I,... ,n+l where xq = 0 < xi < ■ ■ ■ < Xs < 1 = Xs+\ 
is a partition of[0 ; 1] of mesh 21 s that is to say \xa+i - Xa\ < 21s. 


Translations 


Suppose that one is given a compact M in C without holes whose boundary is a smooth Jordan curve y : [0; 1] —> 
dM. Let /T be a compact such that K c Int (M) and f a regular functional (c./. Definition I3.3.2I) in respect to 
(M, K), for simplicity, not depending on auxiliary parameters z- Further introduce the functions /„ and fs 


In 



{ya]1 

{zan 


n 

^ il/{A,ya) - il/(A, Za) 

a=\ 


.7=1 


(O+l f) 

tj-^ 


SL 

2i7T 


(3.3.16) 


In is defined in ferms of an auxiliary function f (A, p) fhaf is holomorphic on M x M while fhe definition of fs 
utilises a sef of 5 + 1 discrefisafion poinfs tj of dM. 

Finally, define(d) as fhe below differenlial operafor in respecf fo variables ga, wifh a - , s'. 


gs (d) ^ 

,/=i 



(3.3.17) 


Again, fhe tj appearing above correspond fo fhe same sef of 5 + 1 discrefisafion poinfs of dM. Proposifion D.l of 
[A7] esfablishes fhaf, for |y| small enough, il holds 


r 




{yaV, 

{Za}1 



(3.3.18) 


The limil in (13.3.181) is uniform in fhe paramelers and Za belonging fo M and in |y| small enough. Aclually, 
fhe magnifude of y depends on fhe value of fhe conslanf of regularily Cp. If fhe latter is large enough, one can 
even sef y = 1. The limif in (13.3.181) also holds uniformly in respecf fo any finife order partial derivative of fhe 
auxiliary paramelers. In particular. 



QPa qK 

dy’a'^ dz!f 


dy 


-r 


yW„\* 


iya) 

{Za} 



lim 

5—> + (X) 





Qg.Aya)-g.<(Zi,) 


dy’ 


:r[yfs] 


|a=o 

17=0 


(3.3.19) 


The proof can be found in Appendix D of [A7]. Here I only describe fhe overall mechanism. By properly 
luning fhe value of y and invoking fhe regularily property of fhe functional T' [yfs\ one gels fhaf, for any s, 
{?a)i [y/i] is holomorphic in a sufRcienlly large neighbourhood of 0 € C'*. This allows one fo acl wifh fhe 

Iranslafion operalors YYb={ e^Ayb)-gsizb)_ Their action replaces each variable ga occurring in fs by fhe combinalion 
Tj^b=i [*A(LD7)) ~ *A(L>Z 7 ))]- Taking fhe s +cx3 limit changes the sum over ta occurring in fs into a contour 
integral over '^out, c.f Ihs of Fig. 13.31 Due to the presence of a pole ai t - A, this contour integral exactly 
reproduces the function that appears in the rhs of (13.3.181) . 

Note that such a realisation of the functional translation can also be built in the case of compacts M having 
several holes as depicted in the rhs of Fig. 13.31 Also, there is no problem to consider regular functionals f [•] (z) 
that depend on auxiliary sets of parameters z. 
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Figure 3.3: Example of discretised contours. In the Ihs the compact M is located inside of its boundary '^out 
whereas the compact K corresponds to K 2 q as defined in (13.3.281) . In this case M has no holes. In the rhs the 
compact M is delimited by the two Jordan curves and depicted in solid lines. The associated compact K 
(of Definition l3.3.2l) corresponds to the loop {Ka) depicted by dotted lines. The compact M depicted in the rhs 
has one hole. This hole contains a compact Ka inside. 


Generalization of translations 


In the course of the analysis, in addition to dealing with functional translations as defined above, one also has fo 
manipulafe expressions confaining more involved series of partial derivatives. Namely, assume fhaf one is given a 
regular functional T [/, g] of fwo argumenfs / and g. Then, fhe expression : dy'F undersfood 

as fhe lefl subslifufion of fhe various derivatives symbols sfemming from 
More precisely, lef be fhe below holomorphic function of ai,..., 

gAX) = Y,^{tj,X)aj. (3.3.20) 

i=i 


The regularify of fhe functional ensures fhaf fhe function {ap} [yfs,gs\ is holomorphic in ai,... , 0 :^ 

small enough. As a consequence, fhe below mulfidimensional Taylor series is convergenf for aj small enough: 


Qm ^ 

■'^[7fs,gs]\y=0 


s 

zn 

«;>0 ;=1 




gm 

dy’” 


■T[yfs,gs\\y=Q 

\aj=Q 


(3.3.21) 


Since fs (13.3.161) is a holomorphic function of ^ 1 ,..., fhe functional of fs coefficienfs of fhe above series give 
rise fo a family of holomorphic functions in fhe variables 5 - 1 ,... Their analyficify follows, again, from fhe 
regularity of fhe functional [/, g] and fhe smallness of \y\. 

The : • : ordering consisfs in subsfifufing aj > d^j, j = 1,..., 5 in such a way fhaf all differenlial operafors 
appear fo fhe lefl. Thai is fo say. 


dy” 


■'F[yfs,gAy=o ■ = 


-.SDIsrlOli? 


dy” 


■'^[yfs,gs]\ 


y=0 

= 0 ; f ;=0 


(3.3.22) 


Allhough Ihere where no convergence issues on fhe level of expansion (13.3.211) . Ihese can a priori arise on fhe 
level of fhe rhs in (13.3.221) . Clearly, convergence depends on fhe precise form of fhe functional 'F, and should Ihus 
be sludied on a case-by-case basis. 

Al (his poinf, fwo observations are in order. 
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i) (13.3.221) bears a strong resemblance with an ^-dimensional Lagrange series. 


ii) The functional (of fs) coefficients appearing in the rhs of (13.3.221) are completely determined by the func¬ 
tional 'F[yfs,'gs\ whose expression only involves standard {i.e. non-operator valued) functions. Should this 
functional have two (or more) equivalent representations, then any one of them can be used as a starting 
point for computing the coefficients in (13.3.211) and then carrying out the substitution (13.3.221) . 

It is important to stress that, for the class of functionals of interest to the study, no convergence issues arise 
in respect to the : • Indeed, in all of the cases, the m'^ y-derivative at y = 0 of the : • : ordered functionals of 
interest appears as a finite linear combinations (or integrals thereof) of expressions of the type 


^m,s 


Qm 

dy’” 



gtJbgAyb) . 
b=l 


T[yfs]\ : 
J|y=0 


where tTa e |[ 1; A(^]] and ea,Vb e {±1} . (3.3.23) 


Above ja are some auxiliary and generic parameters whereas Aa^ are implicit functions of y and ^i,..., For 
L-large enough, Aa^ is the unique solution to the equation = ciall- 

in the case of the specific example given in (13.3.231) . fhe : • : prescripfion goes as follows. One firsl subsfifufes 
'gs ^ 'gs as defined in (13.3.201) . Then, one compufes fhe m* y-derivafive af y = 0 of (13.3.231) . fhis in fhe presence 
of non-operafor valued funclions In fhe process, one has fo differenfiafe in respecf fo y both fhe funcfional 
T [yfs] and fhe variables Aa„ of (T^J. Using fhaf Aa^y^^^ = jda,, one arrives fo 


C{nj][fX ■ 
(3.3.24) 

The sum is fruncafed af mosf at nj = m, j - 1,... ,m due fo faking fhe y-derivafive af y = 0. If is readily 
verified fhaf fhe {ny}-dependenf coefficienfs C{„ j [/^j are regular functionals of fs wifh sufficienfly large consfanfs 
of regularity. If remains fo impose fhe operator subsfifufion aj d^j on fhe level of (13.3.241) wifh all differenfial 
operafors k = 1,..., 5, appearing fo fhe leff. If is clearly nol a problem fo impose such an operafor order 
on fhe level of fhe polynomial part of fhe above expression. Indeed, fhe regularity of fhe funcfionals Cj„ j [/^j 
implies fhaf fhese are holomorphic in belonging to an open neighbourhood A/q of 0 € C''. Hence, 

n^=i dgk ■ [/i]|ft=o well-defined for any sef of infegers {mX. In facf, in all fhe cases of inferesf fo fhe 

analysis, fhe neighbourhood No is always large enough so as fo make fhe Taylor series issued from fhe producfs 
of franslafion operafors YVa=i 0^=1 convergenf. Their acfion can fhen be incorporafed by a re- 

definifion of fs leading to 


— 


5y" 




.^bgsiyb) . 


r[yL] 




MbgAyb) 


yh=\ 


b=\ 


'ly=o 


b=\ 


b=\ 


z n"? 

ni,...,nj=0 j=\ 




- 2 n A } ■ ^{nj}ifs]\gb=^ 

«l,...,n ,=0 j=l 


(3.3.25) 


wifh 


/.(d) = /.(i) + 


(U+l - tb) j 
2in{tt - 4i 1 2-1 


b=\ 


1 / , ekil/{tb,bak) + y, i’ki/^{tb,yk) \ 
'^Hk^l k^l j 


In fhis way, one obfains a (fruncafed fo a finife number of ferms) s-dimensional Lagrange series. The procedure 
for dealing wifh such series and faking fheir s -i-cxj limifs is described in Proposifion D.2 of [A7]. 
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3.3.4 Resummation of the finite-volume Taylor coefficients 

The functional 0N;y entering in the expression for the effective form factor expansion are not regular so as to 
allow for an action of functional translations or generalisations thereof. To be able to act with these, one needs to 
regularise QN-,y by deforming its expression with the twist parameter /?. This regularisation allows one to represent 
it as a regular functional that, moreover, has a form suitable for carrying out the intermediate calculations. 


The /?-regularisation 

It is easy to see that 

{Dn 0N-y) I j [yFo ^ ^ 1j [t^/? i ^ i ^yFp\ Q^y 1j [t^/? i ^ i ^yFp\ | (3.3.26) 

I will now introduce a prescription for taking the ^ 0 limit. To discuss better its purpose, I remind that when 
considered as a separate object from D^, the functional QN-,y may exhibit singularities should it happen that 
y-if^^imyFiiiAj) _ (| 3 _ 3 _ 5 [) - (| 3 _ 3 _g[) _ for |y| small enough, which will always be the case of interest to the 

analysis, such potential zeroes correspond to solutions of Fp{Aj) = 0. Now recall the set 

Ufi, = [z^C : 10 !R OSo) >%(z)>% (J3 q) and |3 (z)| < 3 (/3o)) - (3.3.27) 

When )R (/3o) > 0 is large enough and 3 (JSq) > 0 is small enough, it can be proved that there are no solutions of 


FjAu) 


{ya^ 

{ZaV, 


= 0 for o) € Us , and uniformly in 0 < n < m and (/3, {ya}", {Za}”] € t/gg x x . 


The optimal value of /3o preventing the existence of such solutions depends on the width d of the strip Us and on 
the integer m. 

The prescription for taking the /3 ^ 0 limit is as follows. The computations always start on the level of a 
representation that is holomorphic in the half-plane )R(/3) > 0, as for instance (I3.3.13I) - (I3.3.14I) . In the intermediate 
calculations whose purpose is to allow one to relate the initial representation to another one, it will be assumed 
that /? e £/^g. This allows one to avoid the problem of the aforementioned poles and represent QN-,y m terms of 
a regular functional that is moreover fit for carrying out the intermediate calculations. Then, on the level of the 
final expression that will be obtained after several manipulations, one checks that the new representation is in fact 
holomorphic in the half-plane (/3) > 0 and has thus a unique extension from the open set up to yS = 0. As 
the same property holds for the initial representation, both are equal at y6 = 0 and the y6 ^ 0 limit can be readily 
taken on the level of the new representation. 


Having the yS-regularisation prescription at hand, the effective form factor expansion-based representation for 
t) (13.3.131) can be simplified by fhe use of fhe below rewriting of fhe funclionals and 


The functional Qj^-^y 

Given A e R'*’, I remind fhe definifion of fhe compacf Ka 
Ka^{z^C : |3z| < d , \‘Kz\ < a] , 


and denofe fhe open disk of radius r by 2)o,r = {z e C : |z| < r}. The compacf Ka is confained in Us- 
If is shown in Lemma A.2 of [A7] fhaf given A > 0 large enough and m € N* fixed, fhere exisfs 


(3.3.28) 
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• a complex number jSq with a sufficiently large real part and an imaginary part small enough; 

• a positive number yo > 0 small enough; 

• a regular functional ; 

such that, uniformly in 0 < n < m, (y,/3, il-ihjf) £ ^o,yo ^ ^ K"x K" one has 




{Pa}1 

{ha]\ 




;A 


H\* 


{ppX 


with H A 


Pall 


2-^--^. (3.3.29) 

A — A — Hu 


{p 

} ^l^-Ppa ^-Ph, 


The * in the argument of appearing above indicates the running variable of H on which this functional acts. 
The explicit expression for the functional can be found in the statement of Lemma A.2. 

The main advantage of such a representation is that all the dependence on the auxiliary parameters is now 
solely contained in the function H given in (13.3.291 ). The constant yo is such that 


yF/j\co 


{ya)1 

{Za]1 


j < ^ uniformly in (y,/3, {ya}”, {Za}l) e 2)o,yo and 0<n<m . (3.3.30) 


The functional is regular in respect to the to the pair (M^^, (^a)) where ^ (Ka) in a loop in Us around 

Ka as depicted in the rhs of Fig. 13.31 and corresponds to the compact with one hole that is delimited by %n 
and 'ipout- This hole contains Ka- Finally, the parameters /3o ^ C and yo > 0 are such that the constant of regularity 
C^A of ^^A satisfies to the estimates 


ndjdM^A^'^iKA)) 
\dM^A\ + ^^d{dM^A^^{KA)) 


> A , 


(3.3.31) 


where stands for the length of the boundary and t/((9M^^, ^(/Ta)) > 0 stands for the distance of 

^{Ka) to dMr^A- 

Similarly to an earlier discussion of Section 13.3.31 and according to Proposition D.l of [A7], one has that, 
uniformly in n,p € {0,...,m), and zj, yj, j = I, - ■ ■ ,m belonging to Ka'. 


dP 

dyP 


rA 


H\* 


iyjn 


lr=o 


lim I ]~[ 

r—>+00 1 1 

7=1 


1 


IPa.p—H 

y=0 


(3.3.32) 


The compact has one hole. Hence, following the discussion of Section D.3 of [A7] one has to consider 
two sets of discretisation points L p = 1,..., r + 1 for and ? 2 ,p> p = 1,..., r + 1 for ‘^our- The function mr 
appearing in (13.3.321) is a linear polynomial in the variables pa,p with a = 1,2 and p = 1,..., r: 


ro'rCd I {T]a,p]) =y\ — 




p^i 2m(fi,p-d) 


lUp + 


y- 


l2,p+1 U,p 


r'72,p ■ 


p=i 


2i7r(t2,p - d) 

Finally, ■g 2 ,r (d) is a differential operator in respect to p^.p with a = 1,2 and p = 1,..., r: 

_ d 1 d 

tl n - A6 

p= 


(3.3.33) 


g2, 




+ 


— tip - A dpip ^ t2,p - A dp2,p 




(3.3.34) 
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The functional Dm 

One can draw a small loop ^out around K 2 q in Ug as depicted in the Ihs of Fig. l3.3l Let Mg be the compact without 
holes whose boundary is delimited by 'ip’out- Then, given L large enough, the functional Dm (12.3.321) is a regular 
functional (in respect to the pair (Mg, K 2 q)) of jFp with /3 € and \y\ < yo- The parameters /3o and yo are as 
defined previously. This regularity is readily seen by writing down the integral representation: 






dK2, 


- i/T 


dm 

2i7r 




(3.3.35) 


which holds provided that L is large enough (indeed then all A/s are located in a very small vicinity of the interval 
{-q ; q\). Therefore, according to the results developed in Appendix D of [A7] and described earlier on, one has 
that, uniformly in/? e and 0 < p,n < m 




dyP\ 






lr=o 


= lim 

5^+00 


; ^; ^yFn 


0=1 


y=0 

| ft =0 


. (3.3.36) 


The function d i-> (A) appearing above is holomorphic in some open neighbourhood of K 2 q in Mg and given 


by 


Vi (d I 


^ Vi (d) - (iyS - 1 /2) Z (d) - 0 (A, q) + J^ 

;=i 


(O'+i O') 


Si 

Htt 


(3.3.37) 


The parameters tj, j = 1,..., 5 correspond to a discretisation {cf Definition 13.3.31) of the loop around K 2 q in 
Us that has been depicted in the Ihs of Fig. 13.31 qj are some sufficiently small complex numbers and^i (d) is a 
differential operator in respect to qa'- 


gi,i(T) ^ -^(/-(igd) 

,/=i 


d_ 


(3.3.38) 


Note that the parameters Aa appearing in the second line of (13.3.361) through the expression (12.3.321) for Dm 
are the uniqu^l] solutions to (d^) = ajL. As such, the d^’s become holomorphic functions of {^q)^ when these 
belong to a sufficiently small neighbourhood of the origin in C^. 


A new representation for the Taylor coefficients 

To implement the simplifications induced by the functional translations on the level of t), one first observes 

that all rapidities and occurring in the course of summation in (13.3.131) belong to the interval [-A/,; Bl 
with L^(-Ai) = -wp - 1/2 and L^{Bi) = wp + \j2 {Ai > Bl). Hence, a fortiori, they belong to the compact 
K 2 Al- This allows one to represent the smooth part functional as 

^Here, as previously, the uniqueness follows from Rouche’s theorem. By writing down an integral representation for one readily 
convinces oneself that, for y small enough and given any fixed s, the function (Valj /!„ is holomorphic. It is also holomorphic in y 
belonging to some open neighbourhood of y = 0. 
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One can readily check that DN{{pa}’[, {haY^ ^ and singularities around 7 = 0 . Thus, 

since one computes the m* 7 -derivative of (13.3.131) at 7 = 0, all the terms issuing from n particle/hole excitations 
with n > m will not contribute to the value of the derivative. Hence, one can truncate the sum over n in (13.3.131) at 
n - m. Once that the sum is truncated, it remains to represent the functional ff” ■ |D/v • -q means of the 

identities (13.3.361) and (13.3.321) . All together, this yields 


t) = lim lim lim 

o_^0 i-»+oo r->+oo 


m Z7 2 / \ 

z z z 

n=0 P\<'"<Pn hi<---<hn a=l ^ ^Pa' 
PaSSf 




ffn 

dy” 


\^p= 0 =i]a,p 


(3.3.39) 


Above, I have introduced 

P (A) = with ?(T) ^ ?i,, (A) + g 2 ,r (A) . (3.3.40) 

In order to lighten the notation, the dependence of and rup on the auxiliary parameters gp, rja^p as well as the 
one of E (A) on the discretisation indices r and s has been dropped. The hat has nonetheless been kept so as to 
insist on the operator nature of E. Equation (13.3.391 ) is to be understood along the lines of Section [3.3.3l 

Starting from multiple-sum in the rhs of (13.3.391 ). one can re-express P^gg(.^, 0 in terms of the m'-^ 7 -derivative 

of the functional Xt^[yvs, E'^'\, where is defined as 


7V+1 




N[v,e^] = Y, Yj Y 


/t=0 


P[<-<Pn 

PkeSf 


N 

ne^ 

a=l 


(4«) 


/il <■■■</!„ 

hpeSf 


N+\ 

n 

a=\ 


D 


'N 




[Pa 

{ha 




(3.3.41) 


^ is given by (12.3.111) and (4) - ^ (A) + v (A) jL. 

In order to establish the identification, one has to extend in (13.3.391) the upper bound in the summation over n 
from m up to A -t 1. This does not alter the result as it corresponds to adding up a finite amount of terms that are 
zero due to the presence of 7 -derivatives. Then, one should use the identity 


57 " 


D 


'N 


{Pa 

{hal\ 

d” 


lUyv, [m,-] 


n^JlE-ipa) n:=,E-(Aa) ^ l{p, 

11^:1 EHpa) 


2Ap 

N 


7=0 

^p—0—T]a,p 


n 

ail 

n 

a\i 


[7y, {^r] 


7=0 

^p—0—T^a,p 


(3.3.42) 


Just as it is the case for the parameters Aj appearing in the expression for D^, the ones appearing in the pre-factors 
of the rhs in (13.3.42b are the unique solutions to ^yy/d^) = s/L. Equation (13.3.42b is an expression of the type 
(13.3.23b : to deal correctly with it one should implement a : • : prescription for the way the differential operators 
or should be substituted in the rhs of (13.3.42b . 

The identity (13.3.42b forces the appearance of the product of function E whose presence is necessary for iden¬ 
tifying the sum over the particle-hole type labelling of integers in (13.3.39b with the functional dyXN[yVs 
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given in (I3.3.41I) . This leads to the below representation: 



Qm 

dym 


\ nil 




I r=o ■ ■ 


(3.3.43) 


3.3.5 Taking the thermodynamic limit 

As already mentioned, Theorem C. 1 of [A7] establishes that t) admits a well-defined thermodynamic 

limit denoted as t). This limit is given in terms of a truncation of a multidimensional Fredholm series. 

This series is close in spirit to the type of series that have appeared in II213II and [AlO]. Proposition C.l of [A7] 
establishes, in its turn, that it is allowed to exchange 


• the thermodynamic limit A, L —> -i-cx3, A/L ^ D 
with 

• the dy differentiation along with its associated operator substitution, 

• the computation of the translation generated by^ 2 ,r^ 

• the computation of the ^-dimensional Lagrange series associated with^i_i, 

• the computation of the r —> -i-oo and s —> -i-oo limits, 

• the analytic continuation in p from up to jS = 0. 


The result of such an exchange of symbols is that t) admits the representation 


Peff^JC, t) ^ lim 

VP^+OO 


lim 


lim 

f^+OO 


lim 

r—^+oo 


dy” 


E\q)- 


■ j[ixu'{A)+g'{A)]yv,,(X)dA 


X, 




y;2w 


[■ujA 


(3.3.44) 


ly=o 


This formula deserves a few comments. In the case of complex valued functions e, the functional X^w{yvs, e\ 
appearing in (13.3.441) corresponds precisely to the rank one perturbation (13.1.191 ) of the Fredholm determinant of 
the integrable integral operator id-t Vj,. acting on {[-q ; q\) with the integral kernel (13.0.11) where the substitution 
V yvs has been implemented. 

The contour is as defined in Figure 13.21 The parameter w delimiting the size of this contour plays the 
role of a regularisation. This means, in particular, that the limit of an unbounded contour can only be taken 
after r and s are sent to infinity and the analytic continuation up to = 0 is carried out. Finally, equation (13.3.441) 
contains the functional . The latter corresponds to the thermodynamic limit of the functional . Its 
explicit expression is provided in Lemma A.l of [A7]. It is important to point out that the parameter Pq defining 
the domain t/gg from which one should carry out the analytic continuation up to = 0 depends on 2w. This 
dependence is chosen in such a way that the constant of regularity for the functional is large enough so 
as to make licit all the necessary manipulations with the translation operators and generalisations thereof. 

Equation (13.3.441) provides one with a convenient representation for the thermodynamic limit p^^{x, t). It 
constitutes the first step towards extracting the large-distance x and long-time t asymptotic behaviour of p^^{x, t). 
Although the proof of this representation for the thermodynamic limit is quite technical and lengthy I stress that 
formula (13.3.441) can be readily obtained, on a formal level of rigour, without the use of any complicated and 
long computations. It is enough to take the thermodynamic limit formally on the level of formula (13.3.431) what 
immediately yields (13.3.441) . 
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3.3.6 The multidimensional Natte series and asymptotics 

Theorem 3.3.4 The thermodynamic limit of the Taylor coefficients f) admits the below truncated multidi¬ 

mensional Natte series representation 


p^^{x, t) = 


O'" 1 r\[-^;^] Wo) 




dy- I y-lnxu'Uo) tvp + (X + tvp + 


x[ui-q)-uiq)] pj gm 


( 0 ) I -q 
q 


^(0) i ^0 

»l;r 


0 


j, 


+ 


(x - fVf + (x + fVF + (x - fVf + (x + 


+ e 


-\xu{q) 


m ps 


4!?'^ ({« a.)) ; (z*)) {yFt.MyFlf,p] 




:( 0 ) 


«=1 ■F. a„(t) 

There, I have introduced the notations 


{x-tVF + {x + tVF + ^ 


{z+} 


d’'zt 


lr=o 

(3.3.45) 


jz+) = [zt , t e : et = \] , |z-) = [zt , t € : et = -1) , |{z+)| = #{zt , t € ^ 1) . 

(3.3.46) 

Fg, Fq°, Fq‘^ are as defined in the discussion that followed equation (13.2.31) . More generally, one has 


Ft{A)^F\A 


k+l 

{z-l U [q] 


Z (4) v~i v~i 

—^ ^t) + Yu ■ 

tsJik) tej^k] 

6,=1 e/=-l 


(3.3.47) 


The function is related to the thermodynamic limit of the smooth part of the form factor. Its expression can 
be found in (12.3.371) . The functionals 3, F\± and JTIq are, respectively, defined in (13.1.21) . (13.1.201) and (13.1.211) . 

Note that all the summands in (13.3.451) involving the functional are well defined at yS = 0. Indeed, the 
potential singularities present in are cancelled by the zeroes of the pre-factors. 

I refer to Section 4.6 of [A7] for a proof of this theorem. The main idea behind its proof is as follows. In order 
to compute the effect of the : • : ordering in (13.3.441) . one should replace the expression inside of : • : by 

q 

~ — J [i3:w'(/l)+^'(/l)]yv5(/i)di _ 

T[yvs,g, WrKr) = E^iq) ■ e X^w[yv^,F^] (3.3.48) 

where 

F2 (A) = with g(A) = gi,, (A) + g 2 ,r (4) , (3.3.49) 

and 

s ^ b ^ b 

gU (4) - - y fitp, A)ap while ? 2 ,r (4) = V + V . (3.3.50) 

pi Pi typ - ^ p fTp - 4 

Above, tp and tp^\,tp 2 are discretisation points, respectively, of the loops ^out or ^in and ^out that are used in the 
course of re-writing the functionals Djq and Qxi-.y 
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In order to implement the operator substitution, one has to compute the Taylor coefficients of the series ex¬ 
pansion of T \yvs,'g, into powers of b\^p, b 2 ^p with p = 1,..., r and Up with p - 1,..., 5 . These Taylor co¬ 

efficients are solely determined by the functional 'F [yvs,^, ^r]{y) depending on the classical function 'g (I3.3.20I) . 
Therefore, one can use any equivalent representation for F\yVs,'g,'CiJr\{y) as a starting point for computing the 
various partial derivatives in respect to bj^p or ap. In other words, one can use any equivalent series representatior0 
for X^{v.^\yVs,E^'\. Clearly, different series representations for this rank one perturbation of the Fredholm determi- 
nant will lead to different types of expressions for the Taylor coefficients. However, in virtue of the uniqueness of 
Taylor coefficients, their values coincide. As discussed in Subsection 13.1.21 X^v.^\yVs,E^'\ admits a Natte series 
representation. It remains to take this series representation as the starting point for the computation of the Taylor 
coefficients. The rest is straightforward but slightly technical. 


3.3.7 Some more conjectures leading to the dominant asymptotics of p{x, t) 

Under the hypothesis that 

1. the Taylor series convergent up to 7 = 1, 

2 . its sum gives p{x, t), 

3. the multidimensional Natte series (13.3.511) is convergent; 

one gets that p{x,t) can be obtained from (13.3.451) by removing the m* 7 -derivative symbol and setting 7 = 1 . 
After identifying the coefficients in the first two lines with the properly normalised thermodynamic limit of the 
form factors of the field or one obtains the below series of multiple integral representation 

for the thermodynamic limit of the one-particle reduced density matrix: 


p (x, t) = 


-2i7r 


te" (To) - xp" (To) 


X 




[-i (x - tvf)] 




[i (x -F tvf)] 


-2\xpf 


+ 


1^; 




■1r\[-^;^] (To) 


[-i (x - [i (x + [-i (x - [i (x + 


+ e' 


-ixu(q) 






:( 0 ) 


,(w) ^llz+ll;i 1 {2_) 


k+l 


Hi[f{{u{zt )}; to}) [Et]S[El:-p] 




n=i %, ' (x- tVf + (x-i-fVF-i-iO+)t^=-^ 

The above representation immediately yields the 


(3.3.51) 


Corollary 3.3.5 The reduced density matrix p (x, t) admits the asymptotic expansion as given in Subsection IT.2.21 


3.4 Conclusion 

This chapter reviewed the method of multidimensional flows which allows one fo compufe, sfarfing from fhe form 
faclor expansion of a correlator or from ifs multidimensional Fredholm series representation, its long-distance 
and large-time asymptotic behaviour. Although I could make various steps of the method rigorous, still, a certain 

tone natural representation that can be used as a starting point for taking the derivatives is the Fredholm series-like representation for 
E^]. In fact, it is this series representation that allows one to prove the representation f3.3.44l l in the very first place. 
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amount of hypothesis remains to be proven. In its present setting, the method is already applicable to the study 
of numerous two and multi-point correlation functions. It was applied, in its formal setting, to the density-density 
correlation function of the non-linear Schrddinger model in my joint work with Terras [A9]. Also, in the joint 
work with Maillet and Slavnov [A 10] we argued the form of a multidimensional Fredholm series representation 
for the zero-time density-density correlation function in the non-linear Schrddinger model ni finite temperatures. 
At the time, we have built our analysis of the large-distance behaviour on an adaptation of the method introduced 
earlier in II213I1 . Yet, there is no problem to deal with the associated multidimensional Fredholm series within 
the multidimensional flow technique described in the present chapter. The method should also be applicable to 
the study of the short distance asymptotics of the correlation functions in integrable massive field theories. For 
instance, the method seems applicable to the analysis of certain two-point functions (and their short-distance 
asymptotics) in the sine/sinh-Gordon model whose form factors have been obtained in 11138112501 13371 l3MI . In 
these cases, I expect to deal with some multidimensional deformation of a Fredholm determinant associated with 
ll^ 1280113651 a specific solution to the 3'^'^ Painleve equation, a new type of special function whose description 
and asymptotic behaviour is interesting in its own right. In the sinh-Gordon case, the form of the kernel of the 
Fredholm determinant should be close to the one proposed by Korepin and Slavnov 12451 in their dual field based 
analysis of form factor expansions in this model. 










Chapter 4 

Towards an understanding of "critical" 
asymptotics 


The multidimensional flow method that I described in the previous chapter is a way of recasting a correlation func¬ 
tion in an interacting integrable model in terms of a : • : average of a Fredholm determinant depending on some 
operator symbol. Various possible representations for a Fredholm determinant lead to as many representations for 
the correlation function. In the previous chapter, I considered the example of a correlation function whose : • : 
representation involves the integral operator id -i- Vjc where is characterised by the integral kernel (13.0.11) . It 
is natural to ask what other types of kernels can arise inside a : • : average representation for correlation func¬ 
tions. So far, I only focused on correlation functions involving products of local operators each of them separated 
by some spatial distance. Yet, one can also consider correlation functions of diffuse operators. The simplest of 
them is the so-called emptiness formation probability correlation functions t(x). In the context of the non-linear 
Schrodinger model, this correlator represents the probability that, in the ground state of the model, there will be no 
quasi-particles located in a region of size x. Without going too deep into the details, under appropriate hypothesis, 
this correlator can be recast in terms of an average of the type 

t{x) - lAVl •. \ where F[e^] = det [id-i-. (4.0.1) 

There, LIM stands for a certain amount of limits that have to be taken, in the spirit of (13.3.431) or (13.3.441) . after the 
: • : average is performed. is a functional that plays an analogous role to the one played by functional 
the analysis of the last chapter. For the purpose of the discussion that I wish to carry, there is no need to provide 
more informations on the precise for of ^ or of the LIM symbol. The main point is that the : • : average involves 
the integral operator id -i- on L^i[-q ; qY) whose integral kernel is of c-shifted type: 


Wf (T,/r) = 


ic ( g(/i)g ^(T) e{A)e ^(/i) 
2in{A - jj) I (T - //) -I- ic {A- ji) - ic 


with 


e(A) = . 

The above kernel is integrable since it can be recast in the form: 

+ 00 

f • e-\A) ■ - e(A) • • d^ . 

-/U) J llTT 


(4.0.2) 


wi^\A,/ii) = 


(A- 


(4.0.3) 


This seems to offer the possibility to construct the Natte series representation for det [id -i- by means of a non- 

(c) 

linear steepest descent analysis of the associated Riemann-Hilbert problem. Unfortunately, the fact that {A,fi) 
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is an integrable integral kernel described by a continuous collection of functions has its price! Recall that an 
integrable integral operator id + 0 on L^{J) with an integral kernel 

0(/l,/r) ^ --- and > (/!)/«(d) = 0 (4.0.4) 

a=\ 

is associated with a Riemann-Hilbert problem for a holomorphic NxN matrix on C \ 7. It is thus not astonishing 
that the use of a continuously labelled family of functions ea, fa so as to describe the kernel results in an operator¬ 
valued Riemann-Hilbert problem. The operator valuedness constitutes an important technical complication with 
respect to the matrix valued case. 

In fact, Fredholm determinants of c-shifted integrable integral operators and their associated operator valued 
Riemann-Hilbert problems arose already in the early days of exploring the correlation functions in quantum in¬ 
tegrable models out of their free fermion point. The Riemann-Hilbert machinery allowed to construct systems of 
partial differential equations satisfied by specific examples of such Fredholm detereminants Ill791l233ll2381l244ll . 
However, at the time, not much progress has been achieved in respect to the asymptotic analysis of operator valued 
Riemann-Hilbert problems. The sole serious work on the subject has been carried out by Its and Slavnov II182II . 
These authors performed a formal non-linear steepest descent-based analysis of an operator valued Riemann- 
Hilbert problem depending oscillatorily on a large parameter x. This allowed them to extract the leading asymp¬ 
totic behaviour in x out of the logarithm of the Fredholm determinant which gave rise to the Riemann-Hilbert 
problem on the first place. However, numerous technical difficulties (the operator nature of the scalar Riemann- 
Hilbert problem which arises in the very the first step of the analysis, construction of parametrices in terms of 
special functions with operator index,...) which could not have been overcome stopped, for almost 15 years, any 
activity related to an asymptotic analysis of operator valued Riemann-Hilbert problems. 

Yet, the per se operator valued setting of the Riemann-Hilbert problem is not the sole difficulty to be dealt 
with so as to extract the large-x asymptotic behaviour out of det [id -i- On top of all issues related to handling 
piecewise holomorphic functions taking values in some space of operators on some appropriate functional space, 
one has to deal with the fact that the operator valued Riemann-Hilbert problem of interest posses a "critical" 
structure that already manifested itself on the level of the Riemann-Hilbert problem associated with the pure sine 
kernel. While in the latter case the 2x2 jump matrix has one of its diagonal entries equal to zero what renders 
the use of a LU factorisation approach to the non-linear steepest descent impossible, in the former case, the 2x2 
operator-valued jump matrix is such that its 22 diagonal operator entry has a zero eigenvalue. In the pure sine 
kernel case, as proposed in 1 ^ . a way out of the problem consists in implementing a g-function transformation. 
Thus, it seems reasonable to expect that, in the operator valued setting, one will have to build an operator valued 
analogue of the g-function transformation. However, the hard part is that such a transformation would have to 
provide a distinct treatment on the one hand of the zero eigenvalue eigenspace of the operator entry and on the 
other hand of its orthogonal complement. The detail that makes it difficult is that the zero eigenvalue eigenspace 
of the 22 operator valued entry of the jump matrix depends on the position on the jump contour. How to effectively 
construct such g-functions seems unclear, even in the most trivial possible generalisation of the 2x2 case, i.e. 
a critical 3x3 matrix Riemann-Hilbert problem. Some progress in constructing the g-functions for larger than 
2x2 Riemann-Hilbert problems, although of a slightly different nature than the ones of interest here, has been 
achieved in 111171 . 

To summarise, there are two distinct issues that should be understood prior to addressing the large-x analysis 
of the emptiness formation probability: 

• settle all of the problematic issues associated with the very fact of dealing with operator valued Riemann- 
Hilbert problems this in the off-critical case, i.e. when there are no zero eigenvalue eigenspaces; 
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• extend the procedure to the critical case by constructing operator valued analogues of the g-function trans¬ 
formation. 


In the present chapter, I shall review the progress I made relatively to the first point, namely obtaining a better 
understanding of c-shifted integrable integral operators and of their associated operator valued Riemann-Hilbert 
problems. As indicated, the focus will be on the case of off-critical integral operators whose integral kernel takes 
the form 




with 


'icF{X) cef qt:Wp-)-pW]\ 

2m(A - fj.) I (d - /r) -I- ic (d - /r) - ic / ’ 


(4.0.5) 


• p([a ; f>]) c 1. and such that p is a biholomorphism from an open neighbourhood 17 of [a ; b] in C onto some 

open neighbourhood of [p{a ); p{b)] in C which furthermore satisfies p'^^^ > 0 ; 

• F is holomorphic on U and satisfying |arg(l -i- F(d))| < n uniformly in U . 


In the following, I will discuss two methods allowing one to extract the large-x asymptotic behaviour out of 
det [id -I- W;,:] with Wx{A,p) as given by (14.0.51) . 

The first method utilises 2x2 Riemann-Hilbert problems and an appropriate rewriting of the integral kernel 
as a perturbation of the generalised sine kernel defined as 

SxU,p) = ;r(d^^p) ' ~ ■ (4.0.6) 

On top of providing an access to the large-x behaviour of determinants of c-shifted operators such as (14.0.51) . the 
method also allows one to extract the large-x behaviour out of so-called lacunary Toeplitz determinants. 

The second method consists in a bona fide non-linear steepest descent analysis of the operator valued Riemann- 
Hilbert problem associated with the c-shifted kernel (14.0.51) . Here, the two main achievements consist in overcom¬ 
ing the technical difficulties that arose previously in the analysis of operator-valued Riemann-Hilbert problems, 
namely: 

i) the construction of solutions to operator valued scalar Riemann-Hilbert problem with jump on {-q-,q\ is 
reduced to the one of inverting an integral operator acting on L^(r([-g; q\), dz), where r([-( 7 ; < 7 ]) denotes a 
small counterclockwise loop around [-q ; q\. 


ii) The construction of local parametrices is strongly simplified and made rigorous. In the present case, the 
parametrices are given in terms of special function (confluent hypergeometric functions) whose auxiliary 
parameters are scalar-valued holomorphic functions and not holomorphic functions taking values in some 
infinite dimensional Banach spaces, as it was the case in Il82l . 


I do stress that both methods mentioned above allow one to establish the asymptotic expansion for det [id + Wj^]. 


Theorem 4.0.1 Let p and F be as described above and Sx denote the integral operator on l^iy—q',q\) whose 
integral kernel has been defined in (14.0.61) . Then, the below ratio of Fredholm determinants admits the large-x 
asymptotic behaviour 


det [id -I- li/jc] 
det [id -I- S;f] 


det [id -I- [/+] • det [id + LL] • (^1 + o(l)) 


(4.0.7) 
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where U± are integral operators on ; q\)), with Y being a small counterclockwise loop around the interval 

[-q ; q]. The integral kernels of U± read 


U±{A,p) 


a(A) - a ^(ju + ic) 
2 i 7 r(/l - p±ic) 


with 


a{A) - exp 


t rin[l+F(//)] 

dpi 

U A-p 

Tin] 


-1 


(4.0.8) 


I do stress that Theorem 14.0.11 characterises the leading large-x asymptotic behaviour of det [id + in that the 
one of det [id + Sj^] has been obtained in II214II . 


4.1 The factorisation method 

4.1.1 The c-shifted kernels 

The factorisation method [A 13] builds on the observation that the c-shifted kernel Wx can be decomposed as 

WxiA,p) = SxiA,p) + WxiA,p) with WxiA,p) = - ^ -T-- - -T-. (4.1.1) 

2in- 1 (4 - //) -I- 1 C {A- p) -1C) 

The integral operator id -i- Sx is of integrable type and has been extensively studied in II214II . This operator is 
associated with a 2 x 2 Riemann-Hilbert problem for a matrix Q. that is holomorphic on C \ [-q ; q\. Under the 
hypothesis of the present chapter, this Riemann-Hilbert problem is uniquely solvable, at least for x large enough. 
Furthermore, for such large-x at least, id -i- is invertible. It is a standard fact that the resolvent kernel for id -i- 5;^ 
can be constructed explicitly in terms of Yl. 

The idea at the root of the factorisation method consists in factoring out, explicitly, the operator id -i- out of 
det[id -I- Wjc] and using the properties of the solution Q so as to recast (id -i- in a way that is appropriate 

for the large-x analysis of the associated determinant. All-in-all, such handlings lead to 


Proposition 4.1.1 The Fredholm determinant of the integral operator id -i- Wx can be factorised as 


det [id -I- Wx\ - det [id -i- S_t] • det [id -i- Mx] . 


(4.1.2) 


id -I- Mx appearing above is an integral operator on lf{Y{\^-q ; qf)) 0 lf{Y{{—q ; <7])) with r([-^ ; q\) any counter¬ 
clockwise compact loop around {—q',q\ located in the strip |3(z)| < c/2. This operator is characterised by its 
matrix integral kernel 


Mx(A,p) 


Above, 


(ci ,n fA) ■ Yliju -t ic) • ci) 
2 i 7 r(/l - p - ic) 

(c 2 . f 2 “^(/l) • Yl(p ■+■ ic) • Cl) 
2m{A - p-ic) 


(ci , Q. H^) • - ic)-e2) ' 

2 i 7 r(/l - p -hie) 

(C 2 , Q.~\A) ■ Yljp - ic) ■ € 2 ) 
2 i 7 r(/l — p-hie) 


ei 



and 


ei = 


(4.1.3) 


(4.1.4) 


stand for the canonical basis on and given two vectors v,H' € C , (v,H') = ^ Va^a represents the canonical 

a=\ 

bilinear pairing induced by the scalar product on R^. 
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Theorem 14.0.11 then appears as an immediate corollary of this proposition. Indeed, it has been established in 
H214II that, when x —> +oo, given any open and relatively compact neighbourhood O of {-q ; q\, the unique solution 
n to the Riemann-Hilbert problem associated with the operator (14.0.61) takes on C \ O, the form 

0(4) = aoo(4)-a-'^3(T) with ||noo-/ 2 ll^„(c\o) = o(l) . (4.1.5) 

Here, Ooo is some holomorphic matrix in C \ C? and the function a is as defined by (14.0.81) . The existence of the 
L°° bound on Ooo - h is all the information that is needed on the matrix Ooo so as to get to the result. 

Having this information at hand, it is enough to pick some relatively compact neighbourhood O of [-q ; q\ that 
is small enough and take r([-^; q\) to be a small counterclockwise loop around {-q ; q\, lying entirely in |C \ C?) D 
||3(z)| < c/2). Then, it is readily checked that the integral operator id + on L^(r([-^; ^])) 0 L^(r([-^; ^])) 
characterised by the matrix kernel 




a{A) • a ^(/i + ic) 
2i7r • (4 - /r - ic) 

0 


0 

a~^(A) ■ aQi - ic) 
2i7r ■ (A- fi + ic) > 


(4.1.6) 


is a good approximant to id+Mjc. The integral kernels M^(A,fi) and M^^\A,ij.) are smooth functions on the compact 
r([-^; q\) X r([-^; q\). Hence, the integral operators Ex and are trace class in virtue of the criterion obtained 
in II116L Their Fredholm determinant and trace is thus well defined. Furthermore, one has 


tr[M, - ^ [Mx(A,A) - Mf (4,4)] • d4 . 

r( [-<?;<?]) 


(4.1.7) 


Also standard estimates for 2-Fredholm determinants (c/ II1561I323TI 1 ensure that, for some universal constant C, 


det2 [id + - det2 [id + 




(4.1.8) 


with II • II //5 being the Hilbert-Schmidt norm. Both, the Hilbert-Schmidt norm ||M^°^ - M;cll //5 and the integral in the 
rhs of (14.1.71) can be controlled in terms of the uniform bounds for Qoo - h on F([-^; q\) and thus approach 0 
when X — > +oo. Therefore, 

det [id + M;f] = det [id + • |l + o(l)| , (4.1.9) 

what, in its turn, entails Theorem 14. 0.1 1 in virtue of Proposition 14.1.11 ■ 


4.1.2 Lacunary Toeplitz determinants 

I now give a short description of the results that can be obtained, within the factorisation method, relatively to the 
large-A asymptotic behaviour of so-called lacunary Toeplitz determinants generated by a symbol /: 


detiv [c 4 _^J/]] where c„[/] - ^ ^ ' 

d2)o.i 

The sequences >nb appearing in (14.1.101) are such that 

4 = 


(4.1.10) 


= Pa a = l,...,n 
nit^ = ka a= . 


m, 


a for a e [I,... ,N} \ [h\,... ,h„} and 
a for a e (1,..., A) \ [ti,... ,f^) and 


(4.1.11) 

(4.1.12) 
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The integers ha € E 1; and pa € Z\E1;A/^]], a = l,...,n (resp. ta € El; and ka € Z \ E 1; 
a = 1,..., r) are assumed to be pairwise distinct. 

Tracy and Widom II356II and Bump and Diaconis |[6^ were the first to focus their attention on the large-A/^ 
asymptotic behaviour of lacunary Toeplitz determinants. These authors have obtained, in 2002, two formulae 
of a very different kind for these large-A^ asymptotics. In both cases, the large-A/^ behaviour of the lacunary 
Toeplitz determinant was expressed in terms of the unperturbed determinant det^v [ca_;,[/]] times an extra term. 
The expression for the extra term proposed by Bump and Diaconis was based on characters of the symmetric group 
associated with the partitions A and p that can be naturally associated with the sequences £a and nih- The answer 
involved the sum over the symmetric groups of |T| and |/r| elements. In their turn, Tracy and Widom obtained a 
determinant representation of the type 

detiv [c£„-m,[f]] = deW-^ [cj-kW] ■ det^ [Wjk] -( 1 + 0 ( 1 )) q - ... ,hn] (4.1.13) 

where Wjk was an explicit qxq sized matrix depending on the symbol / and the numbers h\,... ,h„, pi,..., p„, 
t\,. . .,tr and k\,...,kr. The two expressions were of a very different nature and it was unclear how to connect the 
two formulae directly. It was only in 2011 that Dehaye |[88l proved, by a direct method, their equivalence. Some 
generalisations of lacunary Toeplitz determinants have been studied by Lions 12661 . 

The main problems of the mentioned asymptotic expansions was that the answer depended on the magnitude 
of the lacunary parameters pa,kh,ha,tb- As soon as these parameters were also growing with N, the form of the 
answer did not allow for an easy access to the per se large-A/^ asymptotic behaviour of the lacunary determinant. 
Indeed, in Bump-Diaconis’ case, the number of terms that were being summed over was growing as 
Yj{\Pa\ + ha) + Yj{\ha\ + L) whcrcas in Tracy-Widom’s case, the non-trivial determinant part involved a matrix of 
size max |ti,..., L,/ri,..., /i„). 

I now describe the expression for the large-A/^ behaviour of lacunary Toeplitz determinants that I obtained in 
[A 12]. Within my approach, the extra term in respect to det^r [ca_i,[/]j is given by a determinant of a (n+r)x(n+r) 
matrix. The large-size asymptotic expansion of the determinant I obtained is thus free from the problems related 
to the growth in N of the integers parametrising the lacunary lines and columns. In fact, I showed in [A12] that the 
setting is enough so as to treat certain cases of lacunary parameters pa, kb, ha, tb going to infinity. The structure of 
the asymptotics when r 0 {i.e. rria a as defined in (14.1.121) 1 is slightly more complex, so that I refer to Corollary 
2.1 and Theorem 2.1 of [A12] for the details. Below, I will solely present the form taken by the asymptotics in the 
case of the line-lacunary Toeplitz determinants 

Theorem 4.1.2 Let f be a non-vanishing function on such that f and Inf are holomorphic on some open 

neighbourhood ofdtDoq. Let ia be defined as in (14.1.111) and y be the piecewise analytic function 

y(z) = exp|-^c„[ln/]-z"| f or z e Do,i and y(z) = exp|^c_„[ln/]-z“"| /or z e C\2)o,i ■ 

rt>0 n>l 

Then, provided that the matrix M given below is non-singular, the line-lacunary Toeplitz determinant deW [Qa-fc[/]] 
admits the representation 

det^ [C 4 _fe[/]] = dew [ca-b[f]] • det„ [Mab] • (l + 0(iV-“)) , (4.1.14) 

where the nxn matrix M reads 


Mab = 


r ds y(z) 

-IniPa) (p:^- (p:r-- tt • 

J liTT J 2m y{s) 


^N-Pa . 


z - s 


dVo, 


dDojis 


+ 


4 2 -- ( 4 . 1 . 15 ) 


do. -I 

0,r}r 


do 
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where 1 > 77 ^ > > 0 and 1^ stands for the indicator function o/N . 

The theorem above allows one to obtain the large 77-asymptotic expansion of the line-lacunary Toeplitz de¬ 
terminants independently of the magnitude (in respect to N) of the lacunary parameters {ha} and {pa}- Indeed, 
since the size of the matrix M does not depend on the integers {ha) or {pa), the problem boils down to a classical 
asymptotic analysis of one-dimensional integrals defining its entries. 

The idea of the proof of Theorem 14 . 1.21 is the following. One represents the Toeplitz determinant in terms of 
the Fredholm determinant of the operator id - 1 - Vq -t Vi on L?{d!Di), where 

N _N _N N 

72 • S 2 —7 2-^2 

Voiz, s) = ifiz) - 1 ) - — -^- ( 4 . 1. 16 ) 

2m{z - i'j 

is an integrable kernel and Vi is a finite rank perturbation. The results follows from a factorisation of the operator 
id + Vo out of the determinant followed by some reductions of the remaining determinant of a finite rank operator. 
More details can be found in [A 12]. 


4.2 The operator valued Riemann-Hilbert problem 

In the present section, I will provide an overview of the steepest descent analysis of the operator valued Riemann- 
Hilbert problem related with the integrable kernel Wx{2.,p) defined in (14.0.51) . However, firsf, I need fo provide a 
few definifions. 


4.2.1 Some preliminary definitions 

• The superscripf ^ will denofe fhe fransposifion of vectors, viz- 


if V = 


fhen v'^ = {v\ ... v^) . 


\ Vn ) 


(4.2.1) 


• The space AIp(C) of p x p mafrices over C is endowed wifh fhe norm ||m|| = max^ \Ma^b\- 

• The space Mp{L^{X, dv)^ denotes fhe space of p x p mafrix valued funclions on X whose mafrix enfries 
belong fo L^{X, dv). This space is endowed wifh fhe norm 


'At 


(L2(xd)) " f • d^A) wifh (m^) 


ab 


(4.2.2) 


and * refers fo fhe complex conjugafion of scalars. 


• id refers to fhe idenfify operafor on d^), /p®id refers to fhe mafrix integral operator on 0^^jL^(l.‘'‘, d^) 

which has fhe identify operafor on ifs diagonal and zero everywhere else. 

• Given a vector ^ of funclions Ea € d^) 



' El ' 



E = 


and a vecfor of 1 - forms a = 



, Ep , 




(4.2.3) 
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on di), their scalar product refers to the below sum 

p 

iti:) = Yj'^aVEa] (4.2.4) 

a=\ 

in which one evaluates the one-form -appearing to the left- on the function -appearing to the right-. Furthermore, 
the notation ^ ® {icY refers to the matrix operator on di) given as 

E®{Kf = {Ea®Kr) (4.2.5) 

' ^ ' q,r=l,...,p 

where Eq (g) Kr is the operator on L^(R''‘, di) acting as 

{Eq (g) /r^)[g] ^ EqX Kr{g\ for any g € L^(R'^, d^) . (4.2.6) 

Definition 4.2,1 Let d>(/l) be an integral operator on 0^^jL^(R''‘, di) parametrised by an auxiliary variable A. Let 
0(/l I s, s') denote its pxp matrix integral kernel. Given T) an open subset ofC, we say that 0(4) is a holomorphic 
in A ^ ID integral operator on 0^_jL^(R^, d^) if 

• pointwise in {s, /) € (R"*") , the pxp matrix-valued function A 0(4 | s, 5 ') is holomorphic in D; 

• pointwise in 4 e 2), {s, /) 1 -^ 0(4 | 5 , s') € Alp(L^(R'^ x R"*", di g) d/)^. 

1 also need to define what is meant by ± boundary values of a holomorphic integral operator. There are two 
kinds of notions that seem of main interest to operator valued Riemann-Hilbert problems. On the one hand L^ and 
on the other hand continuous boundary values. 

Definition 4.2.2 Let D be an open subset ofC and E(D an oriented smooth curve in C. Let n(A) be the orthogonal 
to E(D at the point 4 e E(D and directed towards the -v side ofl,(s>. 

A holomorphic in A € D\'S,^ integral operator 0(4) on 0^^jL^(R''‘,d5) is said to admit L^ ±-boundary values 
0+(4) on lo if 

• there exists a matrix valued function (4, s, s') 0+(4 | s, s') belonging to L^(X(D x R'*’ x R’*') and such that 

lim - O+ll / , ^\ = 0 where 0*^‘^\4 | 5 ,/) = 0(4- 1 -en(4) | 5 ,/) . 

6-»0+" "Mp(^L2(5;^xR+xR+)j 

The operators 0+(4) are then defined as the integral operators on 0^_jL^(R''',d5) characterised by the 
matrix integral kernel 0+(4 | s, s'). 

A holomorphic in A € D\'L(S> integral operator 0(4) on 0^^jL^(R‘'', di) is said to admit continuous boundary 
values 0+(4) on c Ed, if 

• pointwise in {s, 5 ') e (R"*")^ the non-tangential limit 0(4 | s, s') —> 0+(t | s, s') when A approaches t e E' 

A-*t ^ 

from the ± side exists and that the map t 0+(t | s, s') is continuous on E^. The operators 0+(4) are then 
defined as the integral operators on 0^^jL^(R'^, d^) characterised by the matrix integral kernel 0+(4 | 5 , 5 ')- 
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Let A h-> mk(A) be the below one parameter t family of functions taking values in the space of functions on 
]R+: 

mi(/l)(5) = mi{A\s) = and m 2 {A){s) = m 2 (A; s) = . (4.2.7) 


Let A i-» ic/c(A) be the below one-parameter t family of functions taking values in the space of one-forms on 

+00 +00 


= 


= ^fe-%-'‘-ns>.6s and ,,(d)[/] = w/ 


e "2 . 


(4.2.8) 


Note that, uniformly in 4 e {-q ; q\, the function s i-> mu{A', s) belongs to (L^ n , d^). The one-forms and 

functions introduced above satisfy to 


Kk{A)[mk(p.)\ 


^cek 

t{A - ^i) + iejtc 


where k=L2 and 


ei ^ -1 
€2 ^ 1 


(4.2.9) 


Now introduce the one-form on 


di) valued vector &l(m) and the L^(]R'^, d5)-valued vector 


SlW = F(p) 


-e 2 . ^ 2 (yu) j 2m \ e, 2 PO 2 ) . ,^ 2 (/r) 

These allow one to construct a t-deformation Wx-,t(d, fJ.) of the integrable integral kernel (14.0.51) 


(4.2.10) 




{&lWJr(ji)) 


'i[p{A)-p(jA)] 


A-§[p(p)-p(A)] 


A- n 


icFjA) I_ ^ _ 

2m{A - y) I t{A - y) + ic t(A - y) -ic 


(4.2.11) 


The reason for studying the t-deformation instead of the kernel Wx itself is that the parameter t allows one to 
interpolate between the generalised sine kernel Wx-fi{A,y) = Sx{A,y) and the kernel of interest VT;c;i(/l,/i) = 
Wx{A,y). For technical reasons, it is more convenient to interpolate between Sx and by varying the extra 
parameter t then by means of deforming the apparently "more natural" parameter c. 

The strategy for proving Theorem l4.0.1l is classical. One recasts 5jlndet [id - 1 - in terms of the solution of 
the associated Riemann-Hilbert problem, see Lemma l4.2.2l The fine bounds on the large-x asymptotic behaviour 
of the solution to this Riemann-Hilbert problem then allow one to integrate dt In det [id - 1 - over a path joining 
t = 0 to t = 1 and asymptotically in x. 


4.2.2 The initial operator-valued Riemann-Hilbert problem 

The integral kernel Wx-t(A, y) is associated with the Riemann-Hilbert problem for a 2 x 2 operator-valued matrix 
X(A) = I 2 ® id +x(A) : 

• p(/l) is a holomorphic in 4 e C \ [-q ; integral operator on L^(R''‘, d^) 0 di'); 

• ^(4) admits continuous ±-boundary values p±(4) on ] - ^ 


• uniformly in (s, s') e R'*' x R"*" and for any compact K such that ±q € Int(.S'), there exist a constant Ck > 0 
such that 


1 + 141 


\\y{a I 5,/)|| < 


on 




(4.2.12) 
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there exists /l-independent veetors N^, g € {-q,q} whose entries are funetions in (L^ n L“)(R''‘,d5) and an 
integral operator j}:eg(/l) on di) 0 di) sueh that 


A-b 


X(A) = /2 ® id + In [w(/l)] • ® + A^reg(^) where w{A) = — 


A - a 


The integral kernel j}:eg(/l | 5 , 5 ') satisfies the bound 

I ^')|| < + 1)(/ + 1) 

for some open neighbourhood 17^ of ^ € {-q,q}. 


uniformly in A e and {s, s') € 


(4.2.13) 


(4.2.14) 


the ± boundary values satisfy x+W ' G^(A) = X-i'^) where the jump matrix eorresponds to the matrix 
operator on L^(]R'^, d^) © L^(]R'^, di) : 


GJA) = 


id - F(A) ■ mi(A) ® ki{A) F(A) . mi(A) ® K 2 {A) 
-F(A) e-^’‘PG) . ^ 2 ( 4 ) ® Ki(A) id + F(A) ■ m2(A) ® K2(A) 


(4.2.15) 


Proposition 4.2.3 The Riemann—Hilbert problem for ;y admits, at most, a unique solution. Furthermore, there 
exists d > 0 and small enough such that for any t such that |3(f)| < 6 and det [id + 0, this unique solution 

exists and takes the explicit form 


X(A) ^ / 2 ®id- 


I 


Pr(ju) ® [&l(f)) 
p - A 


■dp 


and X~^('^) - /2®id + J' 


i,R{p) ® [Pl(f)) 
p - A 


■dp (4.2.16) 


where Fr{A) and Fr{A) correspond to the solutions to the below linear integral equations 

q q 

Pr(A) + J W,.,(ju,A)^pR(ju)^dp = Pr(A) and P^A) + J WMp)^pL(p)^dp = Pr(A) . (4.2.17) 


-q -q 

Reciprocally, the solutions pR/tid) can be constructed in terms ofx as 

pRib) ^xiF)-pRiM) and [Pl{m)) = {PtiM)) with p€]a;b[. (4.2.18) 

The proof is elose in spirit to the matrix Riemann-Hilbert problem ease, although some additional eare is 
needed due to the handling of operators. I refer for more details to the proof given in [All] after the statement of 
Proposition 2.1. 


4.2.3 Auxiliary operator-valued scalar Riemann-Hilbert problems 

I now present a way of solving the operator valued sealar Riemann-Hilbert problems that arise when implementing 
the first step of the non-linear steepest deseent method. Let 

ti( 4) - and T 2 (A) - F(A) . (4.2.19) 

The Riemann-Hilbert problem for ySyt = id - 1 - Pk with k = 1,2 reads: 
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Pk{^) is a holomorphic in 2 € C \ {-q ; q\ integral operator on d^); 

Pk{^) admits continuous ±-boundary values on ] - ^ 


uniformly in ( 5 , 5 ') e 
such that 


I"'' X R'^ and for any compact K such that ±q € Int(^), there exist a constant C > 0 


C 


for €\K. 


(4.2.20) 


There exists a function e {U n L°°)(R'^, d^) and a neighbourhood f/^- of ^ € {-q, q] such that for A e 
/3kiA) = [w(T)]“fo^^ • n^;^. ®/fiCf) + with VkQi) = ^ln[l + T^0u)] (4.2.21) 


where w{A) is as given in (14.2.131) while, for any A € U^, 

I 5,/)| < + 1)(/+ 1) for some C>0. 

the boundary values satisfy J3k-+(A) ■ (id + Tk(A) ■ mk(A) ® Kk{A)^ = Pt-iA). 


(4.2.22) 


Proposition 4.2.4 There exists d > 0 small enough such that the Riemann—Hilbert problem for fk admits a unique 
solution provided that 1 + Tk(A) 0 on [-q ; q\ and |3(t)| < 5. Furthermore, the solution exists as soon as 

|3(t)| < d and A&tY{[-q-^q\)[vA + Flkp + 0 (4.2.23) 

where the integral kernel Ukj(A,p) of the integral operator Fltt acting on lf{Y{[-q ; g])) reads 

-I ^ 

ak{A) ■ a,^(p + iekclt) 


Ukj{A,p) = -t— 


lin ■ [t{p - T) + iekc] 


with ak{A) - exp { I • dp 

p - A 


(4.2.24) 


-9 


Vk as in (14.2.211) and €k as in (14.2.91) . The solution fk ccm be represented as 
q 

pk{X) = id - J 

-q 


Tkip) PkiF) ® Kkip) dp 
p — A Im 


(4.2.25) 


Above Pk{A) denotes the function (pPA))(s) - pk(A; s) which is defined as the unique solution to the linear integral 
equation 


(id + T<t,t)[pk{*\sy\{A) = atA^) ^ 


dp 

ak(p) -ip-A) lin 


(4.2.26) 


r([-?;9]) 


There * denotes the variable on which the integral operator acts. The integral kernel Kk fiA, p) of the integral 
operator 'Kk-t on A{{—q ; qf) driving this linear integral equation reads 

atA^) ■ A^^ + Aclf) 


(4.2.27) 
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4.2.4 First transformation of the Riemann-Hilbert problem 

The jump matrix admits a factorisation 


G, 


/ 0 \ 


/3l;_(d) 0 

0 jS2;-(d) 


in terms of matrices M- 


m- 


M^{A) = 


id 


0 


id 


and Mi{A) = 


id 0 
id 


(4.2.28) 


(4.2.29) 


Their definition builds on the two operators 


F{A) , F{A) 

= 1 ' \/ iW-»»i(T)®^ 2 ( 4 )-/ 32 kd) and Q{A) = - 

1 + F{A) 1 + F{A) 


v62(4)-»i2(4)®^i(T)-y6rkd). 

(4.2.30) 


Note that the operators P and Q can be recast as 

P{A) = • 012 ( 4 ) and Q{A) = 2ie‘^’'(^) sin [ 7 rv( 4 )]a^( 4 ) • 02 i( 4 ) 

a^(A) 

where 0(4) is the integral operator on L^(R‘'', d^) 0 L^(]R’*‘, d^) defined as 


0(4) 


/3i(4) • /ni(T)®^i(4) •;S7i(4) a\A)/3i(A) • m,{A) ® K 2 {A) ■ I3-\A) \ 

a-\A)/32(A) ■ m2(4) ® ^i(T) ■/3-\A) /32(4) • m2(4) ® K2{A) ■ p-^A) ] ' 


(4.2.31) 


(4.2.32) 


Even though the individual operators appearing in the above matrix elements have cuts, the operator 0(4), taken 
as a whole, is regular. More precisely, one has the 


Lemma 4.2.1 There exists an open neighbourhood V of the segment [—q ; q\ such that the integral operator 0(A) 
on d^) 0 L^(9f, d^) defined in (14.2.321) is holomorphic on V. 


To implement the first step of the non-linear steepest descent, one defines the matrix Y and the contour Ex 
according to Fig. 14. II where 


5(4) - M • 


/?r'(4) 


0 


/ 32 '( 4 ) 


(4.2.33) 


Y(/l) = /2 ® id -I- Y(/l) solves the Riemann-Hilbert problem: 

• Y(/l) is a holomorphic in 4 € C \ Ex integral operator on L^(R'*, d^) 0 L^(R'*', d^); 

• Y(/l) admits continuous ±-boundary values Y+(/l) on Ex \ {-< 7 , ^|; 

• uniformly in (s, s') e R"*" x and for any compact K such that ±<7 € Int(A'), there exist a constant C > 0 
such that 


C 

1 + 141 


• e * 


(s+s') 


|T(4U,/)| < 


for C\K . 


(4.2.34) 
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there exists an open neighbourhood 17^ of ^ e {-q, q), vector valued functions as well as functions nt-f 
k - 1,2, all belonging to (L^ n d^) such that, for A e Hjjj one has T(/l) = Th,i,{A) where 

rHnM) = (^2® id + ln[w(d)]-i^^®(^L(«-)f + 

id + ® 0 'j 

0 id + [>v(/l)]'’^*^"*^n2;5-® J 


X 


w{A) is as defined in (I4.2.13I) . and ^ (d), resp. is an integral operator on d^) 0L^(R''‘, d^), resp. 


L^(K.’^, di), such that for any A eUg 
||^\/l I 5,/)|| < Ce“4(-*+'* )(i'+i)(5' + i) resp. 
for some constant C > 0. Furthermore, one has that 

id 

0 


|4^^(dU,5')| < Ce-?("+"'\5+l)(/ + l) (4.2.35) 

where d —> $• € {-q, q) with d € [/^ n /// 

where A^ge{-q,q} with d € €//// 

where Preg(d) and Qi-ggCd) are integral operators on L^(R''', d^) such that, 

|^reg(dU,/)| < Ce~3i"+"'\5+l)(/ + l) and l^regCd U, ^')| < Ce“5i"+"'\5+l)(/ + l) (4.2.36) 
for some constant C > 0 and any A e Ug. 

the boundary values satisfy T+(d) • Gr(A) - T_(d) where the jump matrix reads 


T(d) 

= 

/ id [w(d)] 
1 0 

Y(d) 

= 

( [>v(d)]^''(''). 


:-regv 


Gr(A) = Mj(A) for d e F^ and Gr(A) = MT^A) for d € F^ . 


(4.2.37) 


This Riemann-Hilbert problem is uniquely solvable and hence, its solution is in one-to-one correspondence 
with the one to the Riemann-Hilbert problem for;\^. The fact that the operators FregW and Q^ggiA) satisfy (14.2.361) 
follows from (14.2.311) . Lemma 14.2.1 1 as well as from the local behaviour of a around A = q e {-q,q}. Finally, the 
local behaviour of T around q e {-q, qj is inferred from the one of;^, c.f. Fig. 14.11 


4.2.5 The parametrix around -q 

The local parametrix = id -t on a small disk D-q^s dU o^ radius 6 and centred at -q, is an exact solution 
of the Riemann-Hilbert problem: 

• 'P-q{A) is a holomorphic in d € iA-q^s \ {rt U Fj^) integral operator on L^(R'^, d^) 0 L^(R‘'', d^); 

• P-q{A) admits continuous +-boundary values (!P_^)^(d) on {F-i- U Fj^ \ {-^)) n D-q^g', 

• P-q{A) has the same singular structure as T around d = -q; 
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Figure 4.1: Contours F-|- and F i associated with the RHP for T. The second figure depicts how p maps the contours 
Fj^ and F-i-. 


• uniformly in {s, s') € R"*” x R"'' and A € dD-q^s, one has 




< 


C 




for some 


C > 0 ; 


(4.2.38) 


I P-q-AX) • M^{A) - P-qA^) for d € Ft n n-q,S, 

* I 'P.qAX) ■ Ml\A) - r-qAX) for d € Ft n 

Here e-q = 2 sup |)R(y(d))| < 1. The canonically oriented contour dG-q^s is depicted in Fig. 14.21 

AedD-q^5 



Figure 4.2: Contours in the RHP for P-q. 
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Let ^-q{X) - x(p(A) - p{-q)) and set 

r.q{A) = • L_,(d) • . e^ + I 

Above, T-^(d) denotes the matrix integral operator 

^{-v{A),l--i^-q{A))-On{X) 


id-Oii(d) 0 

0 id — 022 (A) 


(4.2.39) 


^-,(4) = 


i^i2(4) • ¥(1 + y(A), l;i^-q(A)) ■ OniA)] 

i&2i(4) • ^(1 - y(A), 1; -i^-,(4)) • 02i(4) 'P(y(i), 1; i^-,(4)) • 022 (A) I ’ ^ ^ 




with 


^ 12 ( 4 ) ^ -i- 


sin [ny(A)] ■ r^(l + y(/i)) 


^21 (4) = -i- 


Tra^ g(4). [x(p(q) - p(A))\ 
(A) ■ [x(p(q) - p(A))] 


2v(A) 

2v(i) 


Jxp{-q) 


-ixpi-q) 


(4.2.41) 


(4.2.42) 


sin [n'y(/l)] • r2(y(/l)) 

In (14.2.401) . 'F(a, c; z) denotes the Tricomi confluent hypergeometric function (CHF) of the second kind (see equa¬ 
tions (IA.2.3I) - (IA.2.4I) of the appendix) with the convention of choosing the cut along R“. Note that this choice for 
the cut of implies the use of the principal branch of the logarithm: -n < arg(z) < n. Also, the definition of bn 
and ^21 makes use of a^g the regular part of a 

P'(P) 


Q:reg(4) = exp 




p- A p(p) - p(A) 


]-Ap 


(4.2.43) 


which is a holomorphic function on U. Finally, the expression for the piecewise holomorphic constant matrix 
L-q(A) depends on the region of the complex plane. Namely, 


L-q(A) = 


I 2 ® id 
id 0 

0 e-2'^42) . 

g-2i;ry(2) . q 

0 id 


-7t/2 < arg[p(d) - p(-q)] < njl, 
nil < wg[p(A) - p(-q)\ < n, 

-n < wg[p(A) - p(-q)\ < -nil. 


(4.2.44) 


The fact that V-q proposed in (14.2.391) is indeed a solution to the Riemann-Hilbert problem around -q can be 
checked by using standard properties of the confluent hypergeometric function along with the relation 

Ofl(A) • Oik(A) = Ojk(A) . (4.2.45) 

The parametrix Pq around q is constructed in a very similar way. 

4.2.6 A determinant identity and asymptotics 

In order to finish with the non-linear steepest descent, it is enough to carry out the last transformation towards the 
integral operator n(/l) = id ® /2 - 1 - n(/l) defined according to 

r(A)-p-\A) for fie 2)^,5, 
n(fi) = r(A)-p-_\(A) forfie£)_^, 5 , 

Y(fi) for fi e C \ [D-q^s U - 


(4.2.46) 
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En = U r;. U dD-q^s U dDq^s 


Figure 4.3: Contour En appearing in the RHP for H. 


n = /2 ® id + n satisfies the Riemann-Hilbert problem : 

• n(/l) is a holomorphic in d e C \ En integral operator on d^) 0 d^); 

• n(/l) admits continuous ±-boundary values (n)^(/l) on En; 

• uniformly in {s, s') e R."^ x R’*' and for any compact K such that En c Int(A'), one has 

for some C > 0 , any A e C\K 

||n(i U, /)|| < _ . ^ ^ 2 sup |?IW«)| < 1 ; W 2 

Aed!D±ii_f 


• n+(d) • Gn(d) = n_(d) 


where 


Gn(d) - 


' M^{A) for d e r:j, ; 

- M-i(d) for d€r^ ; 

'Pq{A) for d e with g e{ - q,q\ . 


The Riemann-Hilbert problem for H is already in good form so as to solve it through a Neumann series 
expansion of the matrix and operator valued singular integral equation that is equivalent to this Riemann-Hilbert 
problem GTlI . 

Proposition 4.2.5 The solution to the Riemann-Hilbert problem for H exists and is unique, provided that x is 
large enough and |3(t)| < S, with d > 0 but small enough. 

In order to establish the large-x asymptotic expansion of det [id + as given by Theorem 14.0.11 it enough 
to trace back the transformations described above, express x in terms of H and insert these expressions in the 
differential identity provided by the below lemma, what allows for its asymptotic evaluation in x 
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Lemma 4.2.2 The following holds 

In det [id + ^ ^ y ■ ir[dyx(y) ■ ^ ■ X~^(y)] ■ ^ where cr^ = | ^ j (4.2.48) 

r( [-</;</]) 

and 5 is the operator of multiplication by s, viz- (s • f){s) = sf{s). Note that tr appearing above refers to the 
matrix and operator trace. 

The proof and the details of the asymptotie in .r integration of the resulting formula ean be found in Seetion 5 
of [All]. 

Conclusion 

The present ehapter reviewed the progress 1 aehieved in respeet to understanding Fredholm determinants of so- 
ealled c-shifted integrable integral operators. This progress eonsists in setting a faetorisation method on the one 
hand and pushing the theory of operator valued Riemann-Hilbert problems and their non-linear steepest deseent 
analysis on the other one. However, in order to be able to earry out the asymptotie analysis of the "diffuse" 
eorrelation funetion sueh as the emptiness formation probability, one needs to push the teehnique mueh farther. 
In partieular, it is neeessary to develop a non-linear steepest deseent analysis of the eritieal c-shifted integrable 
integral operators sueh as 
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Chapter 5 

The form factor approach to the asymptotic 
behaviour of correlation functions in massless 
models 


I have described, so far, methods allowing one to study the large-distance and long-time asymptotic behaviour of 
correlation functions that were based on the existence of specific series of multiple integral representations for 
these quantities. Although these representations arise quite naturally in quantum integrable systems, they are not 
very natural from the point of view of the tools used in theoretical physics. In fact, form factor expansions are 
the most widely used objects due to their close connection with a model’s spectrum. Hence, in order to extend 
the method of asymptotic analysis to a wider class of models, and also so as to gain a deeper physical insight into 
the structure of the large-distance and/or long-time asymptotic behaviour, it is important to be able to extract the 
asymptotic behaviour of a correlation function by carrying out all the analysis solely on the level of its form factor 
expansion. 

In the present chapter, I will develop the form factor based approach to the large-distance and long-time 
asymptotic behaviour of two and multi-point correlation functions. The method is not rigorous but very easy to 
implement. Furthermore, it works, under reasonable hypothesis on the structure of the model, for a large class 
of one-dimensional quantum models belonging to the Luttinger liquid universality class. On top of providing an 
efficient way for computing the time and space asymptotic expansion of correlation functions it also allows one 
to characterise the singular structure of the response functions in the vicinity of the particle or hole excitation 
thresholds. In fact, the form factor approach that I will describe allows one to go much farther then that: it 
provides one with a microscopic justification, namely one that is carried out directly on the level of a model at 
finite L where no heurtistic approximation by a field theory has been made, of an effective description of the 
large-distance regime of correlation functions by a free boson c = I conformal field theory. 

The method is based on an astonishing decomposition of the function z i-> (1 - z)~^ and generalisations 
thereof, see (15.1.11I) - (I5.1.121) . Within the context of quantum integrable models, in collaboration with Maillet 
and Slavnov [A27], I discovered the identity in the context of studying the large-distance asymptotic behaviour 
of the density-density correlation functions in the Bose gas at low-temperatures. Its use has been subsequently 
systematised and improved in the series of works which were carried out in collaboration with Kitanine, Maillet, 
Slavnov and Terras [A16, A17] and then with Kitanine, Maillet, Slavnov and Terras [A15]. The elucidation of the 
mechanism which gives rise to an effective description by a conformal field theory was obtained in a joint work 
with Maillet [A 14]. Therefore this last work, although based on formal manipulations, constitutes an important 
step in understanding the emergence of universality in one-dimensional massless quantum models. 
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This chapter is organised as follows. In Section I5.1[ I will describe the main ideas of the method on the 
example of the equal-time reduced density matrix in the non-linear Schrodinger model. I will also describe the 
various other types of expansions that can be obtained by the method. In Section 15.21 I will provide a general 
microscopic setting, generalising the one provided by the Bethe Ansatz, which allows one to handle the large- 
distance or time asymptotic behaviour of correlation function in any model where such a behaviour holds. I 
will then explain, within such a microscopic setting, the mechanism at the root of an effective description by a 
conformal field fheory. 


5.1 A form factor approach to the asymptotics 

5.1.1 Large-distance behaviour of the reduced density matrix 

Recall fhe form factor expansion of fhe zero-femperafure reduced densify mafrix 


Pn{x, 0) 


< iPi {Agf, ) mx, 0)Ot(0,0)1 )) 

ll«A({^)f)lP 


Z 

4eZ 






(5.1.1) 


where • • •,f’v+i) and 




ii<A(Kir')ip-ii<A(u«)f)ip 


(5.1.2) 


The excifafion momenfum "Pex is as defined by (12.3.201) . By faking fhe sum of fhe logarifhmic Befhe equafions af 
zero fwist (12.3.21) for fhe ground sfafe and fhose describing an excifed sfafe paramefrised in ferms of fhe parficle- 
hole infegers (12.3.41) . one recasts the excitation momentum as 


^TT 


(5.1.3) 


a=l 


It was shown in Chapter|2]that the conjugated field operator’s form facfors involving fhe excited slates paramefrised 
by fhe infegers defined as in (12.3.41) admits the large-L asymptotic behaviour 




1 


iSilMpJAMhJ) 


■ {PhJ I {PaY, {ha}) ■ (l + 0(^)) 


(5.1.4) 


where {/UhJ \ {pa), {ha)) is a finite amplitude that depends smoothly on the rapidities of the particles and 

holes which are defined in ferms of fhe asymplofic counting function = ^“^(a/L). For a generic excifed sfafe, 
fhe amplilude has, as well, an explicil dependence on fhe parlicle-hole infegers. Disregarding fhe corrections in 
fhe volume, fhe form factor expansion can be recast as 


Pn{x, 0) 


v+i 

Z Z Z 

n=0 Pl<-<Pn hi<-<h„ 

P„eZ\|[1;V+1 3/!„€[!; V+11 


3=1 ' 

l,S{{pp„)-,{pha)) 


• I {pa]',{ha}) ■ 


(5.1.5) 


One is interested in extracting the large-L and large-x behaviour of the sum, this in the limit where x/L <s 1. I will 
now argue that, in this limit, the sum localises around the critical { class, c.f. Subsection 12.3.21 For this purpose. 
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it is useful to make an analogy with an oscillating integral. Suppose that one is interested in the large-.r behaviour 
of the integral 

n 

In(x) - J jd>,„ /({jUpJ; M n , (5.1.6) 

where {f^hj) is a holomorphic function in a neighbourhood of R^" with a sufficiently fast decay at oo 

while vQj.) is holomorphic in a neighbourhood of R and such that > 0. The large-.r behaviour of such integrals 
can be extracted by deforming the integration contours into the complex plane. Such a deformation leads to the 
conclusion that all parts of the integration contours produce exponentially small corrections with the exception 
of an immediate vicinity of the endpoints ±q. As a consequence, the large-x asymptotic analysis reduces to an 
evaluation of the integral in a small vicinity of the endpoints. Furthermore, in first approximation, the function 
fdfipj-, {fihj) can be replaced by the value it takes on the endpoints of interest. In the case where {^hj) 

has integrable singularities at ±q, for example 

= (q- MiY* ■ (A/ll + qY^ ■ /reg({//pj; imj ). (5.1.7) 

with /reg smooth on R, then, when carrying out the asymptotic analysis in the vicinities of ±q, one has to keep 
the singular factors (q + jihiY* as they are, but, in what concerns the leading order, can replace the regular part 
/reg((//p^l; {///!„)) by its value at the endpoints of interest. 

By analogy with the case of multiple integrals one may expect that, since the oscillatory factor has no saddle- 
point, the sum (15.1.51) will localise around the boundaries of summation for the integers pa and ha- This corre¬ 
sponds, in the rapidity picture, to a localisation on one of the two endpoints of the Fermi zone. In other words, 
the sum will localise on the critical excited states that were discussed in Chapter |2l Section l2.3.21 The part of the 
amplitude ^{{ppd', {l^h„] I {PaV, {ha)) smoothly depending on the rapidities plays the role of the regular part /reg in 
the multiple integrals (15.1.61) . Thus replacing {ppd and {phY by their values in a given critical { class: 

mPpX{PhY\{Pay,{ha]) Al({^r?U{-^rP;{^r/tu{-</i \{pa-,±y,{ha-,±)) ^ ^''H{Pa;±y{K-,±]) (5.1.8) 

should not change the leading large-x asymptotic behaviour of the form factor series The remaining coefficient 
^^^\{Pa-,±y{ha\±y) depends explicitly on i and on the quantum numbers {pd and {ha}. It plays an analogous 
role to the singular factors {q + p}^ in the integral (15.1.61) since, for large L, it varies quickly in the vicinity of 
the Fermi boundaries. This means that, upon localising the sum to a given £ critical class, one should sum up 
£^^^\{Pa\±y, {ha-,±\) over all the excited states (namely over all the possible numbers {pa) , {ha}), while keeping L 
large but finite. The limit L —> -i-oo should only be taken at the very end of the calculations. 

Note that, one can, on the same basis, replace the critical exponent governing the power-law decay of the form 
factors as 

ddPpX{PhY) e{{q}Y u {-q}"'’-,{q}< u ^ (g^ + if + (g- + if . (5.1.9) 

The expressions for the factor £R^^\{pa-,±y, {ha-,±}) and for the exponents 3r* have been already given in Corol¬ 
lary 12.3.31 equation (12.3.741) . Inserting the expression for the excitation momentum (I5.2.I7I) . carrying out the 
replacements issuing from a localisation on the Fermi boundaries, and, finally, taking the partial thermodynamic 
limit based on limi^+oo (N/L) = Inpf, with pp being the Fermi momentum expressed in terms of the dressed 
momentum as pp = p{q), one gets that 


p{x, 0) 


lim 

L—»+oo 


Z' 


.litpF _ 


G\\ + ^e) • G\\ - g-) 

^ • Gdl - £ - g,-) 




linr' 
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(5.1.10) 


The coefficients g* are as defined in (12.3.701) . the properly normalised in the volume thermodynamic limit of form 
factors |;Ff(d>^)p appears in (12.3.741) while \ z) stands for the infinite sum 




z z z nIRK- 

np-ni,=l Pl<'"<Pnp a=\ a=\ 


SlUTTV 


n 


Ini, 


X 


np 

n 

a>b 


rih 


YliPa-PbF UiK-hr np ni, ^^2 


a>b 


np Hh 

t\ YliPa + hb - «=1 

a=\ b=\ 


ni^e^ini 


T\ha - y) 
TKha) 


. (5.1.11) 


The multiple sum is convergent inside of the unit disk |z| < 1, this uniformly in v belonging to compact subsets of 
C. Hence, the functions present in (15.1.141) should be understood in the sense of boundary valued. Although, 
at first sight, it looks that there is little hope of recasting \ z) into a simpler form, quite surprisingly, it can 
actually be computed in closed form. When £ = 0, the multiple summation arose for the first time in the context 
of studying certain probability measures on Young diagrams 112031130011 and was computed in closed form. In the 
context of quantum integrable models, the multiple sum \ z) appeared, for the first time, in the paper [A27] 
where I studied, with Maillet and Slavnov, the low-temperature limit of the large-distance asymptotic expansion 
of the density-density correlation function in the non-linear Schrddinger model. At the time, we were unaware of 
the results of 112031130011 and found an independent proof thereof in [A 17]. The proof allowed us to deal with the 
case of V € Z and general £. Also, in that paper, we argued the closed form for ^f(v | z), for any v, on the basis 
of a determinant identity due to Widom 113631 . However, the argument relied on certain formal manipulations and 
was thus not rigorous. In fact, the closed expression for I z) can also be established as a summation formula 
for certain Schur functions, see e.g. [4]. The result is, in fact, particularly simple, namely 


I z) 


z^^ gHi +£ + v) 
(1 _ ^)(y+e)^ g 2(1 -r y) 


(5.1.12) 


The closed form expression for then recasts the reduced density matrix as 


p(x,0) ~ y e2‘^P"|rr(a)^)p- lim 

' ' L—y+oo 


beZ 


L(1 - 




L(1 -e-2‘^i) 




(5.1.13) 


The main point of the above resummed formula is that one can take readily the large-L limit. This then leads to 
the large-x asymptotic expansion for the reduced density matrix 


p(x,0) ~ ^e^* 


ycpf _ 




teZ 


( - 2i7rx)(®^^) • 


( 1 + 0 ( 1 )). 


(5.1.14) 


The above series provides one with the leading large-x asymptotic behaviour of each oscillating harmonics that is 
present in the large-x asymptotic expansion of the reduced density matrix. Even though this expansion has been 
obtained on a quite heuristic basis, the simplicity of the intermediate reasonings and calculations is more than 


^This is, in fact, consistent with the definition of correlation functions as boundary values of the time-dependent functions when the 
time t 6 H+ approaches t 6 R. 
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appealing. Note also that per se, the method only allows one to argue that the remainders associated with each 
oscillating harmonic are a o(l). However, on the basis of the results presented in Chapter [3l one can affirm that 
these are, in fact, a 0 (lnx/x). 

On top of its simplicity, the method of asymptotic analysis of the form factor expansion can be generalised so 
as to encompass the case of the large-distance and long-time asymptotic behaviour of two-point functions, extract 
the critical behaviour of the spectral functions on the particle-hole excitation tresholds or, even, treat the case of 
the large-distance asymptotic behaviour of multi-point correlations. I shall describe the results one obtains for the 
first two generalisations on the example of the time-dependent reduced density matrix and its Fourier transform. 
To finish fhe discussion, I sfress fhaf even fhough I have only deal! wifh fhe case of fhe reduced densify mafrix, fhe 
mefhod is very general and applies fo many ofher correlation functions. 


The large-distance and long-time asymptotic behaviour 

The long-distance and large-time asymptotic behaviour corresponds to sending {x, t) —> oo with a prescribed value 
for the ratio xjt. The asymptotic expansions given below is ejected to be uniform in the whole region |x/t| vp- 
As already discussed in Chapter [3l there will be essentialljlH two regions for these asymptotics: the space-like 
region |x/t| > vp, and the time-like region |x/t| < vp. I remind that once that the value of the ratio xjt becomes 
fixed, by hypothesis, there exists a unique saddle-point Tq of the plane-wave combination 

u(A) = p{A)-tE(A)lx . (5.1.15) 

The space-like regime corresponds to |/io| > q and the time-like regime to |/lo| < q . 

In order to describe the asymptotic expansion, it appears convenient to use 17 already introduced in (13.1.81) 

q=l in the space - like regime q =-I in the time - like regime (5.1.16) 

since then one is able to treat both regimes in a rather uniform way. 

I still need to introduce compact notations for the critical exponents associated with the right and left Fermi 
boundaries. 

+ + and =[F^^;^_(-<?)-^_]^ (5.1.17) 

where the shift function associated with these excitations reads 

+ (f>{io,q))- e+(f>{a),q) - ^_0(a;,-^) -I- {£+ + £-) (pioj, Ao) . (5.1.18) 

The asymptotic behaviour of the reduced density matrix takes the form 


pix,t) ~ 

(+;i-eZ 


,!£±j±J 

(27r) 2 


{p'iW 


0(1-1- |f’+ +i-\) \ -linqlxp" (Aq) - te" (Tq) ] 


2 


X 




.(-) 


{-lm{x - vpt)\^- ■ [ 2 i 7 r(x - 1 - vpty\ ‘+-‘- 


(l+o(l)). (5.1.19) 


Similarly to the long-distance regime, the amplitudes correspond to the thermodynamic limit of 

properly normalised in L form factors of the conjugated field operator. More precisely, let be an excited 

state such that 


^One also expects the emergence of a third region enjoying its own regime and corresponding to \xlt\ = Vp. The extraction of the 
associated asymptotic behaviour goes, however, beyond the applicability of the method. 
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• for > 0 (resp. €j, < 0) there are |f’+| particles (resp. holes) on the right Fermi boundary. The integers 

characterising their position are given by + 1 + a, (resp. ha - N + 2 - a) with a = 1,..., \i+\', 

• for ^_ > 0 (resp. £- < 0) there are |^_| particles (resp. holes) on the left Fermi boundary. The integers 
characterising their position are given by = 1 - a (resp. ha = a) with a = 1,..., 

• for i+ + i- <0 (resp. -\-1- > 0) there are \i+ + C-\ particles (resp. holes) whose rapidity goes to Aq in 

the thermodynamic limit. Their associated integers are given by p^ = + a (resp. ha = mi + a) with 

a = . ,\i+ + i-\ and mi is any sequence suctHl that 

hm tHt) - ^0 • 

L—»+oo ^ L ' 


The amplitudes |lFf^/_(<l>^)p is then defined as 


<^({p4}f+i)|Ot(0,0)|^({T,}f)) 




(5.1.20) 


I stress that the shift function (15.1.181) entering in the definition of the critical exponents on the right/left 
Fermi boundaries (15.1.171) arising in (15.1.191) is precisely the one associated with the excited state entering in the 
definition of the properly normalised form factor (15.1.201) . 


The critical behaviour of the spectral function 

I will now shortly describe the asymptotic behaviour of the zero-temperature spectral function in the vicinity of the 
particle and hole excitation spectra. I remind that this quantity is defined as fhe space and time Fourier fransform 
of fhe fime ordered reduced densify mafrix and can be presenfecji] as 

A{k,a)) = J e'^'^'“* *^^{<(l)^(-x,-0d)(0,0)> + <O(x,0O^(0,0)>)dxdt. (5.1.21) 

R2 


In physical terms, fhe specfral function measures fhe response of fhe model’s ground slate lo fhe addition of an 
excifafion wilh momenlum k and energy oj. 

By symmelry, if is enough fo focus on fhe behaviour of fhe specfral function in fhe firsl quarler of fhe {k, co) 
plane: A: > 0, a> > 0. The behaviour of fhe specfral funcfion al generic values of fhe energy and momenlum is 
proper lo each model and hard lo characterise in any manageable way, even for quanlum inlegrable models. For 
fhe laller case, however, one can sludy Ihis observable and ils analogues on a numerical basis quile effeclively 
II^IMUTOUtTI . Yel, as if has been argued in fhe inlroducfion, fhis observable exhibils a universal behaviour in 
fhe vicinily of fhe parlicle-hole excifafion Ihresholds. The argumenls in favour of universalify, af leasl in fhe case 
of fhe Luffinger liquid universalify class, have been advanced in 11153111541127011271112721 . 

T remind that ^ stands for the thermodynamic limit of the counting function, c.f. ( 12.3.15b . 

*Due to the form of the large (x, t) asymptotic expansion of the reduced density matrix, the double integral should be understood in the 
sense of an oscillatory integral. 
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Behaviour on the hole tresholds 


In this paragraph /Iq stands to the rapidity of a hole located at a finite distance from the endpoints ±q of the Fermi 
zone. In other words, there exists a d' > 0 such that do € [-q + d'; ^ - d']. 

Let the frequency and momentum (m, k) be parametrised as 

o) =-£{Ao) + 6co and k-pf-p{Ao) . (5.1.22) 


k coincides with the momentum of an excited state consisting of a hole with rapidity do and of a particle on the 
right edge q of the Fermi zone. The frequency o) is however slightly detuned in respect to the energy -e(do) 
carried by such an excited state. 

When dm —> 0, the spectral function admits the below behaviour 


A{k, oj) - 


lr(dm)|ri,o(d>^)f 


2n' 




+ v)^i;0 


dmV 

2 ^/ 






(l + 0(dmln(dm))) 


(5.1.23) 


I remind that 1^ stands for the indicator function of the set A. The asymptotic expansion is obtained on the basis 
of formal arguments. In particular, the O does not indicate a rigorous control on the remainder, but rather a formal 
one based on algebraic manipulations. The presence of logarithms in the remainder is reminiscent of exactly 
the same effect that gives rise to (lnx)/x corrections in the large-distance asymptotic behaviour of correlation 
functions in quantum integrable models as discussed in Chapter [3l 


Behaviour on the particle tresholds 


I now discuss the behaviour of the spectral function in the neighbourhood of the particle threshold. In this context, 
do will correspond to the rapidity of a particle located at a finite distance from the right endpoint q of the Fermi 
zone, namely Aq ^[q + 6' -i-oo[ for some 5' > 0. 

In the present case, it is convenient to parametrise the frequency and momentum (m, k) as 

m = £{Ao) + Soj and k - p{Ao) - Pf , (5.1.24) 

with 6aj small. In other words, in the present case, k coincides with the momentum of an excited state built up 
from a hole located on the right Fermi boundary q and a particle having the rapidity do. The frequency o) is, again, 
slightly detuned from the energy £ (do) of this excitation. 

In such a situation, the spectral function admits the below behaviour in the dm —> 0 limit 


A{k,aj) = f(i - 


lR+(dm) sin[7rAij^.Q] -i- lR+(-dm) sin [ttA^^jo] 


(+) 


2n'^ ■ (V^ - V)^-1:0 (V^ -I- v)^-‘:0 


X |r-i,o(Ol^)|' 


5(1) 


In 


d+) ^a(-) 


(l-t 0(dmln(dm))) . (5.1.25) 


Here, again, one expects on the basis of algebraic handlings that the corrections to the main asymptotics should 
go like 5(1) ■ In(dm). 


The critical behaviour of the so-called density structure factor, which corresponds to the space and time Fourier 
transforms of the density-density correlation function, can be treated as well within the method, see Subsection 
4.2 of [A 16]. I refer to Section 4 of [A 16] where arguments in favour of the critical behaviour (15.1.23I) - (I5.1.251) 
have been developed. 

For both Fourier transforms, the obtained results confirm fhe non-linear Luflinger liquid-based predictions for 
Ihe edge exponenls Ill52[|154ll271ll and for fhe ampliludes Il320ll . 
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5.2 A universal microscopic model 

In the present section, I will introduce a general setting, clearly mimicking the one present for quantum integrable 
models. In this description, I follow very closely the presentation given in [A 14]. This setting concerns certain 
general properties of the spectrum, of the states and of the form factors of a given one-dimensional quantum 
Hamiltonian. The matter is that if this setting holds, then one can argue how the c = 1 free boson field theory arises 
as an effective description of the long-distance regime of such a model’s correlation functions. The derivation is 
not rigorous - there is absolutely no control of the remainders and on the exchanges of the summation symbols, 
just as in the method discussed in the previous section of this chapter- but provides a quite nice physical picture 
of the manifestation of universality on the level of the large-distance asymptotics. The setting I describe clearly 
holds for quantum integrable models in one-dimension, see e.g. BSl in what concerns the spectrum part and the 
papers [AS, A6] in what concerns the form factor part. The validity of the picture has been also established, on 
a formal perturbative level, in II321II . This setting should, however, be common to all models belonging to the 
universality class of the Luttinger model, although in my present understanding of the situation, it is not clear to 
me how to argue, without even mentioning to prove, the validity of the picture. 

5.2.1 General hypothesis on the spectrum 

Below corresponds to a one-dimensional quantum Hamiltonian representing a physical system 'm finite volume 
L. Just as in the introduction, the volume L represents the number of sites in the case of a lattice model or the 
overall volume of the occupied space in the case of a model already formulated in the continuum. 

I assume that the eigenstates of the Hamiltonian can be organised into sectors with a fixed pseudo-parficle 
number N'. In pracfical sifuafions, fhe integer N' may be relafed fo fhe fofal longifudinal spin of a slate (in Ihe 
case of spin chains wilh fofal longifudinal spin conservalion) or may simply correspond fo fhe number of bare 
particles building up fhe many body eigenslale of (in fhe case of models enjoying a conservation of fhe fofal 
number of bare particles). 

The ground sfale of fhe model | 'Tg;w ) is locafed wifhin fhe secfor wifh N pseudo-particles. This number 
does depend on L and is such fhal, in fhe fhermodynamic limif L -i-oo, one has lim/,_»+oo (NIL) = D > 0. 
Furthermore, faking fhe fhermodynamic limif reslricls fhe space of slates fo fhe sector corresponding to excilalions 
having Si finite, when L -i-oo, energy relatively to fhe ground sfafe. I assume lhaf fhe eigenslales having Ihis 
properly are locafed in sectors wifh N' bare particles where N' is such lhaf fhe difference s - N' -N remains finife 
in fhe fhermodynamic limif. Having in mind fhe spin-chain selling, s will be called fhe spin of fhe excited sfafe. 

I furlher assume lhaf fhe exciled slales are only buill up from parlicle-hole excilalions. From fhe lechnical 
poinl of view, Ihis means lhaf one can label fhe eigenslales, wifhin each sector builf up from N + s quasi-parficles, 
by a sel of integers 



(5.2.1) 


confaining Iwo colleclions of integers which label fhe so-called particle [p^a^}\ and hole [h^a^Yl excilalions. In Ihis 
paramefrisalion, fhe integer n may run Ihrough 0,\,.. .N + s while : 


< • • • < and < • • • < wilh 



The precise values of fhe integers defining fhe range of fhe p^’s vary from one model fo anolher. Typically 
for models having no upper bound on Iheir energy, one has = -i-cxj while for model having an upper bound, 
are bolh finite bul such lhaf - N, a = 1,2, bolh go to -i-cxj sufiicienfly fasl wilh L. 
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This assumption allows one to denote the eigenstates of the model as 1 ). Such eigenstate correspond to 
the so-called microscopic description of the model, namely a complete parametrisation of the space of states in 
terms of discrete integers. 

From the point of view of the physics of a model, it is however the macroscopic description that is pertinent 
for describing the thermodynamic limit of the observables in the model. In the present setting, the macroscopic 
description arises by means of the so-called counting function associated with each given excited state | ). 

n 

More precisely, the particle, resp. the hole, excitations are described by a set of rapidities resp. 

corresponding to the unique solutions to 


(.«) 


and 


(^) 


7 I 


(5.2.3) 


The counting function does depend, a priori on the set of integers labelling the excited state | ). Therefore, 

the system of equations (15.2.31) is, in fact, extremely involved. This very characterisation also depends on the 
hypothesis that the counting function is strictly increasing on R, this irrespectively of the excited state | ) to 

which it is attached. 

In the following, I will build on the assumption that any counting function admits, in the L -i-cx3 limit, 

n 

the asymptotic expansion 

?^d,(m) - aco) + + O(^) . (5.2.4) 

This asymptotic expansion involves three "macroscopic" functions. 


The function ^ is the asymptotic counting function. It is the same for all excited states and assumed to be 
strictly increasing. This function defines a set of "macroscopic" rapidities {pa) 


^(Ma) - - . 


(5.2.5) 


These macroscopic rapidities provide one with the leading order in L approximation of the rapidities 
andD5<’'i;: 


- //^d) and - //^d) 


(5.2.6) 


• The function stands for the shift function (of the given excited state in respect to the model’s ground 
State). It is a function of the spin s and of the set macroscopic rapidities 


- 










(5.2.7) 


This function measures the small 0(L ^) drift in the position of a rapidity in the Fermi sea under the effect 
of interactions. 


• Finally, the function represents the potential 1/L corrections to the ground state’s counting functions. 

I stress that this way of decomposing the 1 /L corrections to the counting function is such that the ground 

state’s shift function vanishes, i.e. F^m = 0 . 

^0 
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In the large-L limit, the rapidities for the ground state form a dense distribution on the Fermi zone {-q ; q\ 
with a density Each particle or hole excitation with rapidity /r carries a momentum pin) and a energy sip). The 
dressed energy e and dressed momentum p are smooth functions that satisfy to the general properties 


^ ^ ® and £r\[-^ ^ ® • 

The relative momentum and energy of an excited state are expressed in 
as 


(5.2.8) 

terms of the dressed momentum and energy 


A£(4^) 

^ - &{if) 

n 

a=l 

o 

-1- 

(5.2.9) 

mi^n) 

^ - nif) 

n 

= - P^hA 

a=l 

o 

-1- 

(5.2.10) 


Above, = {0;0) refers to the set of integers which parametrises the ground state of the model and 
and are, respectively, the momentum and energy of the state parametrised by the set of integers . The 

superscript {s) in the sets and integers reminds the spin sector s to which the excitation belongs to. 


The operators and their form factors 

The model is assumed to come with a collection of local operators Or- These operators are characterised in terms 
of their form factors and are taken such that they connect only states differing by a fixed value of their spin, namely 


I x) 


^ ^ 0 only if 


S - S = Or 


(5.2.11) 


The large-L behaviour of the form factors is parametrised by both the set of macroscopic rapidities 

and the set of discrete integers Namely, for properly normalised states |) and their duals 

( '¥{1^^) I, the large-L behaviour factorises as 


ToXIm ; I 0 ) - llX ’; • (l + 0(i^)) . (5.2.12) 

The smooth part represents the non-universal part of the model’s form factors. It depends smoothly on the 
rapidities parametrising an excited state. As a consequence, a small 0(1) change in the value of the integers 
parametrising an excited state will only affect the value of the smooth part by producing some additional 1/L 
corrections, exactly as it was discussed on the example of the conjugated field form factor in Section 12.3.31 of 
Chapter[2l The discrete part is, however, universal and only depends on the spin Or carried by the operator Or- 
Its general explicit expression corresponds to a slight generalisation of formulae (12.3.421) . (12.3.431) and (12.3.451) . 
However, since it will not play a role in the analysis, I will not develop further on the matter. Below, I will 
however provide its simplified expression when one restricts to excited states belonging to critical ^^-classes. The 
main feature of the discrete part is that it depends explicitly on both types of parametrisations attached to an excited 
state: the macroscopic rapidities and the sets of integers labelling the excited states . It thus 

keeps track of the microscopic details of the different excited states. It is this component of the large-L behaviour 
of a form factor that is responsible for the ill-definiteness of form factor expansion in the infinite volume limit of 
massless quantum integrable models. 
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5.2.2 The critical class 

A set of integers is said to parametrise a critical excited state if the associated particle-hole integers [p^a^}\ 
and can be represented as 


= [N + S + p^'"' 




a\+fi 


u 






and 


[hff, = [l+N + s-h^:.^S;'- (5.2.13) 


l(9 

^<31 + 




(^) 


(■s) 


where the integers p^^\, € N* are "small" compared to L, i.e. 


lim 

L—»+oo 



lim 

L~^+oo 


h 


(.V) 

a;± 

zT 


= 0 , 


(5.2.14) 


and the integers satisfy to the constraint 


(9 , (9 (9 , (9 

n„. . + n ' = n) , + n) = n . 

P,+ p- rt;+ rt;- 


(5.2.15) 


Within this setting, one can readily check that the critical excited state described above will have particles, 

resp. holes, on the right/left end of the Fermi zone {-q ; associated with the spin s sector. 

The main feature of the critical states is that they all have a vanishing as 0(1/L) relative excitation energy. 
One can organise the critical states into Zi-critical classes corresponding to all states whose relative excitation 
momentum, up to 0(1/L) corrections, corresponds to 2£sPf, where pf = p{q) is the so-called Fermi momentum 
and 


= n 


(9 

p;+ 


- n 


(9 

/i;+ 


= n 


(9 

h-- 


— n 


(9 

P'- 


(5.2.16) 


The index 5 in is specifies the spin 5 sector to which the critical state belongs to. 

The relative excitation momentum associated with an excited state belonging to the is critical class can be 
expanded as: 












a=l 


a=l 


2n 


In I _ „ 
+ -{a-l 


a=l 

(f’i +1) 


a=l 


(4-1) 


a^i 


+ ... 


(5.2.17) 


where 


1 P\±q) 

2n ^'(±q) 


(5.2.18) 


The terms that have been included in the ... 


• are of the order of 0(1/L) hut do not depend on the integers pa-^± and ha-^± nor on np//,;± (they can, nonetheless 
depend on Z^); 

• depend on these integers hut are of the order of 0(1/L^). 
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According to the description of what the ... are, the second line of (I5.2.17I) could just have been incorporated there. 
Those contributions have nevertheless been kept for further convenience of normalisations: equation (I5.2.17I) with 
the ... being dropped allows one for a more straightforward correspondence with the free boson model. 

Due to (15.2.131) . it appears convenient to parametrise excited states belonging to an is critical class directly in 
terms of the two subsets , , U,T , , where 

ys) ys) ys) 

'V;+’ /i;+ 'V;-’ /i;- 


= [{p^X ; ■ 

Thus, for any state belonging to a critical is class, I will make the identification between 


(5.2.19) 


4 ^) and 4:1 ... 


<9 


(•^) (•S') 

n ‘w 

^4;+’ /!;+ 


(•S') (-S') 

n ‘w 

/i;- 


(5.2.20) 


is) (s) is) is) • 


Due to (15.2.131) . the value of the spin s does play a role in the correspondence between 4^ and 

"V;+>A;+ "P. 

I also draw the reader’s attention to the fact that the value of is is encoded in the very notation 
see (15.2.161) . 


(s) (.v) (s) (.1) ’ 


Large-L expansion of form factors connecting critical states 

It is precisely the form factors of local operators Or taken between two eigenstates belonging to critical classes that 
are responsible for the emergence of a effective field theory description at large distances of separation between 
the operators. To describe these form factors, let 


j(9 _ q- 
m — } 


mp:+-mh-+ 


U J", 




and J 


(S+Or) 




(5.2.21) 


be two sets of integer^ parametrising excited states belonging to the 


4ut = - >nh-+ - nth-- - nip-- and i„s - np-+ - nh;+ - tih-- - tip-- (5.2.22) 

critical classes. The form factors of local operators taken between two excited states belonging to the critical 
classes introduced above take the universal form: 


^0.(444^^ 1 Xr) 



1 ’I'r ’ ] ■ =^[27" mp -\mk - '■> < 


X(4)^“ 2 


/ 271- \p(yr +^out-An)+p(vr +^out-6n) 

T) 


p ^out 1 p finjli.—/’ ^out ^ 

i-out 2 . 2 2 

The constituents of the above formula are parametrised by the values 

Vr = Vriq) - Or and V~ = Vri-q) 

that the relative shift function between the 7’in, 7’out critical states 


1 + 0 (^)) ■ (5-2.23) 


(5.2.24) 


VriA) - FsiA) - Fs^oM) 


(5.2.25) 


^Since the context of the setting is clear, I have omitted the spin sector label so as to lighten the formulae. 
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takes on the right/left endpoints of the Fermi zone, up to subtracting the "spin" Or of the operator Oy in the case of 
the right endpoint. They also depend on 




and 




(5.2.26) 


representing the exponent of the individual momentum brought by a particle excitation on the left or right Fermi 
boundary. In the above large-L asymptotics, the quantity represents the properly normalised finite and 

non-universal {i.e. model and operator dependent) part of the large-L behaviour of the form factor of the operator 
Or taken between fundamental representatives of the fin and fout critical classes. More precisely, it is defined as 


^4uf-An(<5r) = .lim {{—j 


J, ■I'^ouf An) . , 

\ / /-•{S) 




(5.2.27) 


Above, fhe sefs of infegers and paramefrise fhe lowesf possible excifed slate belonging lo Ihe fout and 

^out ^in 

fin crilical class in fhe spin s secfor 


[ {{piA = < ; {0)|U{{01 if^>o 

= { ’ . (5.2.28) 

{ j{0) ; = a}J^] U - a}-^ ; {0}) if ^ < 0 

Note lhal Ibis form facfor solely depends on fhe difference fout-^in- The sole dependence on fhe difference fout-f^in 
issues from fhe facf fhal, a priori, in fhe fhermodynamic limil, any fundamenlal represenfalive can be chose lo be 
fhe reference ground sfafe. Yel, relatively lo fhe fundamenlal represenfalive of fhe font-class, fhe olher excifed slate 
corresponds lo fhe fundamenlal represenfalive of fhe font - fin class. 

The power of fhe volume L arising in (15.2.231) and (15.2.271) involves fhe righf piv* + font - An) and lefl p(y~ + 
Xut - An) scaling dimensions whose generic expression reads 


p(y) = 



(5.2.29) 


The local microscopic form faclor ^ represenfs fhe universal pari of fhe form factor’s large-L asymptotics. If 
confains all fhe "microscopic" conlribulions issuing from excilalions localised on a given Fermi boundary. The 
local microscopic form faclor depends on fhe value laken on fhe righf or lefl Fermi boundary by fhe relalive shifl 
funclion Vy associaled wilh fhe critical excifed slates of inleresl and on fhe posilion of fhe operator. Finally, if 
depends as well on fhe sefs of infegers 27mp+;m,, + and 27«p.+paramefrising fhe excilalions on fhe boundary of 
fhe Fermi zone lo which Ihey are associaled. The explicil expression for fhe local microscopic form facfor is a bif 
bulky bul ils represenfafion Iheorelic inferprelafion is cryslal clear, c.f. Theorem l5.2.11 If is convenienl lo represenl 
if as a producf of Iwo fundamenlal building blocks nr and ^ which are sel functions. Given Iwo sefs of integers 

Jny,n, = [{Paf," \ and i {A}"') (5.2.30) 

one has 


'^{ffnpnid I ^ — ]”[ 


nt 

rih (W ~ ~ da 

b=l 


^ Y[iib-ha + v) 
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(5.2.31) 










142 


and 


^{Jn„;n, I V, w) ^ 


|sin[7rv] j”* 


I' 

n 

a=[ 


r( ^ 

Pa 


nh 

n 

a=l 


of- r| - 


”p nh 

n iPb - Pa) - n ih - ha) 

X — - — - . (5.2.32) 

np nh ^ ^ 

n YliPa+h- 1) 

a=l b=l 


Then the local microscopic form factor reads 

I v,<.) = (-iyv«.I 

X ^{jnh-,n, I -V,aj~^) ■ 'Cn{jnp-nh\Jnh-,n, I v) . (5.2.33) 


I remind that (15.2.331) is expressed by using hypergeometric-like notations for ratios of products of T-functions 
introduced in Chapter |2l 

Finally, formula (15.2.231) contains the normalisation constant v“). The latter is chosen in such 

a way that it cancels out the L-independent contributions of the right and left critical form factors when particu¬ 
larising the expression to the lowest excited states of the ^out and £in critical classes. These special excited states 
are parametrised by the sets of integers and The explicit form of the normalisation factor can be 

computed in terms of ratios of Barnes G-function Iflm : 
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(Gut“hn) 


(y^,y;) - G 


1 -I- yl 
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■)" ^OUt ~ 


r 

\-vt- 




(5.2.34) 


General remarks on the scope of applicability of the model 

The general structure of the spectrum and form factors that I discussed throughout this section was first introduced 
in my work on multi-point correlation functions in massless one-dimensional quantum models [A 15]. 

The formula for the form factors of local operators taken between excited states belonging to critical classes 
can be proven within the framework of the algebraic Bethe Ansatz for various quantum integrable models on the 
basis of determinant representations for their form factors 1121911243113021 l33T1l and [A4]. The corresponding 
calculations are a straightforward generalisation of the method developed in 1133111 and [AS, A6]. However, I do 
trust that the decomposition (15.2.231) is, in fact, universal. More precisely, the properly normalised form factor 
^ipMX-kxSPr) is definitely model dependent and thus can only be obtained on the basis of exact computations. 
Its explicit expression is available for many quantum integrable models and can be found in the aforementioned 
works. I do trust that, in fact, the local microscopic pre-factors and the leading power-law behaviour in L is 
universal: namely that they take the same form for models belonging to the Luttinger liquid universality class. 
Part of this has been confirmed by formal perfurbafive calculafions around a free model 1132111 . 


5.2.3 The free boson space of states and effective description of correlation functions 

I will recall in fhe presenf section fhe free fermion based consfrucfion of fhe space of sfafes for fhe free boson 
model. The presenfafion basically follows fhe nofafions and convenfions fhaf can be found in fhe excellenf review 
paper [4]. The various resulfs found in fhis review originafe from a long series of developmenfs which sfarfed with 
the cornerstone work of Kyoto’s school (Jimbo, Miwa and Sato) in the late ’70’s on holonomic quantum fields 

M. 
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5.2.4 Overall definitions and generalities 
The space of states 

The whole eonstruetion of the spaee of states builds on a eolleetion of fermionic operators {iA«)n€Z and their * 
associates {lAJ^lnez satisfying to the anti-commutation relations 

= 0 and , (5.2.35) 

where is the Kronecker symbol. One assumes the existence of a vacuum vector 10 ) characterised by 

(/^„|0) = 0 for n<0 and tAnlO) = 0 for n>0. (5.2.36) 

The dual vacuum ( 01 fulfils the analogous properties 

(0|(Aj^ = 0 for n<Q and = 0 for n>0. (5.2.37) 


The vacuum (resp. the dual vacuum) allows one to construct other vectors (resp. dual vectors) through a repetitive 
action of the fermion operators. All vectors built in this way are parametrised by sets 

Jn,-,nu = [{Paf{ \ (5.2.38) 

built up of two collections of ordered integers 1 < < • • • < and I < h\ <■■■< hn,,. For later convenience, 

one can think of the p^’s as particles and of the ha’s as holes. To each set Snp\nh^ one associates the vector 

IJ'np^nk) — ^-hi"^Pnp-^" (5.2.39) 
and the dual vector 


The Hilbert space \)fb of the model is then defined as fhe span of fhe vectors infroduced above 


(5.2.40) 


\)fb = spanjl ) wifh np,n/i e N and 


1 < Pi < • • • < 

1 ^ /Zl < • • • <t hyij^ 


Pa 5 ^ 



(5.2.41) 


Nofe fhaf, when fhe number of particle and hole-like integers coincide, i.e. Up = tih - n, one can identify fhe 
sef J'np;nh wifh a Young diagram. The one-fo-one map is obfained by inferprefing fhe infegers |{pa)” ; {/la)"} as 
fhe Frobenius coordinafes of fhe Young diagram, fhis wifhin fhe slighfly unusual convention fhaf fhe Frobenius 
coordinafes include fhe diagonal and hence always sfarf from 1. 

One can also provide anofher basis | Y; 7”) of f)FB which is direcfly connecfed wifh Young diagrams Y. Firsf of 
all, fhis alfernafive basis lakes, as ils slarling poinl, fhe so-called fixed charge 7 pseudo-vacuum and dual pseudo¬ 
vacuum: 


I iht-i • • - (AolO) 7 > 0 
\ 7<0 


and 


{(\ 


<o|(AS---«a;_i ^>0 

7 < 0 


The slales | Y; 7 ) are build as equal in number parlicle-hole excifafions over fhe vaccum | i ), resp. ils dual vaccum 
{i\. Lei 


{{ffalf : {ySfllf} wifh 


I <ai <■■■< Ud 
1 < y 6 l < • • • < ySd 


(5.2.43) 
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be the Frobenius coordinates of the Young diagram Y, then 

|Y;^) - 

^ ^ . (5.2.44) 

Y| = (^1 *Ar+Q.|_i ■ ■ ■ *Ar-/3rf • • • 

In fact, one can also consider mixtures of the basis | Y; ^ ) and | Snp\nu )’ namely the basis 

\ J'np;ni,'-, i ' <Ap„p+r-l ' ' ' <Api+^-lK) ■ (5.2.45) 

Clearly 

Span{|Y;^ + r) : Y Young diagram} = Span|U'„p;„^ ) : setsj'„p;„^ with np-nh = i + r^ 

^ Spanjl : sets with Up - nu = r] . (5.2.46) 


The space of operators 

Several important operators on f)fB can be built explicitly using the fermionic operators ij/i and ^*. The operators 
that will be of interest to the problem are the current operators. The latter are built by using current operator modes 
Jk, k €Z. The most fundamental mode Jq is the so-called charge operator which takes the explicit form 

Jo ^ ^ • (5.2.47) 

k>0 k<0 

The definition might appear formal due to convergence issues. However, the infinite sums truncate to finite ones 
as soon as one computes matrix elements taken between the fundamental system of basis vectors labelled by the 
sets J'n -^nu ■ It is in this sense that the above and all of the following expressions should be understood. The vector 
I Snp-,nh ) is associated with the eigenvalue Up - nu of the charge operator Jq. Thus, one says that the vector | JTnp\nh ) 
has charge Up - rih- As a consequence, the charge operator induces a grading of the Hilbert space \)fB into the 
direct sum of spaces I)FB;r having a fixed charge { 

hFB ^ ^t)FB;r Wifh l)FB;r ^ span{| ) : tip - nu ^ c]. (5.2.48) 

(eZ 

The currenf operators modes are defined as 

Jk = ^ loi" ^ ^ 0 and satisfy [Jk, Je] = k6k-t . (5.2.49) 

jeZ 


Furfhermore, for k e N*, one has 

7^10) - 0 and <0|7_^ - 0. (5.2.50) 

All fhis allows one to inferpref {Jk}kew ns bosonic creafion operafors while {J-k}kew ns bosonic annihilafion 
operafors. If is on fhe basis of such an observafion fhaf fhe consfrucfion of fhe free boson field fheory can be 
obfained by using fhe picfure provided by fhe free fermion model. The main advanfage for using fhe free fermion 
model is fhaf fhe fermionic sfrucfure allows one to simplify many infermediafe calculafions, e.g. by using some 
version of Wick’s fheorem. 
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The bosonic operator modes allow one to define a class of very important operators, the current operators 
which correspond to the series 

^±(y,m) ^ Xi ^ ■ (5.2.51) 

tel 

There is also another operator that will play an important role in the construction: the so-called shift operator 
e^ which maps hr onto hr+i. One can interpret the operator P arising in the exponent as the conjugate operator to 
7o- Although the shift operator has no simple expression in terms of the fermions, it takes a particularly simple 
form in the basis of f) subordinate to Young diagrams, cf. (15.2.441) . Indeed, any integer power e'^ of the shift 
operator satisfies e''^|Y;/’) = \ Y-,i + r), viz- 

e'-^ = 2]|Y;^ + r)<^;Y| (5.2.52) 

YJ 

where fhe sum runs over all infegers £ and all Young diagramms Y (see [4] for more defails). 

I am finally in position fo provide fhe definition of fhe r-shiffed bosonic verfex operators 

y{v, r I m) = . ^rP _ (5.2.53) 

If is fhis operator fhaf plays a cenfral role in fhe effective description of fhe large-disfance asympfofic behaviour 
of mulfi-poinf functions in massless models by means of fhe free boson model. In facl, fhe main fool in fhe 
consfrucfion of fhis correspondence is fhe below fheorem 


Theorem 5.2.1 The form factor of the r-shifted vertex operator 'y{y,r\ oS) reads 

1 -V 


{Jn„-nH\^(y,r\u))\Jnu-n,) = (“ 1 ) " 


''(!•+ 1 ) dfi —nk,nk—n,+r 


M' 


ijr-l) 


•G 


+r(nic-nr) \ 1 — V — T 


I V, m) . (5.2.54) 


The symbol G appearing above stands for the hypergeometric-like notation for the ratio of two Barnes functions. 


The Kronecker symbol in (15.2.541) arises since fhe form factor is zero unless np - n^ = nj^ - nt + r. This is due 
to the fact that the exponents of current operators preserve the charge of a state while the shift operator changes 
the charge of the state by r. 

The theorem is well known in the case np = n^ = r = 0. Indeed, then, the representation (15.2.541) follows, for 
instance, from the Giambelli determinant representation for Schur functions along with the possibility to compute 
explicitly the Schur functions Sap{t±) associated with hook diagrams (a,/?) in Frobenius notations (cf Appendix 
A of [4] for more details). However, to the best of my knowledge, the general case given above is new and its 
proof relies on new ideas that are not related to the theory of Schur functions. I also emphasise that Theorem 
15.2.II above provides one with a new type of explicit representation for skew Schur functions associated with the 
parameters t+. 

The proof of the above theorem is the main technical result of [A 14]. It constitutes a synthesis of Lemma 1.1 
and Proposition 1.1 of Section 1.2 of that paper. The proof of Proposition 1.1 can be found in Appendix C of the 
same paper. 











146 


5.2.5 The effective free boson field theory model 


The effective Hilbert space is defined as the tensor product of two copies I)l and hi? of the free boson Hilbert space 
introduced previously: 

heff = hi ® hi? ■ (5.2.55) 


The first space (resp. second) arising in the tensor product models the etfects of the left (resp. right) Fermi surface 
of the physical model. 

Given a local operator Or{Xr) in the physical model, one builds the below operator on heff 




2n\p{Vr(q)-Or+K)-¥p(Vr(-q)+K) 

l) 


I U}^)-'f'R{Vr{q)-Or,K-Or \ OJ*) . (5.2.56) 


In this formula, 

• '^lir{v, k', oS) stands for the operator acting non-trivially on the LjR copy of the original Hilbert space as the 
vertex operator Y (y, /?; co) defined in (15.2.531) . viz. 

Tz,(y, x I fai) = y {v, K \ oS) ® id and l^(y, /?|a») = id® y{y,K\ oS) . (5.2.57) 


• p(y) are the scaling dimensions introduced in (15.2.291 ) . 

• y^iOr) is the thermodynamic limit of the properly normalised in the volume amplitude defined in (15.2.271) 
and taken between excited states satisfying 7’out - An = k- 

• Of* is a phase factor that reads 

^ _ (5.2.58) 


The crucial observation is that given two sets 

— 27mp;+;m;,;+ U .(T, 




and = J, 




u J", 


np-;nj,-- 


(5.2.59) 


parametrising critical excited states in the physical Hilbert space hphys> one has an equality, up to 0(lnL/L) 
corrections between matrix elements: 


I Xr) 


where 




{l 3^np -\nk-- ) ® I + Or', J'np.y,n],-+ )) 


(5.2.60) 


K = mp-+ - mh-+ - np-+ + nh-+ . (5.2.61) 

This identity allows one then to argue that, when \xa - Xb\pF ^ A 

<Oi(xi) • • • Or{Xr\^^^ - (^i(mi) • • • KiOJr)\^^ , (5.2.62) 

where the sign is to be understood as an equality up to the first leading correction arising in each oscillating 
harmonics in the difference of positions \xa-Xa+i\- Above, the subscripts hphys and heff are present so as to insist on 
the Hilbert space where the operators "live" and hence where the expectation values are computed. The asymptotic 
equivalence is argued on the basis of the form factor series decomposition for the two objects. See Section 3.2 of 
[A14] for more details. 
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5.3 Conclusion 

In the present chapter, I gave a account of the form factor series expansion approach to the asymptotic behaviour 
of multi-point correlation functions in quantum integrable models. Although heuristic, the method is extremely 
powerful and allows one to reproduce all the results that can be obtained though the use of a correspondence with 
a conformal field theory at c = 1 or its more evolved version -the non-linear Luttinger liquid- allowing one to 
grasp the effects of time dependence. The main advantage of the method in respect to the field theoretic approach 
is that it is constructive. True it builds on certain hypothesis on the structure of the space of a model. However, 
for the remaining part of the analysis, the method stays coherent with itself in that it doesn’t require numerous 
heuristics that are necessary to deal with in the field theorefical framework. Furthermore, the method is, de facto, 
relatively simple provided that one takes for granted summation identities such as the multiple sums (15.1.1 II) - 
(15.1.121) . Last but not least, the method is extremely effective. Once that we have understood its basics in the first 
paper of the series [A 17], it was a question of a couple of months to generalise the method to the case of time and 
space dependent asymptotics as well as to the case of the critical behaviour of the dynamical response functions in 
[A 16]. It is worth reminding that it took around twenty-five years sfarting from the early days of Luttinger liquid 
approach developed by Luther and Peschel II268I and Haldane 111681117011 so as to grasp all the details that were 
necessary to set the non-linear Luttinger liquid approach 111541115511175112701 which allows one to deal with the 
time dependent case, viz- take into account the non-linear part of the spectrum. True, the non-linear Luttinger 
liquid based approach results did help to guide the research developed in [A 16]. However, due to the constructive 
setting, without knowing much of the structure or type of the answer in the time-dependent case, one is still able 
to derive it after a few "experiments". 
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Chapter 6 

The quantum separation of variables for the 
Toda chain 


The first description of the quantisation conditions for the Toda chain goes back to the works of Gutzwiller II167L 
Gaudin-Pasquier ll44l and Goodmann-Wallach II162L The first two collaborations obtained a description in terms 
of the Baxter equation while the last one proposed a quite different form for the quantisation conditions. These 
characterisation of the spectrum of the Toda chain were somewhat complicated in that they involved finding 
zeroes or poles of infinite determinants of Hill type. Recently, Nekrasov and Shatashvili i292l conjectured a way 
of describing the spectrum of the Toda chain through non-linear integral equations. Its relation to the quantum 
separation of variables issued description of the spectrum was, however, unclear. 

As mentioned in the introduction, the implementation of the quantum separation of variables builds on the 
construction of an integral transform that is supposed to map unitarily the original Hilbert space where the model 
is defined onto some model space where the quantum separation of variables takes place. Although there exist 
quantum inverse scattering based methods allowing one to construct and fully characterise the integral kernel of 
this transform, the proof of its unitarity was only available for the Toda chain case and relied on earlier results 
issuing from the group theoretic based approach to the model. Since the group theoretic interpretation is missing 
for more complex models solvable by the quantum separation of variables, it is more than desirable to find a way 
of proving the unitarity solely by using structures that are natural to the quantum inverse scattering framework. 
Indeed, then, one may expect that, with minor modifications, the proof can also be applicable to other models. 

The quantum separation of variables provides one with an utterly simple description of the Toda chain eigen¬ 
functions on the space L^(R^ x M., d^iy^) ® de) where the quantum separation of variables takes place. In order 
to bring the calculations of the correlation functions to the sole handling of objects living on this space one needs 
to find how the local operators of the model realise as operators on x R, d/rfjyy) g) de). A very effective way 

for accessing to such an information is to obtain, as proposed by Babelon ifT^ . equations in dual variables: 

O • (6.0.1) 

in which O represented a certain class of operators acting on the variables jta^+i attached to the original space f)Td 
whereas its dual operator O acts on the variables attached to the space where the separation of variables occurs, 
viz. the dual variables (y^;£). Since 'I'_y^;e(vA?+i) corresponds to the integral kernel of the separation of variables 
transform, such equations are indeed enough so as to solve the inverse problem. 

In this chapter, I will describe the progress I made relatively to three features related with the quantum Toda 
chain: 
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• proving the non-linear integral based description of the quantisation conditions that was conjectured by 
Nekrasov and Shatashvili; 

• developing a proof of the unitarity of the quantum separation of variables transform 'Wat which solely builds 
on objects that are "natural" to the quantum inverse scattering method; 

• pushing further the resolution of the spectral problem by following the approach of Babelon ifT^ . 

This chapter is organised as follows. In Section lOl I give a short description of the quantum inverse scattering 
approach to the Toda chain and of Gutzwiller’s solution of the scalar t - Q equation for the Toda chain as well 
as of the quantisation conditions that result from this construction. I will then build on this setting so as to prove 
the Nekrasov-Shatashvili description of the quantisation conditions. In Section l6^ I will describe the quantum 
inverse scattering based method that I developed so as to prove the unitarity of the separation of variables trans¬ 
form. In particular, I will describe the two possible ways of constructing of the integral kernel of the transform, 
leading to its Gauss-Givental and Mellin-Bames multiple integral representations. I will remind how the Gauss- 
Givental representation allows one to easily prove, on a formal level of rigour, the isometricity of the separation 
of variables transform. I will then discuss my contributions. Finally, in Section 1631 I will present the equations 
in dual variables for a class of local operators associated to the quantum Toda chain. In the simplest case, I will 
explain how these allow one to access to multiple integral representation for the form factors of the model. 


6.1 Spectrum of the Toda chain 

6.1.1 Integrability of the quantum Toda chain and Gutzwiller’s quantisation 

The Lax matrix for the Toda chain takes the form 

Lo«(/l) ^ I j with [x;t,p^] = iMke (6.1.1) 

and gives rise to the monodromy matrix of the model by the standard construction of the quantum inverse scattering 
method: 


T 0 ;I,...,W+l(d) - Loi(/l) . . . Loa?+i(/1) 


Ai,w+i(/l) Bi^a?+i(/1) \ 
Ci,w+i(/l) Di^a?+i(/1) 


( 6 . 1 . 2 ) 


The transfer matrix tTd(d) = tro[To;i,A?+i(/l)] is a monoic operator valued polynomial in A of degree N + \ such 
that [tTd(/l), tTd(ju)] - 0 for any T,/!. Hence, it allows one to construct N + \ charges in involution by considering 
its expansion into powers of A: 


A?+l V+1 

tTd(d) = -I- ^(-1)^/1^“*'^^ tTd;/t with tTd;l = ^ Pa and tTd;2 - txd;! “ ^Td|/^=I ' 

k=l a=l 

(6.1.3) 

Observe that N + I Hamiltonians in involution are self-adjoint. Hence, the eigenvalues iTd(d) of the transfer 
matrix tTd(/l) are polynomials tTd(d) = 11^/(-^ ~ Tk) such that the set of their zeroes is necessarily 

self-conjugated (ra) = |t*). 
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As already stated in the introduction, the quantum separation of variables reduces the spectral problem for the 
closed quantum Toda chain to the problem of finding all solutions (fxdCd), to the Baxter equation 

iTd(d) • + (6.1.4) 

that, furthermore, satisfy the conditions: 

i) fTd(d) is a polynomial of the form fTd(d) = 0^/(4 - Tk) with |Ta) = |t*); 

ii) is entire and satisfies, for some A-dependenf C > 0, fo fhe bound 

|<?fTd(4)| < C • |q|T(2|9W)|-?^) uniformly in d e jz : |3(z)|<;i/2) ; (6.1.5) 

iii) fhe roofs satisfy fo Ta - £■ 

The fhird condition iii) relafes fhe t^’s fo fhe eigenvalue e of fhe fofal momenfum operafor Pq. This con- 
sfrainf issues from fhe facl fhaf fhe Toda chain Hamiltonian is translationally invariant, hence making it more 
convenient to describe the spectrum of the chain directly in a sector corresponding to a fixed eigenvalue e of fhe 
fofal momenfum operafor Pq. Affer such a reducfion, represenfs fhe "normalisable" part of fhe Toda 
chain eigenfunction, c.f. (11.2.121) and (11.2.161) . 

As already observed by Gufzwiller Ill66[ll67ll . given any polynomial fxd safisfying condifion i), one can fairly 
easily find fwo meromorphic linearly independenf solutions of fhe Baxfer equafion fhaf have fhe required decay af 
)R(/l) ^ +CX3, c.f. (16.1.51) . For Ibis purpose, given a polynomial txd as in condition i), one infroduces ifs associated 
Hill deferminanf II156II 


(A) = del 


1 


fxd (d - iti) 

0 


1 


Ixd (d) 


fxd (d - iff) 
1 


0 

1 


fxd (d) 


The Hill deferminanf can be shown fo admil fhe represenlalion 11441 


0 .. 


( 6 . 1 . 6 ) 


/v+i sinh - (d - (Ta) 

n,M) = n - 


n 


(6.1.7) 


a=i sinh-(d-Ta) 
n 


One can always chose fhe cTa such fhaf -?i/2 < |3 (cr^) | < fi/2 and {cr*} = {(Ta). Doing so defines unambiguously 


fhe sef {cFa}^^^ in terms of fxd(d). The two linearly independent meromorphic solutions qf^^ are then defined as 


'?f™(4) = 




n^=/ |e sinh |(d - (Ta)} 


(6.1.8) 


where 






-{N+mA 


N+l 


k=l 




and 




. e- 


-{N+mA 


N+l 


n |?j‘^r(i 


.2-Tk 


+ 1 - 


k=\ 


)l 


(6.1.9) 
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The functions are expressed as half-infinite determinants: 




= det 


+ 2i;i) 


1 


t-J(T + 2i;i) 0 


(6.1.10) 


while K~^{A) = (recall that {zk) - The proof that the two functions do satisfy to all the 

requirements can be found in Appendix A of [A20]. 

The functions are linearly independent entire functions whose discrete Wronskian can be evaluated ex¬ 
plicitly, cf. Lemma 1 of [A 20] : 


v+i ^ 

q;/T) q-/T + ifi) - q,;^(T + iK) q'/T) - (- sinh ^ U - rJ (A) . (6.1.11) 

a=\ 

The general solution of (16.1.41) with a polynomial subject to condition i) can be presented in the form 


q,,,{A) = with P±eC. (6.1.12) 

Thus, in order to obtain solutions qtj^ to the Baxter equation under the requirements i), ii) and iii), one has to 
fine tune the roots {tq) of the polynomial fxd in such a way that the parameters defining the roots of the 

associated Hill determinant satisfy to the condition 

^ 0, for a ^ l,...,A-i-1 and some ^ e C, |^| = 1 . (6.1.13) 

These A -i- 1 equations should be supplemented by the condition fixing the total momentum Zk = s. This 
way of formulating the quantisation conditions for the Toda chain has been developed in 11144111661 . Clearly, it 
is a quite involved system of equations on zeroes Zk of fTd(T), unreasonably exceeding in complexity the systems 
of Bethe Ansatz equations usually encountered for other models. Indeed, the equations on the Za not only involve 
some higher transcendental functions but also functions defined through infinite determinants. The worst, however, 
is that the equations involve the parameters cri,..., cr^+i which have to be related to the roots z^ by constructing 
the zeroes of the Hill determinant Without even mentioning any attempt to deal with these issues in some 
abstract way, dealing with the quantisation conditions on a numerical level already seems hopeless. 


6.1.2 The Nekrasov-Shatashvili quantisation 


In 2009, Nekrasov and Shatashvili II292II argued a way of recasting the quantisation conditions for the Toda chain 
in terms of a function satisfying to the non-linear integral equation: 




log ^la-j(A) ^ dju K(A - /i) log 1 d- 




where 


K{A) = 


n 


m 


(A^ + fp) 


Pip. - \fil2)'&(p + \fil2)) 
N+l 

and P(A) ^ ]~[(/l - cr^:) . 


k=i 


(6.1.14) 


(6.1.15) 


Building on the solution T|o-„|, which they assumed to exists and be unique for each {cza}, Nekrasov and Shatashvili 
defined a function, the so-called Yang potential, = 'Th'j“'j({o'a)) + 'THP“'({cra}). The two building 

blocks of Yang’s potential are defined as 

W+I ^2 N+l N+l N+l 

= i ^ Y “ log^^o-yt -t ^ y(cr^.-crY - 2m^nkcru, (6.1.16) 

k=i ^ k=i j,k=i k=i 












where y' (/I) = logF (1 +iAIK) and 
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J jlogiV^ 

R 



+ 




Ii9(p- \fil2)Y 


+ Li2 


-y{<TA^) \] d// 
2m ’ 


Li2(z)^/i^^dr. 


(6.1.17) 


(6.1.18) 


The Yang potential 'TT|„^|({o‘a)) depends on a set of 77 + 1 auxiliary integers [ua]. In the Nekrasov-Shatashvili ap¬ 
proach, the equations defining extrema of the Yang potential give rise to quantisation conditions on the parameters 
Nekrasov and Shatashvili also argued that a set of parameters corresponding to an extremum 

of the Yang potential gives rise to 77 -i- 1 eigenvalues (£<-, k = 1,... ,77 -i- 1 of N-i-1 Hamiltonians in involution 
associated with the model through the formula: 
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N+l r- A 

P— 1 tn> 


r i%l2f-^ - (r - ifil2f- 


log 1 -r 


' |o-a 


(t) 


■&{t — ifil2) + ifi/2) 


(6.1.19) 


They did not provide any reasonable characterisation of these Hamiltonians, though. Within the Nekrasov- 
Shatashvili approach, since the positions of the extrema of the Yang potential depend on the choice of the integers 
{uq), it is enough to vary the integers {ua} so as to obtain more eigenvalues. 

The Nekrasov-Shatashvili II292I proposal of quantisation conditions was based on rather indirect arguments 
coming from the study of supersymmetric gauge theories. With Teschner, I managed to prove the above reformu¬ 
lation of the quantisation conditions by building on certain properties of the Baxter equation for the Toda chain, 
and, in particular, on the Wronskian relation (16.1.111) . The very fact that there exits a connection between the Bax¬ 
ter equation and nonlinear integral equations has been observed in various works, see e.g. l[T^l2^ [106113521137711 . 
Still, the precise form and structure of the NLIE heavily depends on the analytic properties imposed on the so¬ 
lutions to the Baxter equation of interest to a given model. Further, the Toda chain particle system brings a new 
interesting feature into the game: the quantisation conditions (16.1.131) are not formulated as some equations on 
the zeros of the solution to the Baxter equation, but instead, they are equations on the zeroes of the Wronskian 
formed out of the two linearly independent solutions of the Baxter equation. The locii {cri ,... ,cr^+i} of these 
zeroes correspond precisely to the variables which arise in the Yang potential 'TT|„^|({cra)). 

The first result we obtained with Teschner corresponds to the unique solvability of the non-linear integral 
equation 

Theorem 6.1.1 Let i7(/l) be the polynomial &iA) = 0^/ ~ (^k)- Assume that its zeroes {cTk}, |3(cr,(,)| < 7t/2, 

are given by the 77-1-1 zeroes of the Hill determinant built out of some polynomial t{A) subject to condition i) 
and whose zeroes satisfy |3(Ta)| < 7i/2. Then, there exists a function that is meromorphic on C with poles 
accumulating in the direction |arg(/l)| = n'/2. The function T|o-^| is bounded for A oo uniformly away from the 
set of its poles and T|o-^| —> I for A ^ oo in any sector |arg (T) - 7r/2| |arg (T) -i- 7r/2| > efor some fixed e > 0. 

Finally, the function log T|o-^| is continuous, positive and bounded on R. It is the unique solution, in this class 
of functions, to the non-linear integral equation (16.1.141) . 


This theorem is a consequence of Lemma 3 and Proposition 3 of [A20]. Although Theorem 16.1.11 does not 
guarantee, a priori the existence of solution for all possible choices of parameters it does however 
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guarantee the existence of solutions for all cases of interest to the study of solutions to the scalar t - Q equation 
for the quantum Toda chain. Thus, in respect to applications to the Toda chain case, this potential lack of solution 
is not a restriction. 

The properties of F|o-„| allow one to define two auxiliary functions: 


r dy 

log Vi-(T) = - — 


dju 1 


2i7r A- ju + {fill 


■ log 1 + 






and 


log vj, (A ■ 




dju 1 


2i7r A - ju - {fill 


log 1 + 




'&(ju- i%/2) + i/i/2) 


( 6 . 1 . 20 ) 


( 6 . 1 . 21 ) 


The auxiliary functions then gives rise to the functions 
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( 6 . 1 . 22 ) 


Lemma 4 of Appendix C of [A20] establishes that the functions ^ are entire. Building on the Wronskian 
relation satisfied by qf 




tie T, 
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iVT-i 

n{sinh|(d-(r,)). 


k=\ 


Proposifion 4 of fhaf Appendix esfablishes fhaf 

+ m - q|;^|(d + i/i)q|;^|(d - i/i) 


V£l|(d) — 




(6.1.23) 


(6.1.24) 


is a monoic polynomial in A of degree A + 1 fhaf has, furlhermore, a self-conjugafed sef of roofs. 

The main poinf is fhaf fhe functions |(/l) defined from qj^ |(/l) by analogues of (16.1.8b are meromorphic 
solufions fo fhe Baxter equafion (16.1.4b associated wifh fhe polynomial f|o-„|. Furlhermore, fhe functions |(/l) 
satisfy lo fhe bounds of condition ii) above. 

The conclusion is fhaf fhe solufions of fhe non-linear inlegral equafion (16.1.14b provide one wifh an allemalive 
consfrucfion of fhe fundamenfal system of solufions fo fhe Baxler equafions. These are only paramefrised by fhe 
locii of Iheir poles {era}. One may Iherefore use direclly fhe funefion |(/l) lo conslrucf Gulzwiller’s solutions. 
This has fhe advanlage of recasting fhe quantization conditions (16.1.13b in fhe form 


2jmk = 


{N + l)cTk 
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f dr 


N+l 


log h + i log ^ - i 2] log 
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CTj^ — T + i/i/2 CTk - T - i/i/2 


r(l -I- i(o-^ - o-p)//i) 
r(l - i(cri- - o-p)in) 


log 1 + 




(r-i/i/2) i^(t- hi/i/2) 


(6.1.25) 


see Appendix A of [A20] for some more delails. These are precisely fhe quanfisafion condilions in fhe form 
argued by Nekrasov and Shalashvili. 
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To close this section, I do stress that even though this way of representing the solutions to the t - Q equations 
solely builds on the poles {ctq) of the Hill determinant, it still does allow one to compute the associated set {xa) of 
zeroes of tjd- More precisely, I have shown with Teschner that one has the below representation for the Newton 
polynomials in the zeroes : 


N+l ^+1 r H / 

^ - kj ^{(T + i;i/2)^“'-(T-m/2)^"^}-log(l+ 

P=1 p=l ™ ^ 


Ucr,} 


(t) 


&{T-\ni2)^{T + \ni2) 


Our relation thus proves the Nekrasov-Shatashvili conjecture on the description of the spectrum and, on top of it, 
provides a clear identification of the commuting family of Hamiltonians whose joint spectrum in obtained by this 
procedure. 


6.2 Unitarity of the separation of variables transform 

6.2.1 The integral representations of the integral kernel 

I have recalled in the introductory chapter that the eigenfunctions of the quantum Toda chain, in a sector corre¬ 
sponding to the fixed value e of the total momentum, can be recast as 

N 

<l>e;fTd(-^A'+i) = where (l)£;f^_jOyv,XA?+i) = ]~[{^,.rdCVa)} ■ (6.2.1) 

a=\ 


I do remind that - {x\,..., xn) stands for an N-dimensional vector while = Y,a=i ^a- The function qt-^^iya) 
appearing in (16.2.11) solves the scalar t - Q equation (16.1.41) associated with the eigenvalue fTd of the transfer 
matrix. Furthermore, the transform Hn acts on the jyy variables of and, given any F e Lsy^(R^, d/i(j^)), 
takes the form 


'Un\_F^{xn) = J ■ F(yf^) ■ d//(y;v) • (6.2.2) 

’r" 

The integration measure in (16.2.21) is Lebesgue-continuous and reads 

dfi(y^) = /i(j;v) • with /r(j^) - (6.2.3) 

The integral kernel ipy^{xj^) can be interpreted as a Whittaker function associated with GL{N,W). Although this 
interpretation might appear interesting from the point of representation theory, it is not so advantageous form the 
point of view of a general development of the quantum separation of variables simply because it only holds for the 
quantum Toda chain. If some properties of the ’li transform can be deduced from the general theory of Whittaker 
functions, it will not be possible to generalise the result straightforwardly to more complex models solvable by 
the quantum separation of variables since the Whittaker function interpretation is absent. As I have pointed out 
earlier on, one can construct two kinds of multiple integral representation for the integral kernel by methods that 
solely rely on general algebraic features of the quantum inverse scattering method. As a consequence, although 
the details of the construction may differ from one model to another, the overall structure of the construction will 
be common to numerous other quantum integrable models. 
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The Mellin-Bernes multiple integral representation 

The Mellin-Bames multiple-integral representation issues from the resolution of a recurrence relation provided by 
the recursive structure of the model’s monodromy matrix 

To;i,...,w+i(^) = To;i,...,a?(/1) • Loa?+i(/1) . (6.2.4) 


The recursive scheme leading to Mellin-Bames multiple integral representations has been proposed by Sklyanin 
in B271 and has been applied to the Toda chain case by Kharchev and Lebedev 11206 H . For the model of interest, 
the main building block of this representation is the integral kernel: 

N N+l N 

MW, I = fl fl . f] . (6.2.5) 

a=\ b=l ai^b 

The Mellin-Bames representation is an encased integral which couples the neighbouring sets of variables through 
the vj kernel: 


^y„(XN) = 


N-\ ^ 

n / 


aN- 




(N - s)\(2nn)^- 


N-l 

-R' 


i —(-s) 
H^N-s 


N-l 


.^N-s ^N-s+l 




(4 

N-s 


^N-s+1^ 


s=l 


( 6 . 2 . 6 ) 


where 0 < ai < • • • < a^-i and = j^. Also, this formula makes use of the previously introduced notations 
for k-dimensional vectors. 

One can prove that the multiple integral (16.2.61) converges strongly (exponentially fast), see e.g. 111461 . and 
that it defines a smooth function 


(yN,XN) ^ iPy^XN) e L“(R^xR^,d^y®d^x) . (6.2.7) 

The boundedness of ipy^{xM) ensures that the 'W/v transform is well-defined for any F € L^(R^, dyu(j^)). One can 
be even more specific. 

Proposition 6.2.1 Given any F € ^“(R^), the integral transform is well defined and belongs to the 

Schwartz class .S(R^). In particular, for such functions F, one has that FInIF] € L^(R^, d^x). 


The proof of the statement can be found in Appendix A of [A 18]. 


The Gauss-Givental representation 

The fundamental building blocks of the Gauss-Givental representation for ipy^ix^) are extracted from the integral 
kernel of the chain’s Q-operator which has been constructed by Gaudin-Pasquier II 14411 . This way of constructing 
the integral kernel of the separation of variables transform was proposed, for the first time, in II 10211 for the XXX 
sl(2, C) non-compact chain. 

The integral kernel Qa{xn, x'jfi of the Q-operator for the Toda chain takes the form 

N \ Ax 

QA{xN,x't,f) = Y\[vA-,-ixn- x^)Va-+{x „-where Va-±(x) = exp{--e*^ -i- i^} . (6.2.8) 

72=1 

The building block of the Gauss-Givental representation is the function 

A'-l , .N 

Af\xA( I X;^_l) - e^rG'-^^^lY\iVAAXn-x'f)\Y\[VAAXn-x'„_i)y 

n=\ ^ n=2 ^ 


(6.2.9) 
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It provides one with the integral kernel of the integral operator 


A' 


(N) 




L“(: 


L“(R^) 


^ N-l 

I A-f\xN I ZN-l)f{ZN-l) ]~[dZa ■ 

J-i «=1 


The integral kernel Js}'^{xn I ^^_i) arises as the non-trivial part of the x'^ +oo and point-wise in the other 
variables {xj^,x'j^_^) behaviour of the integral kernel of the Q-operator: 


QA{xN,x'f^) = A^^{xn I exp{ - ^e’^v %} • (1 -i- o(l)) . 


( 6 . 2 . 10 ) 


The Gauss-Givental representation for the integral kernel is then realised as the encased action of the operators 
Ay^\ namely 


iPy^ixM) = (Aj,f^ • • • A(i,))(A:;v) . (6.2.11) 

One can show that this encased action is well-defined and that it defines a symmetric function of yi,... ,yN- This 
last statement follows from the operator identity = A^^^c.f Proposition 1.2 of [A18]. The first 

statement follows, in its turn, from Lemma 1.2 of the same paper. 

It is useful to introduce the operator A^ conjugated to A^^^ : 

: 6:(]R^) ^ L“(R^“') (6.2.12) 

C— ^ 

f ^ J a||^\z]v_i I XA?)/(jrA?) ]~[dva , (6.2.13) 

RiV 

where .S(R^) refers to Schwartz functions on R^ and 

I Xa?) ^ Q-mAi+XN) i^V-A--{Xn - Zn)j ' ]”[ |L-^;+(x„ - Z„_i)| . (6.2.14) 


Provided a proper regularisation of the operator products is introduced, the operators Ay, and A^^^ satisfy the 
identity 


Ajr^Af) 


.ty-y Y 

ry 

^ in ' 

^ in ' 


Ar 


(w-i) 


A 


W-l) 


(6.2.15) 


when y + y'. See Lemma 1.3 of [A 18] for a precise statement. 

I have described two quite different types of multiple integral representations for the functions (py^{xN)- A 
priori, it is not at all clear if these define the same function. This has been established in II 14911 by using the results 
on completeness and orthogonality of the Whittaker functions ipy^{xN). In Appendix B of [A18] I proved, without 
using any information on completeness or orthogonality, that the functions defined by the rhs of (16.2.61) and of 
(16.2.1 111 coincide. See Proposition B.l of that paper for more details. 
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6.2.2 Heuristics of the proof 

The main result of [A18] was to establish the below theorem solely by relying on properties and objects that arise 
naturally within the quantum inverse scattering method. My work thus opens the possibility of establishing anal¬ 
ogous results for more complex models solvable by the quantum separation of variables method where the group 
theoretic interpretation of the Toda chain is missing, and hence where one cannot rely on some generalisation of 
the results of 11362 L I also stress that my proof is completely independent from the previous scheme of works 
that require a group theoretical interpretation of the model in the spirit of 1116011161111621 [2481 . Moreover, the 
proof I proposed is conceptually simple and relatively short: on a formal level of rigour, it is almost immediate to 
implement. Finally, its steps do not rely on any property specifically associated with the Toda chain but rather on 
some algebraic properties of the Mellin-Bames and Gauss-Givental integral representations. As a consequence, 
it appear likely that the method can be adapted so as to prove the unitarity of separation of variables transforms 
which appears in other quantum integrable models solvable by the method. 

Theorem 6.2.2 The integral transform 'Un defined by (16.2.21) for functions F e ^c°sym(®-^) extends to a unitary 
map^N : , dp(yL^(M.^,d^x). 

The proof goes in two steps. One first shows the isometric nature of 'Un and then the isometric nature of its 
formal adjoint "Vn. The isometricity then ensures that is, in fact, the adjoint of 'W/v hence proving the above 
theorem. I will comment on the main steps leading to these results below. 


Isometric nature oiK^i 


This property is resumed by the 

Theorem 6.2.3 The map IT^i defined for (L^ n ,dp(yff)) functions by the integral transform (16.2.21) 

extends into an isometric linear map 

: LlyjR^,dp(y,y)) ^ L\R^,d^x). (6.2.16) 

In other words, one has the equality 

• (6.2.17) 

The proof of this theorem can be found in Section 2 of [A18]. Below, I will only discuss the formal handlings 
leading to the result. 

On a formal level of rigour, the statement boils down to the relation 




■ ^y^iXN) ■ d^X 


N 

a=\ 


(6.2.18) 


Assume that yi < • • • < yj^, yj < ■ ■ ■ <y'^ and that t yi,. ■yN-i- Denote the integral on the Ihs as Il/vfjjy, y^). 
Then, by (16.2.111) . one can recast this quantity as the below product of operators. 




...A' 


( 1 ) 

Xn 


(6.2.19) 


One moves the operator A , through the string of A operators by means of a repetitive application of (16.2.151) 

-N 

and, at the very last stage, applies the identity Ay^Ay^^ = 2nhS(y'jy - y^). This leads to the induction 


a=l 


( 6 . 2 . 20 ) 
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which is straightforward to solve. The formal identity (I6.2.18I) then follows upon symmetrising the solution of the 
induction. Although formal, the simplicity of the handlings is striking. The formal method was first developed in 
110211 and applied to the case of the Toda chain in II322L This paper improved the rigour of certain formal steps. 
In Section 2 of [A18], I managed to get all the steps rigorous. 

Isometric nature of 

The formal adjoint of IAn is given by the map ’Vn defined on L^(]R^, d^x) through 

^N[F](yN) = J{‘Py.ixN))* • F{xn) • d^x . ( 6 . 2 . 21 ) 

’r" 

Using that = tp-y^ixN), the isometricity of "Vn is equivalent to the one of the operator "Vn whose 

action on (L^ n d^x) is given by the integral transform 

/ ^yAxN)F{xN) • d'^x . (6.2.22) 

'r'v 

This isometricity is guaranteed by the 

Theorem 6.2.4 The transform 'Vn defined through (16.2.221) is such that given any 

F € , ^n[F] e SiR^) n L^^iR^, d/aiy^)) . (6.2.23) 

"Vn extends to an isometric operator'V n : L^(R^, d'^x) —> Lly^{R^,dp(yi^/)): 

||‘T^A'['^]|li2^_^(RjV dp(_y^)) “ ll'^llL2(RA',d'V^) • (6.2.24) 

The method which allowed me to prove the isometric nature of 'T'a? has never been proposed, even on a formal 
level of rigour, previously. The handlings leading to the result are from the point of view of formal manipulations, 
quite simple. The main idea of the proof is that the orthogonality of the system {^ 3 ,^(xa?)) obtained by means 
of the Gauss-Givental representation translates, when expressing it though the Mellin-Bames multiple integral 
representation for (py^, into a set of integral identities depending on free external parameters and y'^. Sending 
some of the variables in jyy and y'^ to infinity in a specific way fhen yeilds fhe precise infegral idenfify fhaf is 
necessary for proving complefeness. Below, I will explain how fhe procedure works on a formal level of rigour. 
The proof can be found in Section 3 of [A 18]. The main poinf is fhaf there seems to exist a sort of hidden duality 
between the isometric character of the operator FIn and ’Vn. As soon as one isometry is proven, the second one 
follows from it. 

Formally, the isometricity of the transform boils down to the completeness of the system {^ 3 ,^(xa?)} 

Xn{x'j^,xn) = I (^3,^(x^)) (, 03 ,^(Xiv) -d/ifj^) ^ |~[d(xa-x^), (6.2.25) 

By using the recursive form of the Mellin-Bames integral representation 

r ‘ t- — ^ d^~^>v 

Ty^ixN) = J I Jw) • _ iy_(27rh)^-^ (6.2.26) 

(R-io-A 
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one is able to recast Xn) as 


Xn{xi^, Xiif) — 


-f 




^^'n- 1 )) ^^N-l i^N- 1 ) • <^iWN- 1 , i\XN-x'^)-- 


(N-iy. 


where i/^ is a distribution defined in terms of the formal integral representation 


N-l N 


0=1 b=l '' 


yb-Wa + i0+ w'^-yb + i0+ x t dju(y^) 
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))■ 


(iV-1)! 


. (6.2.27) 


The proof of orthogonality boils down to finding an alfernafive represenfafion for fhe disfribufion ij/. I will argue 
below fhaf fhe laffer can be recasf as 

N-l 


llj{WN-\,w'f^_yXN - Xf^) = 


6{xn - x') 


H{wm- 


o-€Siv-i 0=1 


This being seffled, one obfains fhe recurrence 

Xn{x'{^,Xn) = S{xn - .r^) •^Ai-iC-'^w-i’-’^A'-i) • 


(6.2.28) 


(6.2.29) 


whaf readily allows one fo esfablish completeness by induction on N. 

In order fo esfablish (16.2.281) . one rewrites fhe orfhogonalify condifion obfained by means of fhe Gauss- 
Givenial represenfafion on fhe level of fhe induclive conslruclion of fhe Mellin-Barnes integral represenfafion. 
This yields fhe identify 
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Jo-w^+iO"" Wfo-ya + iO+xf d/r(j^_i) 


ih 
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(iV-l)! 


. (6.2.30) 


(6.2.31) 


Upon multiplying bofh sides by fhe funclion 

g§(v-i)(vrA,_i-wUi). 

subsliluling wa? wi>^ + K, + K and fhen sending K —> +oo one observes fhaf fhe sole terms in fhe sum 

over permulalions in fhe Ihs of (16.2.301) which survives fo fhe limil correspond fo permulalions cr € Si\/ slabilising 
N, viz- cr{N) = N. Since d{wM - tv^) appears in bofh sides of (16.2.301) . one can simplify Ihis faclor provided a 
proper subsfilufion of fhe variable is made. Furfher, moving all fhe dependence on wa? fo fhe rhs, one gels fhe 
identify 
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There, one has 
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The (1 - O'*') regularisation is present so as to ensure the convergence of the integral at infinity. It is readily seen 
that 




(6.2.34) 


hence providing one with an auxiliary multiple integral representation for a symmetrised multi-variable d-function. 
Starting from (16.2.361) with the .S' ^ -i-oo limit replaced by 1, one multiples both sides by 



and substitues w^-i 


-Ke^ 


w^_i ^ -Ke'' 


(6.2.35) 


in terms of new variables s, s' and, finally, moves all the K and s dependence to the rhs. Then, sending K —> -i-oo, 
yields 
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. (6.2.36) 


The function under the limit takes the form 
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and is such that 

{f^KiyN-l’ ^N-2, ‘^')} ^ 1 ■ 

This yields the sought identity. 


(6.2.37) 


(6.2.38) 


6.3 Inverse problem for the Toda chain 

6.3.1 Equations in dual variables 

It follows from the discussion carried out at the beginning of Section [6!^ that. in a sector corresponding to a fixed 
total momentum e, the eigenfunctions of the quantum Toda chain take the generic form 

d>e;/Td(-^V+l) ^ J '¥yj^,s(XN+l)- 1~[ {^fTdCVa)}' ^ (fiy^(Xjv) ■ 

R" 

This means that in order to obtain the action of a local operator 0 on the eigenfunction-part of the above 
integral representation it is enough to obtain an equation in dual variables as described in the introduction to the 
chapter 


0 ■ 'Tj^,e('Vw+l) — 0 • e(jrAf+l) 


(6.3.2) 
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where 0 acts on the dual variables e). Once that one disposes of such an equation, it solely remains to use 
contour deformations or integration by parts so as to move the action of the operator 0 on the eigenfunction part 
nil {<??TdCf«)i- 

In order to establish equations in dual variables (I6.3.2I) . it is important to have well-suited representation for 
the integral kernel £(jr/v+i) at one’s disposal. In |[T^ . Babelon managed to determine such equations for the 
local operators 

r 

]~[ jeX“-xv+ij (6 3 3) 

a=\ 

by building on the Mellin-Bames integral representation (I6.2.6I) for the functions As I will show in 

the following, it is indeed the one that is most adapted for such calculations. 

However, first, I would like to remind that there exists a privileged family of operators on hid for which it is 
easy to build systems of equations in dual variables: the entries of the monodromy matrix of the model. 


Proposition 6.3.1 The function e(jrA?+i) satisfies to the equations in dual variables: 

^ ^ r _ 

n , (6.3.4) 

p=\ .v=l 

*P 

as well as 

N ^ ^ q _ 

= (d-£+y^)f](d-yr)'P^^,£(A:^+i)+ (6.3.5) 

£=\ p=\ s=\ ^P 

*P 

There Cp stands for the unit vector in K.^ with a 1 solely in its p* entry: 

gp = (a^^,l,0,...,0) . (6.3.6) 

p-l terms 

Finally, one also has the identities 
N 

I |e “ '— 'Pj^-i?!e,e-/SA^(.*'V+l) and e ■'P>’^,e('^V+l) “ ^yfj,E+i£ti(.^N+l} ■ (6.3.7) 

a=l 

N 

The vector e introduced above takes the form e = Yj ^p ■ 

p=i 


The proof of the proposition can be found in Appendix B of [A 19] although I stress that it is very standard. 
The main ideas in the proof should be attributed to Sklyanin II326[ 13271 . I refer to Corollary 1.1 of [A 19] for the 
equations in dual variables associated with the operator CyAr+i(/l). 

The main observation one can make on the level of these formulae is that it is fairly easy to compute the 
action on 'P_y^ e(jr/v+i) of operators acting non-trivially on the "full" Hilbert space hid as opposed to a sub-set of 
its local spaces. Therefore, my main idea for obtaining equations in dual variables consisted in using a slightly 
different variant of the Mellin-Bames multiple integral representation. Indeed, the representation presented earlier 
in the text (16.2.61) was obtained by an inductive procedure based on the splitting of the chain of A -i- 1 sites into 
a concatenation of an N site chain and a single site one, cf. (16.2.41) . One can establish analogous representations 
corresponding to any splitting of the chain into sub-chains of respective lengths r and A -i- 1 - r. 
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Definition 6.3.2 Let and s & C be given. Then, define the function inductively as follows. 

First set 

(6.3.8) 

and then define the collection of functions by 


/ r-l N-l 

tniw, Z I Jiv) • ]~[ dWa • ]~[ dZa . 

a=l a=r 


(6.3.9) 


There the integration runs through two sets of variables Wa and Zb which are collected in a vector notation 

w = (wi,... ,iVr-i,0,... ,0) and z = (0,... ,0,Zr, ■ ■ ■ ,Zn-i) ■ (6.3.10) 


N-l 


N-l 


The vectors 


X\ = {x\,... ,Xr) and JC 2 - (x^+i,...,.x^^+i) (6.3.11) 

correspond to a splitting of the coordinates of the position vector Xm+i = (.^i,..., JC/v+i). Further, the integration 
runs through the domain 

‘^r-i N-r = (R - (R + ia)^~^ where a is such that a> max (|3(yj(:)|) . (6.3.12) 

’ /r£ll;W]| 


Finally, the weight m(w, z \ Jt^) arising under the integral sign is given by 

-1 ^ .1 N-l N 

(iTThf-^ L\L\ 


t^iw,z I Ja?) = 


n n • n n 


a=r b=l 


fZa yb \ 


ih 


(r-iy.(N-ry. r-l 

nr 

a,b=l ' 
a+b 


Wa 


Wb) 


N-l 


ih 


a,b=r 

atb 


)■ n' d^l-n n'|r(Si^)si'- 


r-l N-l 

n n 

<3=1 b=r 


(Zb-^a 


a Zb') 


ih 


. (6.3.13) 


It is shown in Appendices A and B of [A 19] that this definition 

• is clean-cut, i.e. that the integrals (16.3.91) are indeed convergent; 


• is consistent, i.e. the functions £(jrAf+i) do not depend on the value of the integer r used in the splitting 
of the integration variables (16.3.101) . 

The recursive form of the Mellin-Bames integral representation (16.2.261) corresponds to setting r = A in (16.3.91 ) 
and then simplifying the exponential prefactors so as to recover ipy^lx^) according to (16.3.251) . 

The r-split representation for £(jrA?+i) is very effective for obtaining equations in dual variables for com¬ 
posite operators. The result is resumed in the theorem below whose proof is given in Appendix C and in Proposi¬ 
tion 2.1 of [A 19]. 


Theorem 6.3.3 The operator 


%{A) = • P,+i,w+i(T) 

a=l 


(6.3.14) 
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satisfies the equation in dual variables 

I!^=CTUtT 


#a-=r +1 


hi(T 


b^cr 


1% 2 ea,e 


(xn+i) > 


(6.3.15) 


where = |[ 1; and the sum runs through all partitions cr U cr of In under the constraint #(t = r + 1. 
Similarly, the operator 


a=\ 

gives rise to the equation in dual variables 


(6.3.16) 


= 2 n It^) ■ Rw -») ■ f,.-* z ■ 

JA;=o-Uo=?eo- be<T 


(6.3.17) 


I Ar=(rU(T ^Scr 
#a-=r 


One can, in principle, construct equations in dual variables for other operators associated with the Toda chain, 
see e.g. Corollary 2.2 of [A19]. Also, Theorem (16.3.31) is already enough so as to recover the equations in dual 
variables obtained by Babelon ifT^fT^ and Sklyanin II328II . Indeed, one has the 


Corollary 6.3.4 The below equations in dual variables hold 


= D n{^ 

a=l Iiv=crUaaecT 


lM=crU<T oecT 
#<T=r 




(6.3.18) 


and 


e=l i=l In=(tUW aea- aecr 


Jjv=o-Uo= aea- ^ aecr 

#(T=r 


Proof — 

This is a straightforward consequence of formula (16.3.151) as soon as one observes that 
D,,yv+i(d) - + 0(/l^“''“i) . (6.3.20) 

Likewise, equation (16.3.191) is deduced from (16.3.171) upon observing that 


Ai,,(T) = T'--T'-^(2 ]p,) + 0(T'-2). 


(6.3.21) 
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6.3.2 Multiple integral representations for certain form factors of the model 

Equations in dual variables allow one to obtain A/^-fold multiple integral representations for the form factors of 
various local operators. I will describe the result in the case of the operators YY^=\ Since the model is 

translation invariant, one has to fix the centre of coordinates in order to obtain a finite answer for the form factor, 
hence waving off the infinite contribution of the continuous modes of the total momentum operator. Below I adopt 
a coordinate system where = 0. 


Proposition 6.3.5 Let and be two eigenfunctions of the Toda chain in the sector characterised by the 
total momentum s. The associated finite part of the form factor of the operator YYa^i j the form 




A^! 


a=l 


^0 r\(N — r) 


! /n [\(ya-yb)\}■ n {{qt'^,iy-^Tqt,,{ya)} 

a<b a=l 


n [—^]} • ■ (6.3.22) 

^ A ^ya-yb^' 


n{ 

fl=l 


q^jiya + tK) 

qhiiya) 


b=r+\ 


The index \ xm+i - 0 refers to the fact that the coordinates are chosen so that xm+i = 0. 


Proof — 

Starting from the representation (16.3.251) for the eigenfunction, one acts with the operator jeX„-xjv+ij 
under the integral sign by using (16.3.181) . One can then shift the integration contours in the variables labelled by 
the set cr in (16.3.181) in virtue of the analyticity of the integrand, leading to 


#(T=r 


aeo" 

b^(T 


ya-yb + ib 


d^y 


]~[ {qtjiiya + ib)] ■ ]~[ {^rTdCVfl)} • P(yN + ^ ■ (6.3.23) 


It remains to apply the finite difference equation satisfied by the measure p: 


pijN + ibY.aeo-ea) 
p(yN) 


nl 


ya-yb + ib 


aecr 

b^(T 


yb-ya 

and then invoke the symmetry of the integrand so as to recast the action as 

N\ 


(6.3.24) 


r r+l 




< 2=1 


r\{N — r) 


RN 

n [dt-uYya + i^)) • Y\ |‘?'Td(>’a)| 


a=r+l 


VM 


. (6.3.25) 


The rest follows by virtue of the unitarity of the qj^ transform. 
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Conclusion 

This chapter covered the progress I achieved in understanding various aspects of the spectral problem for the Toda 
chain. I have proved the validity of the Nekrasov-Shattashvili description of the model’s spectrum, I developed a 
new approach allowing one to establish the unitarity of the separation of variables transform, and finally, I pushed 
forward the resolution of the spectral problem. All this leads to A-fold multiple integral representations for the 
form factors of various operators of the Toda chain, as shown in Proposition 16.3.221 These representations fit, 
upon taking specific limifs, fo fhe sinh-model mulfiple infegrals fhaf have been menfioned in fhe infroducfion. 




Chapter 7 

Towards the asymptotic analysis of quantum 
separation of variables issued multiple 
integrals 


I have briefly reviewed, in the introduction chapter, the state of the art of the techniques allowing one to extract the 
large-A^ asymptotic behaviour out of A/^-fold multiple integrals corresponding to partition functions of /3-ensembles 
with varying weights. One of the most straightforward generalisations of these integrals, already proposed by 
Boutet de Monvel, Pastur and Shcherbina II 86 I . consists in replacing the varying one-body confining potential 
• P by a varying multi-particle potential, hence leading to integrals of the type 


■^N 





- 2] Pp(4,...,d,-,)}.d'^d. 




(7.0.1) 


There A is a finite union of intervals of R and Vp are some sufficiently regular p-particle interactions. The scaling 
N'^~p in front of Vp is such that all interactions between the integration variables have, effectively, the same order 
of magnitude in N. When A = R, Gdtze, Venker II163II and Venker II359I have shown that the bulk universality 
properties of the probability distribution associated with the model at r = 2 corresponds to the universality class 
of /3-ensembles. Furthermore, when r = 2, p = 2 and 


V2(M,^2) - In 


\ fi2 - fit / ’ 


(7.0.2) 


the multiple integral has a determinantal structure ITSl 17^ what allows for its study through bi-orthogonal 
polynomials II237L Some of these polynomials - for specific choices of /’s- can be characterised by means 
of Riemann-Hilbert problems fTSl 1791 . The formal asymptotic expansion of the partition function of multiple 
integrals of the type (17.0.11) has been argued by Borot B9l on the basis of a generalisation of the topological 
recursion. In [A22], in collaboration with Borot and Guionnet, I proved the existence of the all-order asymptotic 
expansion under certain regularity assumptions on the multi-particle interactions which are, for instance, satisfied 
for perturbations of the Gaussian one-body potential or for various examples of two-body (viz- r = 2 in (17.0.11) 1 
interactions depending on the difference of argumenfs. 

Even fhough inferesfing from fhe poinf of view of ifs applicafions, dealing wifh fhis class of multiple infe- 
grals was merely a fechnical issue. Indeed, upon minor embellishmenfs, fhe overall analysis fifs quife well info 
fhe scheme developed for /3-ensembles. However, developing an approach allowing one fo exfracf fhe large-77 
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asymptotic expansion out of the class of multiple integrals that are of central interest to the quantum separation of 
variables appeared to be a quite different issue. Generically, such multiple integrals can be written as: 


3iv[W^yv] - 


r ^ n n ^ 

I Y\ {sinh [—(ya - yb)] sinh [—(y^ - y^)]} • ]~[ 

d a<b 


-WNiya) . _ 


(7.0.3) 


There Wn is a model dependent confining pofenfial while a»i,a ;2 are relafed fo coupling consfanfs of fhe given 
model. Here, fhe infegrafion runs over K.^ and Ibis case will be of prime inferesf in fhe following. Nevertheless, 
in some models, one should frade fhe infegrafion contour from fo wifh ^ a curve in C. Alfhough such 
resulfs have seldom been wriffen down explicifly, if is more or less clear fhaf scalar producfs of sfafes 111021110311 
and [A 18], certain parfifion funcfions 120211 and also form factors lfT3lll651l29411295113281 and [A 19] of numerous 
local operafors in models solvable by Ibis mefhod are eifher given direcfly as integrals of fhe fype (17.0.31) or by 
certain perfurbafions Ihereof as in fhe case of fhe Toda chain issued form faclors (16.3.221) . The large-A asympfofic 
behaviour of fhese integrals is of main inferesf fo fhe physics of fhe models in which such multiple integrals arise. 
For insfance, in fhe case of fhe Toda chain, sending N +oo corresponds fo faking fhe limif of infinitely many 
quanfum particles in inferacfion. Then, exfracfing fhe N —> +oo asympfofic behaviour of fhe multiple infegrals 
(16.3.221) is fhe sin equa non condition for being able to describe fhe dynamical properties of such a system of 
infinitely many inferacfing particles. In fhis respecf, if is also clear fhaf if will be more or less direcf fo undersfand 
fhe large-A behaviour of perturbations, such as (16.3.221) . of (17.0.31) once fhaf if becomes clear how fo deal wifh fhe 
large-A behaviour of 3/v[lT/v]. 

Independenfly of ifs applicafions fo fhe physics of quanfum infegrable models, fhe mulfiple infegrals (17.0.31) 
are inferesfing in fheir own righf: fhey nafurally consfifufe fhe nexf, after /3-ensembles, class of A-fold infegrals fo 
invesfigafe and undersfand when having in mind developing a general, effecfive, fheory of fhe large-A asymptotic 
analysis of A-fold mulfiple infegral. On fhe one hand, fhe infegrand in (17.0.31) bears certain sfrucfural similarities 
wifh fhe one arising in yS-ensembles. On fhe ofher hand, if brings fwo new feafures info fhe game hence providing 
one wifh a good playground for pushing forward fhe mefhods of asympfofic analysis. To be more precise, fhe 
main feafures of fhe infegrand in 3 a? [IT] which render fhe use of fhe already esfablished mefhods problematic sfem 
from fhe presence of 

1 Af) eifher a non-varying confining one-body pofenfial = VT or a potential 0 Wn such fhaf, when T ^ oo, 
Wn{A) = + a» 2 ^)|/l|(l + o(l)), hence making fhe integral minimally convergenf, and such fhaf 

converges uniformly on compacf subsefs of R. fo a non-varying pofenfial; 

2Af) a fwo-body inferacfion fhaf has fhe same local (viz. when Aa —> Ab) singularify sfrucfure as in fhe yS-ensemble 
case, while breaking ofher properties of fhe Vandermonde inferacfion such as ifs effecfive invariance under 
a re-scaling of all fhe infegrafion variables. 

The presenf chapter is devofed to describing fhe progress I achieved in undersfanding cerfain aspecfs of fhe 
large-V asympfofic expansion of fhe mulfiple infegrals p}\\ and, above all, 3a?[ITa?]. This chapter is 

organised as follows. Section ITA] provides a short description of fhe large-V expansion of fhe parfifion funcfion 
p]\\ in fhe so-called one-cuf regime. This section is based on fhe work [A22]. The characterisation of fhe 
asympfofic expansion in fhe mulfi-cuf regime is also possible and can be found in fhe menfioned paper. I will sfarf 
Section rT2l by arguing fhaf, in order fo fackle fhe large-V asympfofic expansion of mulfiple infegrals of fhe type 
3 a?[1Ta?], one firsf needs to be able fo exfracf, in a efficienl way, fhe large-V asymptotic expansion of fhe below 


tyhis is precisely the case of potentials that would he of interest to the Toda chain 
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sinh-model partition functions with varying interactions 


^ N N 

ZNm - J n ( - Ab)] sinh - Ab)]] • f] {e 

a<b a=l 


-NTnV(A,) 




(7.0.4) 


where Tj^ ^ +oo when N +oo. In Subsection 17.2.21 1 will present the form for the large-77 behaviour of 
that I proved with Borot and Guionnet in [A21]. In Subsection 17.2.31 I will discuss some auxiliary results of 
importance to the analysis of [A21]. I will, in particular, describe briefly the structure of the equilibrium measure 
associated with the sinh varying interactions. In will conclude this section by discussing, in Subsection 17.2.41 the 
overall strategy allowing one to prove the mentioned asymptotic expansion of Za?[17]. 


7.1 Mean field models with Coulomb interactions 


7.1.1 The overall strategy 

The main idea for attacking the problem of estimating the partition function at large-N consists in constructing a 
one parameter t family of potentials {VpjY^ such that Vp-\ = Vp and Vp-fl - 0 for any p >2. Given such a family, 
one has that the logarithmic t-derivative of the partition function can be recast as 


dtlnZf^V, 




-"■jit 

T(^)P 






> ^p) ■ 


dP^ 

{2m)P 


(7.1.1) 


xtY 

Above, the quantities Wp ‘ correspond to the Stieltjes transforms of the n-th order moments of the empirical 
measure 


Wn " ^(Xi,...,Xn) 




(7.1.2) 


Above stands for the probability measure on that is induced by the partition function pY] \ and 

6x is the Dirac mass centred at x. 

Integrating the rhs of (17. 1. II) over t yields 


JdMZf''\{Vp,A\]At - In 
0 


Zf''\{VpAY,] \ 
Zf%Vp.pY,V ' 


(7.1.3) 


The term in the denominator is a one-body confining potential /3-ensemble partition function; its large-A asymp¬ 
totic behaviour has been determined in the works ifSOllSTTl . Thus, to access to the large-A expansion of the partition 
function of interest, it remains to find a uniform in t e [0; 1] asymptotic expansion of the rhs of (17.1.11) up to the 
desired order of precision in N and then integrate it out over t. Once that I provide a description of the main result 
of [A22] in the one-cut case, I will describe the overall strategy on which the proof is based. 


7.1.2 A brief description of the result 

In order to describe the main result of [A22], I first need to introduce a few objects and state the hypothesis under 
which the analysis holds. First of all, the p-body potentials Vp, p - 1,..., r, are assumed to be real analytic. This 















170 


hypothesis allows one to rely on the tools of complex analysis so as to carry out the large-/7 analysis of the loop 
equations subordinate to this model. Although this is not primordial, see [A21], it allows one for an important 
simplification of the analysis 

For further purpose, it is convenient to introduce a rewriting of the p-particle potentials Vp as 


T{xi,...,Xr) = ^ (r-1/|)! l/|y|(x: 7 ) with 

yc|[l;r]| 


J = {ji, ■ ■ -Jui) 

Xj — {xjj, , Xj^j ^) 


(7.1.4) 


In the case where A has some connected component going to infinity, one needs to ensure the convergence of the 
integral. This can be shown to hold provided that T is bounded from below as 


T{x\,... ,Xr) > C + (r - 1)! ^ (y? + e)ln|xa| for some e > 0 and C € R . (7.1.5) 

( 3=1 


This will be taken as a working hypothesis. 

Quite analogously to the case of /3-ensemble integrals, the large-A asymptotic expansion of the partition func¬ 
tion is driven by the properties of the so-called energy functional £mf- The latter is a functional on Af^(R), which, 
for the case of interest takes the form 


SmfM - r - Xj\^ f] d^l{xa) . (7.1.6) 

a=l 

Under the above working hypothesis, one can show following standard arguments |[8l|90l that &mf has compact 
level sets and that there exists a measure //min ^ Af^R) minimising &mf ■ 

£MF|/(min] “ inf {6mf[m]\ < +“ . (7.1.7) 

The uniqueness of the minimum is a different issue and depends on the specific form of fhe p-body pofenfials Vp. 
This uniqueness is a necessary ingredienf for fhe analysis fhaf has been developed in [A22] fo hold. I will fhus 
lake if as a working hypolhesis and refer lo fhe unique minimiser as fhe equilibrium measure peq- 

Exaclly as for /3-ensembles, fhe equilibrium measure can be characlerised in lerms of a sel of variational 
equafions. Under fhe hypolhesis of real analytic p-body inleracfions and uniqueness of fhe minimiser, one can 
eslablish ofher properties of peq, analogous fo fhe /3-ensemble case: fhe exislence of a densify, fhe facf fhaf ils 
support S consisls of a finite union of inlervals or characterise fhe behaviour of ils densify af fhe edges of fhe 
support dS, Ihis as much for fhe hard and soff edge case. I remind fhaf 


• a e dS is a hard edge if a e n 5A; 

O 

• a e dS is a sofl edge if a € A. 


The bounds on fhe behaviour of fhe equilibrium measure in a neighbourhood of fhe edges depend on fhe nalure 
Ihereof. One has 

a sofl edge and = o| ^ ^ — j . a hard edge . (7.1.8) 

The equilibrium measure is said fo be off-crilical if if vanishes precisely as a square roof af fhe sofl edges and as 
an inverse square roof af fhe hard edges. These various resulls relafive lo fhe characlerisalion of fhe equilibrium 
can be found in Theorems 2.2-2.3 and Lemmala 2.4-2.5 of [A22]. 
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Prior to stating the result, 1 still need to introduee the funetional <3eq defined on the spaee of bounded signed 
measures on A as 


<3eqM ^ 




In 14^ - ? 7 |dv(^)dy(? 7 ) + 


/ 


A2 


(r-2)\ 


dy(^i)dv(^2) PI d/req(^fl) 


(7.1.9) 


a=3 


1 will state the main result of [A22] in the simplest case when the support of the equilibrium measure consists 
of a single interval. 

Theorem 7.1,1 Assume that 

• the p-body potentials are real-analytic; 

• Smf admits a unique minimiser whose support consists of a single interval; 

• the density of equilibrium measure is off-critical; 

• the functional <3eq is positive definite, viz- <3eq[T^] ^ 0 and <3eq[v] - 0 implies y = 0. 

Then, the partition function admits the large-N asymptotic expansion 


Zf^Vp-.Vi] = exp { £ for any e N . 

^ k=-2 

T is a universal exponent depending only on fd and the nature of the edges: 

• T = + 2 + I) if the support S has two soft edges ; 

• T = + I) if it has one soft edge and one hard edge ; 

• T = 1(5 + I - p if it has two hard edges. 

are functionals of the p-particle potentials that are computable order-by-order. The leading term takes the 
form F[“2] ^ -&MF\Feq\- 


1 do stress that the form of the asymptotic expansion can also be established in the multi-cut case, viz. when 
suppljUeq] consists of several disjoint segments. 1 refer to Theorem 1.1 and Sections 7-8 of [A22] for a precise 
statement. 

It is legitimate to wonder about the applicability of the general setting to concrete situations and, in particular, 
to ask about the possibility to prove, in concrete examples, the hypothesis on which the analysis relied. One can 
provide numerous examples of models with two-body interactions r = 2 where the strict convexity of the energy 
functional Smf can be established, see Section 1.2 of [A22] for explicit examples. For such models, the one-body 
confining pofenfial can be faken arbifrary up fo some reasonable hypofhesis such as ensuring fhe convergence of 
fhe integral. 
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7.1.3 The main steps of the proof 

In order to extract the asymptotic expansion of the Stieltjes transform W„ in (I7.1.1I) one first obtains the one of a 
related object the so-called connected correlators W„. These are defined as 




where the Vp correspond to the below deformations of the original potentials 






(7.1.10) 


(7.1.11) 


and 5a,b is the Kronecker symbol. The connected correlators reconstruct as 

Z 

Il;nl= 

7lU--u7j 

Above, the sum runs through all partitions of [[ 1; n ]] into s disjoint sets 7i,..., 7^. It follows from (17.1.121) that if 
the asymptotic expansion of the connected correlators is known, so is the one of the lT„’s. The main reason for 
studying the connected correlators instead of the Stieltjes transforms of the n*-order moments is that the former 
have a much better structure of the large-A asymptotic expansion that the W„ ’s, hence making it easier to study. 

The first step towards extracting the large-A behaviour of the connected correlators consists in obtaining some 
a priori bounds on their magnitude. These can be deduced from concentration of measure arguments which are 
obtained in Section 3.3 of [A22]. Their derivation is very analogous to the method employed by Maurel-Segala 
and Maida II273I in the /3-ensemble case. The main idea behind the concentration of measure is to control, in some 
specific way, the fluctuations of the empirical measure 


Y\ where 


i=i 


J - \Ji, ■ 

Xj = {xp,. 


>7171) 


x,-,„) 


(7.1.12) 


Wn{Xi,...,Xn) ^ ^ 


s=\ 


jU) _ 


1 

N 


N 


a=l 


(7.1.13) 


around the equilibrium measure. Since the empirical measure has atoms, it is necessary to formulate the concen¬ 
tration of measure in terms of fluctuations of an appropriate regularisation of the empirical measure. This 
regularisation is Lebesgue continuous and close {0{N~^)) to in the Wasserstein metric. Now, in terms of this 
regularisation, one has, for some constants cq , c' > 0 , 

^ where Da? = {t e -)Ueq] > . (7.1.14) 

This result means that, relatively to the probability measure the contribution of domains in where the 

regularised empirical measure deviates from the equilibrium measure is quite small. The control on the magnitude 
of this deviation is ensured by the functional (3eq- One would like to use this information to control the magnitude 
of the connected correlators for z € C \ A. In the case of Wi, one has to recentre around the equilibrium measure 


tki(z) - 


f 






A 



«Az(^)-d(Ly 


-MeqXO 


where 




Ia(^) 
(z-0 ■ 


(7.1.15) 
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In order to make the most of the concentration bounds the idea is to decompose 


J iJfM) • d(Ly - /req)(^) - J <Az(^) • d(Ly - + J • dCL^ - - 


(7.1.16) 


The first term can be bounded easily in terms of the control - uniform in T € R^- on the Wasserstein distance 
of to However, in order to make the most of the bounds (17.1.141) . one should find a norm || • ||.^ on an 
appropriate space of functions TY £ C‘’(R) such that for any (p e'H and bounded measure v of total mass 0: 


r (p{x)Av{x) < co<3*^^[v] IMI-h ■ 
Ja 


(7.1.17) 


The space TY should also contain a convenient family of functions (see Definition 3.2 and Lemma 3.3 of [A22]). 
Once the bound (17.1.171) is established, it is enough to split the integral versus P|Vp|^ in one over T)*? and one over 
its complement I)^. The integration over leads to exponentially small contributions due to (17.1.141) and the 
use of L°° bounds on Then, applying the bound (17.1.171) to the measure v = -//gq allows one to estimate 

in N the integral over 

The space TY is constructed in Section 4 and Appendix A. It is shown there that one can take TY to be the 
Sobolev space ITj^(A) with q > 2 where I remind that this is the space of functions on A that are bounded in 
respect to the norm 


\\d‘‘[ ... 5";;/||z,<»(A,d^) : af e N, 7’ = 1,. ■.,and satisfying ^ a( 

e=i 


It is easy to check that the functions i/'z(^) - 1a{OI(z - ^) which are the building blocks of the correlators, do 
belong to this space. All these informations lead to the a priori bounds on the correlators 


W^i(z) - 


r 


^Meq(^) 




< 


C 


+ C I|iAzIIw’(A) 



(7.1.19) 


A 

for some constants C, C and where d{z. A) represents the distance of z to A. Similarly, for any n>2 and N large 
enough, one shows that there exists c„ > 0 such that the n'*’ connected correlator satisfies: 


« , 

|lT„(zi,...,z„)| <c„]~[| 

a=\ 


c 


N^-d{Za,l^)^ 



(7.1.20) 


I stress that these bounds are not optimal. They solely constitute the starting point of the analysis. The tool 
which allows one to study the large-A expansion of the correlators is the system of loop equations satisfied by the 
correlators. It is a tower of non-linear integral equations relating the lT„’s among them. See Section 5.1 of [A22] 
for a precise statement. Inserting the bounds (17. 1.19I) -( I7.1.201) into the loop equations allows one to improve them 
up to the optimal level by using a bootstrap argument. Once that the bounds are optimal, one is able to access to 
the large-A asymptotic expansion of the correlators by some perturbative handlings of the loop equations. This 
asymptotic expansion can be obtained to any order in 1 jN. The details associated with these steps can be found in 
Sections 5 and 6 of [A22]. 

The large-A asymptotic expansion of the Stieltjes transform obtained in this way is already enough so as to 
access to the large-A expansion of p}\\, this both in the one and multi-cut regimes, as demonstrated in 

Sections 7 and 8 of [A22]. 
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7.2 The re-scaled quantum separation of variables integral 

7.2.1 Motivation of the varying-interaction model 

In order to explain the main difference between the asymptotic analysis of 3A?[lVAr] and /3-ensemble multiple in¬ 
tegrals subject to varying potentials it is instructive to discuss the example of a non-varying monomial potential 
^piytv) = c|y|^. First consider, at large N, the contribution of a bounded domain in to the integral 3A^[lVpiy]. 
When restricted to such domains, the sinh two-body interactions are dominant in respect to the confinement in¬ 
duced by Wpiy, this by one order in N. Likewise, for such domains, the Lebesgue measure should contribute to the 
integral by, at most, generating an exponential growth in N. Thus, the dominant contribution of bounded domains 
in is obtained by spacing the ’s as far apart as possible. Clearly, increasing the size of the bounded domain 
also increases the value of the dominant contribution of this domain ... at least until the confining nature of the 
potential kicks in. In fact, the confining nature of the potential also implies that if some variable is sufficiently 
large -on a /7-dependent scale- the presence of the confining potential will result in dumping completely its con¬ 
tribution. This means that, in order to identify the configuration maximising the value of the integral, one should 
change the scale of integration into one that depends on N: ya = Tf^Aa with — > oo. 

N r ^ n ^ 

3 v[Wpiy] = {Tn) J n I sinh - Ab)] sinh • f] • d'^T . (7.2.1) 


The sequence Tn should be chosen in such a way that, for a typical distribution of the integration variables Aa, 
both the two-body interaction and the confinement ensured by the potential produce contributions of the same 
order of magnitude in N. For a "typical" distribution of the variables {Tq}^, the leading in N asymptotic behaviour 
of the sum involving the potential in the rhs below should be of the order of the Ihs. 

N 

~ T^^N-C . (7.2.2) 

a=l 

Similarly, assuming a typical distribution of the variables {Aa}^ such that, for most of the variables Tb]\Aa-Ab\ » 1, 
one will have 



Tfo)]sinh[—rw(^-Tfo)]l ~ N^Tn-C. 
C02 ■' 


(7.2.3) 


Hence, it appears that both terms will generate the same order of magnitude in N if 
N^-Tn = T^-N i.e. Tn = . 


(7.2.4) 


Since such a rescaling tunes the interactions to the same order of magnitude in N, it appears plausible that the 
integration variables in (17.2.11) will condensate, analogously to what happens in the one-cut case of /3-ensemble, 
on some interval with a density peq- These heuristics can be proven within the large-deviations approach, see 
Theorem 2.1 and Appendix B of [A21]. 

Although I only discussed a specific example, the situation is roughly similar in the general case be it for 
non-varying potential W or for weakly confining potentials Wn which converge, on compact subsets of R to a 
non-varying potential. In the case of non-varying potentials, the conclusion is that it is the leading large-variable 
asymptotic behaviour of the potential at ±oo that drives the large-A behaviour of Inj^^LfF]. I should stress that, 
then, the analysis becomes a case-by-case study basically because this leading asymptotic behaviour might be 
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quite peculiar. Still, for various concrete examples of potentials W, it is possible to mimic the large-deviation 
approach to /3-ensemble integrals so as to obtain the leading asymptotic behaviour of In 3 a? [IV]. I expect that also 
in the case of weakly confining potentials the leading asymptotics of In 3 a?[1Va?] should be tractable within the large 
deviation principle by generalising the approach of Hardy 111711 . although I did not investigate this issue in much 
details. The main point, though, is that, in order to go beyond the leading asymptotic behaviour of the logarithm, 
one has to alter the picture and work directly at the level of the rescaled multiple integral Z?v[V'a?], where 


^ N N 

ZnVV] = I n ( "i"* - Xb)] sinh - d?,)]) • Y\ • d^^d 

a<b a=l 


(7.2.5) 


and the potential V/v is given by Vm{X) - W{TbfA)l{T!^N). 

It is on the level of (17.2.51 that point 2) of the list given in the introduction to this chapter introduces a striking 
difference in respecf fo /3-ensembles. Indeed, fhe problem of rescaling a non-varying pofenfial may also appear in 
fhe confexf of /3-ensemble, see fhe works of Bleher and Fokin 1331. However, fhere, fhe rescaling does nof affecf fhe 
form of fhe fwo-body Vandermonde like inferacfions. Hence, fhe sifuafion boils down fo fhe sfudy of a yS-ensemble 
wifh an V-dependenf pofenfial. Allhough bringing new lechnicalifies info fhe game, fhe problem remains globally 
unchanged mainly due fo fhe facl lhal all fhe asympfolic expansion is driven by properties and delails of fhe 
equilibrium measure. The laller can be explicitly conslrucfed by means of fhe solution fo a scalar Riemann- 
Hilberl problem, hence fremendously simplifying fhe analysis. However, in fhe case of presenl inferesl (17.2.51) . fhe 
fwo-body inleraclion explicilly involves an N dependence. In order fo grasp all fhe relevanl conlribulions fo fhe 
large-dislance asympfolic expansion one now has fo incorporale fhe V-dependence of fhe fwo-body inleraclion 
info fhe analysis. Furfhermore, due fo fhe more involved form of fhe fwo-body inferacfions, fhe description of 
fhe equilibrium measure becomes more involved in fhal if is done by means of auxiliary 2x2 Riemann-Hilberl 
problems. 

The analysis of fhe integral (17.2.51) in fhe presence of scaling wifh N potentials V^v can bring several additional 
lechnical complications info fhe game -such as a lower of poles squeezing onto fhe inlegralion domain or a quickly 
oscillatory asympfolic behaviour- wilhoul really helping fo clarify how fhe new fealures broughf in by fhis class 
of multiple integrals should be Irealed. Thus, in order to undersland fhe large-V asympfolic behaviour of partition 
funclions 3 /v[1Ta?] lhal are of inferesl fo quanlum inlegrable models, if seems reasonable to slarf by developing 
fhe melhod of asympfolic analysis of (17.2.51) on fhe example of V-independenl polenfials V safisfying fo as mild 
hypolhesis as necessary. This allows one fo keep fhe complexify of fhe problem fo a minimum and concenlrale 
oneself solely on developing fhe framework lhal would allow one fo deal wifh fhe varying nalure of fhe fwo-body 
inleraclion. Doing so was fhe main goal of my joinl work wifh Borol and Guionnel [A21]. In fhe Ihree subsections 
lhal follow, I will describe fhe main fealures of fhe melhod lhal was developed in [A21]. 


7.2.2 The asymptotic expansion of Z?v[y] 

The analysis of [A21] builds on four hypolhesis lhal should be salisfies by fhe potential V and fhe sequence r?v: 


fhe potential V is confining, viz- fhere exisls e > 0 such lhal 


lim sup 

l^l^+oo 


V(0 \ ^ 

-;-) - - 1-00 


(7.2.6) 


• fhe pofenfial V is smoofh and slricfly convex on R ; 













176 


• the potential is sub-exponential, namely there exists e > 0 and Cy > 0 sueh that 

€ R, sup I+ 7])\ < Cvimei + 1) , (V.2.7) 

J7e[0;e] 

and given any /r > 0 and p € N, there exists sueh that 

V^€]R, < Qp. (7.2.8) 

• the sequenee grows to -i-oo neither too fast nor too slow: 

{InNf <Tn <N-6 . (7.2.9) 


An explicitly computable case 

Prior to stating the theorem deseribing the large-77 asymptotie expansion of lnZAr[P] up to a o(l) remainder, it 
is worthy to stress that one ean eompute explieitly the partition funetion assoeiated with a Gaussian potential. 
Namely, one has the 


Proposition 7.2.1 Let Vg{A) - gA^ + tA be a Gaussian potential and be arbitrary. The associated partition 
function Zn[Vg\ admits the explicit representation 


ZnWg\ - 


N\ I n 


iNiN-l) \gNTN 


(N^Tn^ 
exp (—:- 1 - 


4g 


12g 


^ 2r^)r2 

rA,(77^-l)l ]~[(l-e“-''^^i^)^“^' . (7.2.10) 

7=1 


Furthermore, provided that (In A)^ < < 77^ ‘'for some e > 0, the 77 ^ -i-oo asymptotic expansion holds: 




In Z;v[Vg] = + 

I4g 


■1 - 77^ •ln2 - — • — 

J T.j 17 


12g 


Tn 12 


U)lU)2 


+ tL . y(3) ^ jvinlw.ri'] + N.ln(ivs^) 


- N 


{ItF) 


.2^2 


,1 

^e 

75. 7 ^-In 


n\oS[^+or2^f ln[7V5.7^-i] i / i28;r^ 
T!\[ - — - -I- - — - -I- — In (- 


12g 


12 


12 \gaJiOJ2 


+ r(-l) + 0(1) . (7.2.11) 


Above, ^ refers to the Riemann ^function. 


The main result 

Priori to stating the theorem giving the explieit form of the large-77 expansion of Zf^\y] up to o(l), 1 need to 
introduee a few auxiliary objeets. The funetion 


2 



(7.2.12) 
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defines the integral kernel of the singular integral operator that arises in most of the important equations of the 
analysis. Let !F[S] be the principal value regularised Fourier transform of S. Below, I will make use of J{u), the 
regularised Fourier transform of 1/!F[S] defined, for « > 0, as 


J{u) 


I 

r+(iR+) 




where 


TVSMA) - 


msinh + a> 2 )/ 2 ] 
sinh [m 1 / 1 / 2 ] sinh [m 2 /l/ 2 ] 


(7.2.13) 


The contour F+(i]R''') appearing above is a counter-clockwise loop around iR'*’ -i- ie, for some e > 0 small enough. 
Let Ri denote the Wiener-Hopf factor of l/!F[S](/l) on BI“. Ri admits the explicit form: 




A 

/ mim 2 

y V 1/1 

/ \ Itzco] 

( ^2 y 

2 n 3 

^ mi -1- m2 

^mi -1- m2 ^ 

''mi -1- m2 ^ 


./ idmA / i/lm2 \ 
I 2n- / I 27r j 

r(^(^i+cu2)) 


(7.2.14) 


Theorem 7.2.2 For any potential V satisfying to the four hypothesis, the partition function Ziv[F] admits the 
asymptotic expansion 


[2/ff]+l 


In 


\ZnWg-,nV ^ 


^p[V] 

rjiP 

p=Q 


+ 


Tn-\- Vc-MibN) - FG;w](aw)) 

+ No • Vc-NnbN) + fi[F, VG-,N^'{aN)) + o(l) . (7.2.15) 

]o and No appearing in this expansion are numerical coefficients given, resp., in terms of a single and four-fold 
integral. Also, the answer involves the Gaussian potential 


VoMfi) = 


7T{co-^ + m-1) • [e - (aN + bN + 0(fV-“))^] 

-) 0(77-“) 

) ' 


12a;, 

b^ - aN + — H — In I - 
Tn p=i n 


(7.2.16) 


-I- Cl )2 

The whole V-dependence of the expansion (17.2.151) is encoded in the coefficients given below, the function 


I v"io 

a[v,VG-Nm - . -inf 






(7.2.17) 


or its derivative VG-,Nf{fi) cind in the sequences a^ and bs/- Note that a^/ and b^/ both depend implicitly on 
V. They will be discussed in more details in Theorem \7.2.4\ to come. 

When p = 0, one has 


^o[F] = 


—0)10)2 
47r(a;i -i- m 2 ) 


bn 

f F^(f)-(F^)"(^)d^ 


where = V ± V^-g ■ 


(7.2.18) 


an 


For any p >\, the coefficients ^p[V] read : 

bn 

^pW] = Up^i J 


(7.2.19) 


a/q 


S+{=p-l 

s />0 
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The coefficients “I,s/ are expressed as: 

;i+f+l ^+1 




1 


z 


5! 


d'' . p . gs+l+t-r j 

11—lu=0 riii^+^+t-r \ P, ( 


In ^ r\{s + { + \ - r)\ dp'''^Ri{-p)hf^=o ''1/^=0 

The V-independent coefficient ]o appearing in the penultimate term in (17.2.151) is defined as 


h - 


= f J{u) ■ {uS'{u) + S{u)) ■ — 

J In 


Finally, the numerical prefactor Nq is expressed in terms of the four-fold integral 


(7.2.20) 


(7.2.21) 


Nn = 


CjJ\ + 002 
2.0J\0)2 


+00 

/ du r I / — U, rV + M,\l 

—7(m)J dvdu[s{u) ■ (r[^—] - 


|m| 


+ 


/ 


dAAp R- (<^i ' + ^^2^^ 


(2i7r)2 {A + p)R^{A)R^{p) 
r+(iR+) 0 


+00 

Jdxdy (^ - j) |r(x) - r(j) - . (7.2.22) 


The contour r+(iR'*') is as defined in (17.2.131) . The integrand ofi^o involves the function r which is given by 

COf) \ 

OJ?/ 

(7.2.23) 


ci(x) + co(x) 


v(x) = 


^ (Op / 

lp=\ 2 n ^001-^ 002^ 


1 +2;r(ajj^ +a>2')co(x) 


with 


\P- 


•1 


CpW ^ T— 


Ol)\Ol)2 


f 


dP I 1 X d2 
V/?,('7V ’ ^ ■ 


2n y a>i -v 0)2 J A dAP^RiiA)' 2in 

r+(iR+) 


(7.2.24) 


With the asymptotic expansion (17.2.151) at hand, it suffices to invoke Proposition 17.2.11 so as to access to the 
per se asymptotic expansion of lnZA?[P]. 

7.2.3 Intermediate results: the A^-dependent equilibrium measure and the master operator 

It is not hard to generalise the large deviation principle based method for extracting the leading asymptotics of 
yS-ensemble integrals to the case of the varying sinh-interaction partition function Za?[P]. 

Proposition 7.2.3 Let £<» be the lower semi-continuous good rate function 

Soolp] J {V(p) + Vi^) - 7 t{o)'^^- voj2^)\^-p\)dp{f)dp{p) . 

Then, under the four hypothesis stated earlier on, one has that 

lim ^ _ inf 

N-^+oo{ N^Tj^ ) /i€At'(R) 


(7.2.25) 


(7.2.26) 
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The infimum of&oo is attained at a unique probability measure /leq- This measure is continuous with respect to the 
Lebesgue measure and has density 


Peq(4^) 


y”{^) tL)\ 0)2 
In a)\ + 0 J 2 


l[a ;^>](^) 


{ 1221 ) 


supported on the interval [a ; b]. The endpoints a and b correspond to the unique solutions to the set of equations 


V'{b) - -V'{a) = n{io\^ + 02 '^) . 


(7.2.28) 


One has, explicitly, 


lim 

A^—>4-00 


N^Tn I 


V(a) + V(b) {y\b)f(b - a) + (V'(^))^d^ 

2 4n{a>~^ + oj^^) 


(7.2.29) 


The strict convexity of V guarantees that the density peq given by (17.2.271) is positive and that it reaches a 
non-zero limit at the endpoints of the support. This behaviour contrasts with the situation usuall)0 encountered in 
f ensembles with real analytic potentials; in the latter case one deals with a square root (or inverse square root) 
vanishing (or divergence) of the equilibrium density at the edges of its support. 

A slight refinement of Proposition I7.2.3l leads to the more precise estimates 


InZyvfP] = -A^^r^-£oo[Peq] + 0{N'^) . 


(7.2.30) 


It is on the level of these estimates that problems start to arise. Indeed, when comparing to the case of /3-ensembles 
with varying weight, one observes a much weaker relative control on the remainder. With respect to the leading 
asymptotics, the remained in (17.2.301) is smaller by the order of magnitude whereas, in the /3-ensembe case, 
the remainder is smaller by the order of magnitude N~^. This loss of relative precision takes its origin in the fact 
that the purely asymptotic rate function £oo[peq] does not absorb enough of the fine sfrucfure of fhe dominant 
configurations, viz- the configurations of integration variables which produce the dominant contribution to the 
integral. As a consequence, the 0{N^) remainder in (17.2.301) mixes both types of contributions: 


• the deviation of the dominant configurations with respect to its asymptotic position governed by £00 ; 

• the fluctuation of the integration variables around the dominant configurations. 


It turns out that the fine, A-dependenf, sfrucfure of fhe dominanf configurafions is capfured by fhe A-dependenf 
deformafiorU of the rate functions £ 00 : 

1 r 1 ^ 

£n[m] = 2 J + V{q) - — In { [^ sinh - 77 )]} ) dp{f) ® Ap{q) . (7.2.31) 

This A-dependent rate function is, in fact, naturally dictated by the very form of the integrand in (17.2.51) and turns 
out to be extremely effective for the purpose of the large-A analysis of Z^[T]. Namely, it allows one to re-sum, 

9n some very special, non-generic, cases the square root behaviour can soften since the vanishing may occur as some odd power of a 
square root. 

^The property of lower semi-continuity along with the fact that has compact level sets is verified exactly as in the case of p- 
ensembles, so we do not repeat the proof here. 
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into a single term, a whole tower of contributions to the remainders arising at various steps of the analysis. The 
improvement provided by the use of the finite-A/^ minimiser of instead of the one of leads to : 

lnZA,[T] = -N'^Tn inf £*,[//] + 0{NTn) . (7.2.32) 

I do stress that the use of £a? should not be considered as a mere technical simplification of the intermediate steps. 
Its use is of prime importance. The use of the more "classical" object £oo would render the large-/7 analysis of the 
Schwinger-Dyson equations impossible. 

Exactly as in the case of /3-ensembles, the minimiser of £a? admits a characterisation in terms of a variational 
problem. It so happens that one can still construct the solution to this variational problem by means of Riemann- 
Hilbert problems. However, in the present case one has to deal with a 2 x 2 matrix Riemann-Hilbert problem 
instead of a scalar one. 


Theorem 7.2.4 For any strictly convex potential V, the N-dependent rate function Sn admits a unique minimum 
on Al^R-) which occurs at the equilibrium measure p^J^. This equilibrium measure is supported on a segment 


[a/v ; cii^d corresponds to the unique solution to the integral equations 

2 

ln{[^sinh[^rAr(^-?7)]|d//^q^(?7) = C, 


V(f) 


(N) 

eq 


p=l 

2 


PN) 

-eq 


on [af^-,bN^ (7.2.33) 

on ]R\ , (7.2.34) 


2 

ln{[^sinh[^riv(^-?7)]|d//^q\?7) > C, 

with Csq^ a constant whose determination is part of the problem (I7.2.33I) - (I7.2.34I) . 

There exists Nq such that for any integer N > Nq, the equilibrium measure 

• is supported on the single interval [a ^^; bs/] whose endpoints admit the asymptotic expansion 

»« = “ + Z ^ + o(r/*'>) w i,„ = i + ^ + o(r/*'>), 

r=l (=l ^ N 

where k eW is arbitrary, (a, b) are as defined in (17.2.281) while 


(7.2.35) 


bN-,i 




V"{a)-{V"{b)]-^ 

-V'\b)-[V"{a)]-^ 


(7.2.36) 


• is continuous with respect to Lebesgue’s measure. Its density is smooth on cind vanishes like 

a square-root at the edges: 

(A 0 //-N 1^7"t ^ - a/v) (N) 77 -s (’t7"7i /^^1^2(^W-f) 

Peq (^) («W) + 0(r^ )) ^^-- , PeqT^) ~ (V (A^v) -t 0(7^ )1 . — -^-- . 

'' " ^ ^ 7 r-^(mi -I- C02) ^ ^ \ 7 r-^(mi -i- m2) 

Furthermore, there exists a constant C > 0 independent ofN such that: 

IIpiq^I!/.“([«?/;()«]) ^ C ll^"llL“’([a;v ;('«])• 


( 7 . 2 . 37 ) 
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The density of the equilibrium measure has the explicit expression which is given in terms of the 

'Wi^ transform, c.f (I7.2.40I) below, of the potential. 


The proof of the first part of the above theorem is rather classical. The continuity with respect to the Lebesgue 
measure and the at least square root vanishing at the endpoints follows from arguments that can be found, say 
in Section 2.3 of [A22]. The connectedness of the support and the strict inequality in (17.2.341) follows from a 
convexity argument that first appeared in ll287l . Elements of proof of these properties are gathered in Appendix 
C of [A21]. However, the proof of the second part which gives a quite explicit control on the various properties 
of for N large enough is much more involved. Those results are obtained through a characterisation of the 
density pe^^ as the solution to the singular integral equation >Sw[peq^](^) ^ V'i^) on [aN-,bN], where 


ClN 


(7.2.38) 


The integral kernel of this singular integral operator involves the function S which has been defined in (17.2.121) . 
The unknowns in this equation (pe^\ aat, should be picked in such a way that pg^^ has mass 1 on [aa? ; and 
that it has, at least, a square root behaviour at the endpoints aN,bi^. Hence, the construction of the equilibrium 
measure basically boils down to an inversion of the singular integral operator Sj^i. I stress that, on top of being 
involved in the characterisation of the equilibrium measure, the singular integral operator Sj^ plays a prominent 
role in the large-A analysis of the Schwinger-Dyson equations. As a consequence, constructing its inverse 
and then obtaining precise estimates on 'WnYc})] is of prime importance to the large-A analysis. One of the 
main achievements of [A 21] consisted precisely in obtaining a sharp control on its inverse 'Wj^, defined between 
appropriate functional spaces. 

When N is large enough, the inversion of .Sa? can be accomplished by means of a non-linear steepest descent 
analysis of a 2 x 2 matrix Riemann-Hilbert problem followed by some additional asymptotic analysis. Indeed, the 
operator .S a? is of truncated Wiener-Hopf type so that its inversion is equivalent to solving a 2 x 2 matrix valued 
Riemann-Hilbert problem for a piecewise holomorphic matrix ;y, see Section 4.1 of [A21] for more details. The 
Riemann-Hilbert problem for this x is investigated, for A-large enough, in Sections 4.3-4.5 of that paper. The 
obtained characterisation of its solution is then used in Section 5 of [A21] so as to describe, quite explicitly, the 
inverse 'Wn of Sn understood as the map .Sat : Hs{\aN ; bi>^f) i-> .SA?[77i([av ; One of the difficulties that 

arises at that point is that the Riemann-Hilbert approach to the inversion, as developed by Novoksenov in II299I . 
provides one with a "raw" pseudo-inverse AVa? {viz. modulo fixing the elements of the kernel) of the operator Sj^i 
when the latter is understood as an operator on T/^CR) with 5 < 0. In order to construct the inverse in the case when 
Sn acts on more regular Sobolev spaces //i(R) with 0 < 5 < 1 /2, it becomes necessary to provide, first, an effective 
description of the image space ^^(R) = .SAf[77i([aAf ;f^v])] with 0 < 5 < 1/2. The characterisation of T^/R) has to 
be manageable enough so as to allow one for an easy implementation of the restriction of the "raw" inverse 
to 3£i(R). By "easy", I mean one which produces an operator AEa? on T^/R) that can be straightforwardly checked 
to be continuous as an operator T^/R) i-^ HsiVa^ ; bj^f) and which can also be checked, through relatively simple 
calculations, to be the inverse of S^. 

In order to state the conclusion of this analysis, I need to precise that;yii, the (1,1) matrix entry of;^, is such 
th^ipv^ p^l^-Xu{p)^L^{^). 


Theorem 7.2.5 Let 0 < s < Ijl and x be the unique solution to the Riemann-Hilbert problem discussed in 
Section 4.3 of [All]. The operator Sn ■ HtflaN > ^^(R) is continuous and invertible. Here, for any 
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closed A c R, 

.X,(A) = [HeH,{A) : J - o) (7.2.39) 

R+ie 

is a closed subspace of Hs{A) such that S^iHsiVaf^ ; b^fi) = Xi(R-)- The inverse of Sn '■ Hs{[aN ; b^f) Xi(R.) 
is provided by the operator AV^v which takes, for H € C'([aA?; bji^f) n ^^(R), the form of an integral transform 

Ti, r dA r dll ^ i T 

^Nmif) = ^ J ^ J ^ - ^^{An^)Ai2(M)-j-An(M)Ai2(A)j- J . (7.2.40) 

E.+2i6 R+i6 Tijv 

In the above integral representations the parameter e > 0 is small enough but arbitrary otherwise. Furthermore, 
for any FI € C^ifaj^ ; bi^jf), the transform AVn exhibits the local behaviour 

AVnIMW ~ CLH\aN)sj^-aN and ~ CRHfbN) sfb^. (7.2.41) 


where Cijr are some FI-independent constants. 

The characterisation of the inverse AVyv provided by the above theorem is, however, only the beginning of the 
analysis. Starting from there, it is necessary to extract fine informations of the large-77 behaviour of AVa? this to 
any order in N and in such a way that, when acting on sufficiently regular functions, the remainders are controlled 
by 1T"(R) norms. I remind that these norms are defined as 


I I/I I w” (A, dp) ^ max 



■ ■ ■ ^x"J\\L’^(AAti) 


€ N, £ - 1,..., n. 


n 

and safisfying ^ ae 

r=i 



(7.2.42) 


Such a fine confrol is achieved in Section 6 of [A21]. In refer fo fhaf secfion, Proposifions 6.4, 6.6 and Lemma 
6.11, for a more precise description of fhe resulfs. 

Having developed all fhis machinery, one can finally characferise fhe densify of fhe equilibrium measure jUgq^ 
completely. The laffer is expressed in ferms of fhe inverse as peq^ = AT'A?[te'] allhough, al fhis slage, fhe endpoinls 
{ai>^,bj^) of ils supporfs are slill unknown. As follows from fhe argumenfs advocated earlier on, Ihese endpoinls 
corresponds lo fhe unique solufion lo fhe sysfem of equafions 

bN 6jv 

JAVN[V'mdf - 1 and J ^ 

(dN R+if cibi 


XuiF) f e‘^^"('?-''"V'(77)d77 - 0 


(7.2.43) 


The firsl condition guarantees fhaf pgq^ has indeed mass 1, white fhe second one ensures lhal ils density vanishes 
as a square roof al fhe edges a^^, b^. Using fhe confrol in N on fhe inverse oblained in Secfion 6, one can obfain fhe 
all-order in T^'large-A asymptotic expansion of fhese conslrainls, see Lemma 7.2 and Proposition 7.6 of [A21]. 
These expansions, in Iheir lum, allow one fo prove fhe exislence of aj^ and bi>^ as well as fhe facl fhaf fhese admif 
an all order asymptotic expansion in see Lemma 7.9 and Corollary 7.10 of [A21] for more delails. All-in-all, 
one Ihen arrives lo fhe characlerisafion of fhe equilibrium measure as announced in Theorem l7.2.4l above. 
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7.2.4 The overall strategy of the proof 

In the following, I denote by p^{X) the probability density on associated with the partition function Zjv[V] 
defined in (I7.2.5I) : 

. N N 

pI{X) = —— n {sinh [—T^iAa - Ab)] sinh [—- d,)]) fl . (7.2.44) 

p^{A) gives rise to the probability measure on R^. 

Prior to going deeper into the details, I need to provide the definition of the expectation value of a function in 
i variables. Those expectation values play an important role in the analysis. 

Definition 7.2.6 Let v\,... ,vi be any (possibly depending on the stochastic vector A) measures and ij/ a function 
in i variables. Then 

■*4/(7.2.45) 

whenever it makes sense. 

Note that if none of the measures vi,..., is stochastic, viz- does not depend on the integration variables A, then 
the expectation versus P]^ in (17.2.451) can be omitted. 

The expectation values allow one to compute the logarithmic derivatives of the partition function. For instance, 
if {Vft is a smooth, one-parameter t, family of potentials, then 

n d Y 1 ^ 

-lnZ;v[V 7 ] = where (7.2.46) 

a=l 

is the empirical measure associated with the stochastic vector A. I stress that the expectation value in (17.2.461) is 
computed in respect to the probability measure subordinate to the f-dependent potential Vf. 

Given any potential V satisfying to the four hypothesis and giving rise to an equilibrium measure supported 
on \ai-j it is shown in Lemma D.l of [A21] that there exists a quadratic potential Vg-n whose equilibrium 
measure is precisely supported on [on ; Taking Vt = tV + {\- OVg-n in (17.2.461) readily allows one to integrate 
the Ihs over t. Then, since the asymptotic expansion of Gaussian partition functions Za)[Fg;w] is provided in 
Proposition 17.2. 1[ the extraction the large-77 behaviour of Za 7 [F] boils down to obtaining a sufficiently precise and 
uniform in f e [0; 1] control on the large-77 behaviour of the one-point expectation values (-Y'^y I do stress that 

since both V and Vg-,n satisfy to the four hypothesis stated in the beginning of this section, so does Vf. 

Just as for the connected correlators, one can write down a set of loop equations satisfied by the expectation 
values. In the present context, these constitute a tower of equations which relate expectation values -in the sense 
of Definition l7.2.61 of functions in many, not necessarily fixed, variables which are integrated versus 

xy = L^^^-/req, (7.2.47) 

i.e. versus the empirical measure centred around peq- Below, I will just provide the first one of these equations 
and refer to Proposition 3.13 of [A21] for a general presentation: 


- 0 . 


( 7 . 2 . 48 ) 
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This equation holds for any function (p such that 0e € 1T“(]R) for some k € [0-,NTn[- The operator Dn arising 
in the loop equation at level 1 corresponds to the non-commutative derivative 

1 ) - (E—- 77 )]} • {m - m]. (7.2.49) 

Furthermore, this loop equations involves the so-called master operator, ’Un, which is defined as 

^(N[<|>m = m • {V\e - «S7vlpiq^](^)) + 57 v[0 • ■ (7-2.50) 

The invertibility of 'W/v is established in Proposition 8.1 while various fine properties of its inverse, in particular 
A^-dependent estimates of its 1T“(R) norms, are obtained in Proposition 8.2 of [A21]. I refer to these for more 
details. 

Similarly to the arguments described in Section lV. 1.31 one can obtain concentration of measure a priori bounds 
on the expectation values of smooth compactly supported functions. These, adjoined to the above-mentioned fine 
bounds on the master operator allow one to 

• first, carry out a bootstrap analysis of the loop equations that results in an improvement of the a priori 
bounds, c.f. Proposition 3.17 of [A21]; 


• second, build on the improved bounds so as to obtain the uniform in V and H asymptotic expansion of the 
one-point expectation value this up to a o(N~^T~^) remainder, c.f. Proposition 3.19 of [A21]. 

All-in-all, for any V satisfying to the four hypothesis and H sufficiently regular, one obtains the below expansion 

bN 

- -N^Tn J//(^)-AV^[P'](^)d^ + + dN[H,V]. (7.2.51) 

On 

Several explanations are in order. The first integral term corresponds to an integration of H versus the A-dependent 
equilibrium measure of the problem. The second term stems from the leading asymptotic behaviour of the two- 
point expectation value in (17.2.481) and takes the form 

bN 

3d[77,V] - (7.2.52) 

On 


where * stands for the running variable on which 'Wn acts while 

y^Nvmiri) 


§M[H,V]{^,ri) = 




(7.2.53) 


Finally V] appearing in (17.2.511) is the remainder. Without venturing into technical details relative to the 
form of the bounds, I will only stress that it is controlled in such a way that given the f-dependent potential 
'Vt = t'V + {\- t)VG-,N, one has 


Ff]| = o(l) uniformly in te[0;l] 


(7.2.54) 


what is already enough so as to use this information for an asymptotic in N integration of (17.2.461) by means of 
the expansion (17.2.511) . 
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At that stage, all is almost set so as to access to the large-A asymptotic expansion of It remains to 

obtain a uniform in t large-A asymptotic expansion of the one-fold integral 



(7.2.55) 


and of the functional 3d[<5fl7,, Vt\. This can be achieved by means of "classical" asymptotic analysis. The results 
relative to the one-fold integral can be found in Proposition 7.6 of [A21] while the ones relative to the functional 
3d[77, V] can be found in Proposition 9.10 of [A21]. Having the uniform in t € [0; 1], large-A expansion at one’s 
disposal, the t-integration is trivial. 

7.2.5 Some comments 

It seems worthy to shortly comment on the form of the loop equations that has been used in the analysis. Usually, 
as it has been described for the case of the mean-field interactions generalisation of yS-ensembles, one introduces 
a set of auxiliary objects, the connected correlators which are holomorphic on (C \ A)” if the integration 
runs through A^. These objects allow one to recast the loop equations into a set of non-linear integral equations 
equation for the connected correlators. The operators involved in these equation act on functions supported on 
small loops around A. The size of the loops is A-independent. Such a framework allows one to strongly simplify 
the analysis in that then, one can build on powerful tools of complex analysis. However, one meets two problems 
when trying to implement this approach to the case of Za?[P]. First of all, the bi-periodic structure of the two-body 
interaction would demand to use a collection of two type of correlators so as to obtain an effectively closed and 
simple system of equations. Second, and this is the most problematic point, the scaling T results in the squeezing 
of the poles of the logarithmic derivative of the two-body interaction in the rescaled model, down to 

the real axis. Should one want to apply the complex variable techniques that appeared fruitful in the /3-ensemble 
case, then one would need to introduce some integration in the complex plane. The latter would then generate the 
contribution of all the poles squeezing down to the real axis. In my present understanding of the situation, such 
handling seem intractable to me. For those reasons, a real variable based analysis of the set of loop equations did 
seem better adapted to the study of the large-A expansion of the expectation values. 

It is legitimate to wonder whether it is possible to bypass or relax some of the hypothesis that have been used 
in the analysis. 

The first hypothesis guarantees that the integral (17.2.51) is well-defined. If also ensures fhaf fhe infegrafion vari¬ 
ables will remain, wifh overwhelming probabilify (1 - 0(A“°°)), inside of a ball in having an A-independenf 
radius. In principle one could hope fo relax fhe sfrong confinemenl of fhe pofenfial fo a weakly confining one, viz- 
V{^) ^ + (jl> 2 ^)\^\, by seffing up some generalisation of fhe approach of Hardy II171L If is however unclear 

fo me, af Ibis poinf, whaf would exacfly be fhe complications arising in fhis case. 

One could, in principle, relax bofh requiremenfs of fhe second hypofhesis. Indeed, fhere is no problem fo limit 
the hypothesis to V of class provided that k is large enough. Still, in the present state of the art of the method, 
dealing with small values of k, for instance the minimal one that make sense out of (17.2.151) . seems inaccessible. 
The convexity of the potential ensures that the support of the equilibrium measure is a single segment. When the 
potential is not strictly convex, one may have to deal with a multi-cut support for the equilibrium measure. In 
principle, the asymptotic analysis could be addressed by importing the ideas of lf50l to the present framework. In 
the multi-cut regime, one would also have to alter the scheme of the asymptotic analysis of the Riemann-Hilbert 
problem characterising the equilibrium measure and the inverse of the master operator. This should be doable, 
with some efforts, for the price of dealing with higher dimensional matrix Riemann-Hilbert problems. 
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The third hypothesis is not essential, but allows some simplification of the intermediate proofs concerning the 
equilibrium measure and the large deviation estimates, e.g. Theorem 3.7 and Corollary 3.9 of [All], 

In the fourth hypothesis, one can relax the (In N)^ lower bound onT^ down to a logarithmic one c In 77 < 
However, doing so, has a price; depending on the value of c it may become necessary of having to push further the 
large-77 asymptotic analysis of the Riemann-Hilbert problem for;y. Indeed the 0(77““) reminders which cloud 
always be waived-off due to their extremely fast vanishing now only vanish as some power of 77: 0(77“'^) . As 
such, these remainders may end-up contributing to the result. In the present state of the art, it isn’t clear to me 
how to deal with sequences having a sub-logarithmic growth in 77. The upper bound Tn < 77'^^ present in 
the fourth hypothesis is purely of technical origin. The value 1 /6 of the exponent could be increased by entering 
deeper into the fine structure of the analysis of the Schwinger-Dyson equation and by finding more precise local 
bounds (instead of the global ones which were derived in [A21]) for the large-77 behaviour of the inverse of 
the master operator Although it is rather clear how to achieve these goals, the associated analysis will be 
extremely technical and bulky. There might also exist an alternative route for improving the upper bound 
namely by establishing a local rigidity of the integration variables close to their classical position in the spirit of 

lElllll. 

7.3 Conclusion 

This chapter reviewed the results I obtained relatively to the characterisation of the large number of integra¬ 
tion asymptotic behaviour of two classes of multiple integrals. The first class is a direct generalisation of the 
yS-ensemble integrals. It could be studied within the framework of the existing method, with a few technical 
modifications. The second class of integrals is closely related to the A-fold multiple integrals arising within the 
framework of the quantum separation of variables. It has varying weights and varying two-body sinh-interactions. 
Setting forth methods allowing one to carry out the large-A analysis of such integrals is the first step towards de¬ 
veloping a systematic and efficient approach to the large-A analysis of the multiple integrals describing the form 
factors for models solvable by the quantum separation of variables method. The asymptotic analysis of this class 
of integrals demanded some conceptually new ideas. 


Chapter 8 

Integrable models at finite temperature and 
the low-temperature large-distance asymptotic 
behaviour of their correlators 


It was shown in 11157111581 that correlation functions of quantum integrable models at finite temperature can be 
described effectively within the so-called quantum transfer matrix formalism introduced by Koma 1235112361 . 
A key feature in this approach is the description of the quantum transfer matrix’s spectrum through a single 
linear integral equation proposed by Kliimper 12241 and the Slavnov 13301 determinant representation of the 
scalar product between Bethe vectors. So far, the question of the large-distance asymptotic behaviour of two 
and multi-point functions at finite temperature remained, however, open. Form factor expansions subordinate 
to the eigenbasis of the quantum transfer matrix appear as a natural approach to tackle with this issue. I will 
discuss the progress that I made, in collaboration with Dugave and Gdhmann [A23, A24, A25], in extracting the 
large-distance asymptotics at finite temperature. The method we have set to tackle this problem is exact but not 
rigorous. Although many open problems from the point of view of a satisfactory analysis remain, the results we 
obtained are very effective be it from the point of view of numerical calculations or testing the conformal field 
fheory predictions. 

The undersfanding of fhe finife femperafure behaviour of quanfum infegrable models subjecf fo boundary 
conditions ofher fhan periodic is much less developed. In fhe case of fhe XXZ chain subjecf fo diagonal boundary 
fields, some progress has been achieved by Borfz, Frahm and Gdhmann Il52l in respecf fo represenfing fhe finife 
Trotter number approximanf of fhe so-called surface free energy. These aufhors have reduced fhe compufafion 
of fhis quantify fo fhe one of a specific correlation function associafed wifh fhe quanfum fransfer mafrix of fhe 
periodic XXZ chain. In collaborafion wifh Pozsgay, I managed fo bring fhis correlafion funcfion fo a form where 
fhe infinife froffer number limif can be faken, under a sef of hypofhesis fhaf is sfandard fo fhe quanfum fransfer 
mafrix approach. 

This chapfer is organised as follows. Secfion ISAl is devofed fo fhe discussion of finife femperafure form facfors 
expansions. In Subsecfion 18.1.11 I will remind fhe general fealures of fhe quanfum fransfer mafrix approach. 
Then, in Subsecfion 18.1.21 I will describe how form factor expansions look wifhin fhe quanfum fransfer mafrix. 
This will allow me fo introduce all the ingredients related to the analysis of the finite temperature form factors. 
Finally, in Subsection l8.1.31 1 will review the results I obtained and the main steps of the analysis relatively to the 
characterisation of these form factors at finite temperature. In Section lOl I will describe the main ideas allowing 
one to perform the low-temperature analysis of the finite temperature form factors. In Section [831 1 will describe 
the progress I made relatively to characterising the surface free energy of the XXZ chain subject to so-called 
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diagonal boundary fields. I will introduce this model and set the problem in Subsection l8.3.1l Then, in Subsection 
18.3.21 1 will present the method allowing one to rewrite the Bortz, Frahm, Gohmann expression in such a way that 
the infinite Trotter limit is easy to take. Finally, in Subsection 18. 3. 31 1 will discuss some applications of this result: 
namely the characterisation of the boundary magnetisation at finite temperature. 


8.1 The quantum transfer matrix and representation for the form factors 

8.1.1 The free energy 

The Hamiltonian 

Hxxz = + idL)) “ ^ 2] 

a=l a=l 

of the XXZ spin-1 /2 chain has already been described in the introduction. It acts on the Hilbert space hxxz - 
'^i=i^xxz out of the tensor product of the local spaces ~ ’^^at are attached to the sites of the chain. 

The quantum integrability of this model is described by the so-called 6-vertex type /^-matrix: 


R(A) = 


sinh(/l -I- ? 7 ) 0 0 O' 

0 sinh(/l) sinh(77) 0 

0 sinh(? 7 ) sinh(/l) 0 

0 0 0 sinh(/l -i- rj) , 


with A = cosh(77) . 


( 8 . 1 . 1 ) 


These allow one to build two types of monodromy matrices Ta(/1) and Ta(/1): 

T«(d)-t?.L(d + ^).../?«i(d + ^) and = . (8.1.2) 

Above, the roman index a refers to the 2 dimensional auxiliary space whereas the integer indices 1,..., L label 
the local spaces h^xz- represents the transposition on the auxiliary space while ^ is an inhomogeneity 

parameter. 

The /^-matrix reduces to a permutation operator at zero spectral parameter RabiO) - sinh(77) Fab, where Fab 
is the permutation operator on h^xz ® ^xxz ’ ^ab{^ ®y) - y ® x . This reduction of the /^-matrix allows one to 
relate the transfer matrices txxz(d) and Txxz(d) to the XXZ Hamiltonian at zero magnetic field /j = 0 as 

txxz(%=0 - [sinh(7/)]^-UL-(idi - + 0(T2)) (8.1.3) 

txxz(%=o - (idi + + 0(T2)).UL-[sinh(7,)f . (8.1.4) 

There id^ is the identity operator on t)xxz- The low-T expansions (I8.1.3I) - (I8.1.4I) lead to the below Trotter-like 
representation for the statistical operator 


-^Hxxz 


= lim 

N—>+oo 


I txxz(^/A^) • t-xxzi - PIN) 


r 


[ sinh(? 7 )] 


2L 


N 


k=o 


n 

a=l 


—c 

qit'- 


with p = 


J sinh(? 7 ) 


(8.1.5) 


After some algebra, this limit can be recast in terms of the ordered product of quantum monodromy matrices 

Tq;^(a 


pHxjrz 


lim I 

N—^+oo ^ 


tr, 


ai,...,a2JV 


Tq;l(^)---Tq;L(^) 


lf=0 


( 8 . 1 . 6 ) 
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The quantum monodromy matrix 


= KZ - /5/^) - PIN) • 


D^“2/ 

■ a2k ^ 


■^-l5IN)RkaM-PIN) 


Jl-fZ 
Q,2T^ k 


[sinh(77)]2^ 


/ A,(A) Bq(d) \ 

^ C,(T) D,(d) j ^ • 


has hxxz auxiliary space. When represented as a matrix operator on this space, its entries are operators on 
the space hq = hq - 

It follows from general considerations 131011 that the the thermodynamic limit of the per site free energy of the 
XXZ chain 


fxxz = -r^lim^jilntro^^^ [e rHxxzjj (g pg) 

is well defined. Assuming the exchangeability of limit^, one then gets 

where tq(^) = tr[Tq;^(^)] is the the quantum transfer matrix. Hence, assuming that the largest eigenvalue 
of the quantum transfer matrix tq(^) at zero spectral parameter is degenerated at most sub-exponentially in L, one 
gets the very simple result 

^ limln[4>)]. (8.1.10) 

1 N^-¥oo 

In this way, the problem boils down to the calculation of the largest eigenvalue of the quantum transfer matrix and 
then taking the infinite Trotter number limit of its logarithm. The matter is that one can construct eigenvectors 
of the quantum transfer matrix by means of an algebraic Bethe Ansatz II235[I236II and hence carry out easily this 
computation. 


8.1.2 The correlation functions and form factor expansion 

General considerations 


Starting from the definition of the thermal correlation functions and assuming the validity of the exchange of 
limits, one gets II157II that, given a product of local operators • • • 0^”^ acting on the first m-sites of the chain: 



lim 

A^—> + 00 




(«:i) 


Akm) 




T-,N 


( 8 . 1 . 11 ) 


The finite Trotter number N approximant of the thermal correlator appearing above is defined as 

(+0 |fri[of‘)Tq;i(0)] • ■ • tr^[O^^T,;;„(0)]| +0 ) 

[ 4 >) f -(+0 1 + 0 ) 

*Some arguments in favour thereof have been given in I236II3471 

+his has been checked at least numerically and it appears that, in fact, the eigenspace attached with the largest eigenvalue is one 
dimensional 
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Note that, in order to get (I8.1.11I) . I have made the additional hypothesis that the eigenspace attached with the 
largest eigenvalue tq^^O) is one-dimensional and spanned by I'Pq). Formula (I8.1.11I) is already enough so as 
to write down the form factor expansions for two-point functions. I will consider the example of the spin-spin 
correlation function. Let | ) represent the complete set of eigenvectors of the quantum transfer matrix tq(^) and 

let tq"\^) be the associated eigenvalues ordered decreasingly in respect to their module. Then, one has 



22iV_i 


n=0 


where 


tf(0) 


(8.1.13) 


is the ratio of eigenvalues of the quantum transfer matrix while the associated amplitudes takes the form 


^in) ^ < To |(Aq(0) - Dq(0))| )< |(Aq(0) - Dq(0))| Tp ) 

4"^(0) • 4>) •< To I T'o)- 


(8.1.14) 


Note that due to the hypothesis of non-degeneracy of the largest eigenvalue, |p^^| < 1 and by construction |p^^| > 
l^(n+i)| jg^gf finite N, the form factor expansion is well-suited for describing the large-distance 

asymptotic expansion of the two-point function. However, so as to be able to apply these results to the case of 
the XXZ chain one should be able to take the large-N limit of the form factor expansion (18.1.131) . Doing so can 
be decomposed in two steps. One first takes the limit of the individual terms of the series, namely of the ratios of 
eigenvalues pj^^ and of the amplitudes Second, one should prove that the analogous series to (18.1.131) built 
up from these limits converges and that, in fact, the finite but growing with N sum (18.1.131) does converges to this 
series. It is still not clear to me, for the moment, how to achieve rigorously the second point. However, at least 
provided one makes a few technical hypotheses, one can basically deal with the first step. I will be more explicit 
about this further on. The Trotter limit of the ratio of eigenvalues was studied on many occasions either through 
numerics or by some handlings of non-linear integral equations II225[ 1228113 121 13511 . However, the investigation 
of the amplitudes was much sparser. A numerical investigation of the amplitudes .0^”^ has been carried out by 
Fabricius, Kliimper and McCoy Il29l in 1999 for Trotter numbers N up to 16. 


The algebraic Bethe Ansatz approach 

Let {I + ), I - )) be the canonical basis of C^. Just as for the XXZ spin-1/2 chain, one can build on the algebraic 
Bethe Ansatz so as to construct eigenstates of the quantum transfer matrix. In that case, the pseudo-vacuum is 
given by the vector 


I0)q - I + ),. ® I - ® ® I + ® I - € Itq . (8.1.15) 

If the pairwise distinct parameters satisfy the Bethe Ansatz equations 
A f sinh (jip - jUk + T]) \ 

then one has the relation 


sinh (pp + PIN - rj) sinh (p„ - PIN) 


sinh (p„ - PIN + rj) sinh (pip + PIN) 




, p=l,...,M (8.1.16) 


tq(^) • Bq (pm) •• • Bq (pi) | 0 )^ = tq;/,(^ | {p^jf ) • Bq (Pm) ' ’ ’ Bq (pi ) | 0 )q , 


(8.1.17) 
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where 


M 

%,(^|{w)f) = (-if 

k=\ 

A,A I sinhi^ - f^k + v) \ I sinh + /3/N - ij) sinh - p/N) 

1^11 sinh ( 4 ^ -/ij.) J \ sinh^(? 7 ) 

The index h in t^-^h is there so as to insist on the dependence of the eigenvalues on the magnetic field. 

Numerical investigations, analysis at the free fermion point 77 = -injl and for /3 small all indicate II157II that 
the dominant eigenvalue is constructed in terms of a solution to the Bethe equations with M - N roots, this 
independently of the value of the magnetic field h and the anisotropy 77 e -i[0; tt] U R'*'. I will denote this solution 
as {/Ijtlf so that the "dominant" eigenvector of the quantum transfer matrix takes the form 

|'Po) = Bq(Ti)---B,(T;v)|0), . (8.1.19) 

The per se distribution of roots does, however, depend on the magnetic field and anisotropy. 

As proposed in 12251 . it is convenient to introduce a function closely related to the exponent of the counting 
function 


(8.1.18) 


sinh (^ - jUi: - 77 ) i / sinh (^ + /3/N) sinh (^ - /3/A + 77 ) 
sinh (^ - pk) j \ sinh^( 77 ) 


a^(m) 


-A 0 f sinh {co - Ak + ri)\ 

sinh (o) + PIN - rj) sinh {00 - PIN) 

[ sinh (m - 4 - 77 ) J 

sinh {co - PIN + 77 ) sinh {co + PIN) 


( 8 . 1 . 20 ) 


As will be shown below, the knowledge of the’o/t function allows one to recast symmetric products in the Bethe 
roots as exponents of contour integrals. It can be easily checked that thef; function is in'-periodic, bounded when 
)R(m) —> ±00 and such that it has, in the strip of width n, 


• an A'*’-order pole at m = -/3/A , 


• an A*-order pole at m = /3/A - 77 , 


• N simple poles at a> = Ak + rj, k - . ,N. 

Note that if some d’s coincide, than the number of poles is reduced but their order grows. These properties ensure 
that 1 -i-’a((u) has 3A zeroes counted with their multiplicity. A of these are, by construction, the Bethe roots, i.e. 

l+^^(Tp) = 0, p = l,...,N. (8.1.21) 

Numerical analysis and calculations at the free fermion point indicate that the roots for the ground state of the 
quantum transfer matrix can all be encircled by a unique loop ^ that is A independent and such that any additional 
root to 1 -i-’a^(a>) = 0 is located outside of this loop II157II . Numerical investigations also indicate that all the 
other roots accumulate around the points ± 77 . The results gathered in the following will all be based on these 
assumptions. It would be a very interesting result to prove these from first principles. 

The above information are enough so as to establish that the function' 0)1 solves the non-linear integral equation 
i225l 


Ina^(m) ^ -j: + 


sinh {(o + {3IN + rj) sinh {co - filN) 
sinh ((jo - /3IN + rj) sinh (a> + /3/N) 


^0^;,2("-y)ln[l + a^(v)]-|^ (8.1.22) 
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where Oxxzi'l) = In [sinh (rj - A) I sinh (77 + /I)]. The contour ^ encircles the Bethe roots A\,..Ax, the pole at 
-/i/N but not any other singularity of the integrand. Manifestly there exist solutions to (I8.1.22I) . However, it is 
not clear whether these are unique. I will take it as a working hypothesis that it is so. If uniqueness indeed holds, 
then one can take the non-linear integral equation as a means for characterising independently of its relation to 
some set of Bethe roots. 

The usefulness of the function "a^i manifests itself already on the level of the eigenvalues of the quantum 
transfer matrix in that one can show that these admit the representation: 


ln[t;;^(f |{T,)f)] ^ A + Tvin 


sinh (77 -I- ^ -PIN) sinh (77 - ^ -PIN) 
sinh^(77) 


J smh( 4 ^ - V - rj) smh(^ - v) 2m 


(8.1.23) 


The principal advantage of the non-linear integral equation based description ofa^ is that the M-dependence 
only arises parametrically on the level of the driving term. Furthermore, when N —> - 1 - 00 , the driving term 
converges, uniformly on towards a well-defined function. It is thus reasonable to expect that "a)) converges 
uniformly on ^ towards the solution of a non-linear integral equation similar to (18.1.221) but where the driving 
term has been replaced by its limit: 


In (m) = - 


- 

T 


2J sinh^(77) 

T sinhfrn) sinh(a» - 1 - 77 ) 


r , dv 

m 0xxz(<^ - v) In [1 -t a^(v)] • — . 


(8.1.24) 


Again, although this is an open issue, I will build on the hypothesis that 


• the non-linear integral equation (18.1.241) admits a unique solution; 


• ^ a,} uniformly on 

If these hypothesis do hold, then one can easily take the large-A limit in (18.1.101) . hence yielding the below 
representation for the per site free energy of the XXZ chain 


hxz ^ ~ 2 ^ 2 /cosh( 77 ) 


!f 


sinh(v + rj) sinh(v) 2 i 7 r 


(8.1.25) 


One can describe the other solutions to the Bethe Ansatz equations in a similar way. More precisely, given 
a solution {paih')}^ to the Bethe equation at some magnetic field h', possibly different from h, upon similar 
hypothesis, one argues that the function 


N 


a^(m) ^ e r 


k=\ 


sinh {(jj - pk{h') + rj) 
sinh {(jj - pk{h') - rj) 


sinh {00 + PIN - Tj) sinh (tu - PIN) 


sinh {uj - PIN + Tj) sinh (tu + PIN) 


N 


satisfies the non-linear integral equation 


_ h' 

In a„ (oj) = - + A In 


sinh (m - 1 - PIN + ij) sinh (m - PIN) 


sinh (m - PIN + ij) sinh {oj + PIN) 

r dv 

^ QxxzikX) -'Xa) - ^ Oxxzior - fa) - (h (^xxz^^ - v)In [l -)- a^(v)] • — 

fl— 1 fl— 1 

This equation involves an additional in respect to (18.1.271) set of parameters {xq}”'’ and {faf^'- 


(8.1.26) 


(8.1.27) 
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• Xa are the so-called holes. They correspond to those solutions of 1 -t o^(v) = 0 which are encircled by the 
contour ^ but which are not belonging to {jUa(/j')). 

• are the so-called particles. They correspond to those roots fiaih') which are not encircled by the contour 

Similarly to the case of the function 0 ^ which is associated with the largest eigenvalue, I will assume that 

• the non-linear integral equation (18.1.271) admits a unique solution; 

• Ta ^ Xa and ya ^ y^ in the N - 1-00 limit; 

• ^ 0 ^ uniformly on ^ where in the unique, by hypothesis, solution to 

_ 27sinh^(?7) 

^ ^ T T sinh(a») sinh(a» - 1 - 77 ) 

III, tip 

+ ^ dxxzioj - Xa) - ^ dxxzito - Ja) 

a=l a=l 


r dv 

- j) (^xxz(^ - v)ln [1 + a^(v)] • — ■ (8.1.28) 


Given an eigenvector |T'„) = B^ijui) ■ ■ ■B^(jix)\0)^ of the quantum transfer matrix parametrised by the roots 
one can build on these expressions so as to provide a one-fold integral representation for the associated 
ratio of the eigenvalues of the quantum transfer matrix: 


(«) 

pV 





a=l 


sinh(xa -I- T]) 
sinhCFa) 


where 


3 (v) 


2in- \l-i-a^(y)/ 




(8.1.29) 


(8.1.30) 


Note that the h' - h subscript is there to indicate that one should set h' = hin the solution 7?^. Under the previous 
hypothesis it is straightforward to take the infinite Trotter number limit of the ratio of eigenvalues: it is simply 
enough to carry out the substitution 


3(v) 3(y) = :^ln —-— 

21 ^- \l-i-ap(y)/ 


(8.1.31) 


in (18.1.291 ). In (18.1.311) . the functions 0 ^, resp. a^, are defined as fhe solutions fo fhe non-linear infegral equafions 
(18.1.241) . resp. (18.1.281) . As a consequence, one gefs fhaf —> p*^"^ wifh 


p(”) ^ 


expUln( 


a=l 


sinhQa + ti) 
sinh(ya) 


nil 

) - Z‘"( 


a=l 


sinh(xa -)- 77) 
sinh(xa) 


) 


sinh(77) 


sinh(y + rj) sinh(y) 


3 (v)|/y=/,-dyU (8.1.32) 
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8.1.3 The form factors at finite Trotter number 

Let I 'Ph ) = Bq(yUi) • • • Bq(jUA?)| 0 be an eigenvector of the quantum transfer matrix parametrised by the roots 
solving the Bethe Ansatz equations (I8.1.16I) . Then the evaluation of the amplitude defined in (18.1.141) 
boils down to some handlings of the exchange relations provided by the Yang-Baxter algebra along with the use 
of Slavnov’s determinant representation for the scalar products, I refer to Section 5 & 6 and Appendices A& B of 
[A25] for more details. All-in-all, this allows one to recast the amplitudes in terms of ratios of determinants of size 
N matrices adjoined to some prefactors corresponding to simple and double products. All these quantities involve 
both sets of roots {Ha)^ and and the overall structure is similar to the one obtained for the form factors in 
Section lT2] of Chapter|2l The main issue, then, is to recast the answer in such a way that one can take the Trotter 
limit thereof. In this case, due to a completely different pattern of the Bethe roots, the approach which allowed 
one to carry out the large-L analysis of the form factors at zero temperature is not applicable. The main idea, then, 
is to rewrite all the products and finite-size determinants in terms of integrals, resp. Fredholm determinants of 
integral operators, whose integrands, resp. integral kernels, depend on the functionsand’oj,. 

In order to state the result of all these manipulation, I first need to introduce a few notations. Given a suffi¬ 
ciently regular compact curve y c C, Xy refers to the iTr-periodic Cauchy transform subordinate to the contour ^ 
which, for z e C \ y and / e (y) takes the form 


Xy [/](z) = f(co) coth(m - z) • dm . 
y 

This Cauchy transform allows one to define two integral kernels 

e-Xd?]M . - mQ - - mQ] 

eXyCK^'). lKf,_/Aco - gj') - K/,^/Aco - 0)] 
gXyf?](w'+f/) _ e^gXyfTKw'-;;) 

whose definition also involves the function 

Kh-h'W ^ coth(/l - 77 ) - e^ coth(/l - 1 - ??)} . 




(8.1.33) 

(8.1.34) 

(8.1.35) 

(8.1.36) 


Assume that there exists some compact Cy containing y such that the only singularities of the kernels inside of this 
compact are the cuts on y of the Cauchy transforms and let r(y) = dCy be its boundary. Then, due to the criterion 
developed in II116L the integral kernels (18. 1.34I) - (I8.1.351) give rise to trace class integral operators on 

L^(r(y)). As a consequence, the Fredholm determinants of id + are well-defined. In any case where 

such a compact does not exists, the symbols det [id - 1 - should be understood as the analytic continuations 

in the spirit of Proposition 12 .3 of the Fredholm determinants det [id + arising in a situation where the 

contour can be constructed. 

Finally, for y = T or y = /r. 


Ky-yiCO, to') 


Koico - mO 

1 + [ ay(m)] 


(8.1.37) 


is the integral kernel of the operator Ky;y on L^{y). 
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Proposition 8.1.1 Let | 'Pn ) = '' ’ ^q(/^w)l 0 )q eigenvector of the quantum transfer matrix parametrised 

by the roots {pa}^ solving the Bethe Ansatz equations (18.1.161) at h' - h and such that ('Pm | 'Pm) 0. Assume 
furthermore that [pa)^ ^ 

Then, the amplitude defined in (18.1.141) admits the representation 





(m) 

Pn 


dh 




\h’=h 


(8.1.38) 


The amplitude ^ is expressed by means of the function 3 (18.1.301) defined in terms of the solution 0 ^ to (18.1.221) 
at magnetic field h and'Sfj to (18.1.271) at magnetic field h': 


do) ^ dv[ coth'(w - v + q) - coth'(a; - v)] 3 (a») 3 (v)| • ^ . ( 8 .1.39) 

The contour is a slight deformation of such that is entirely contained in but still enjoys the same 
properties. Finally, one has 





/I 

(1 - e r ) 




h-h' 

ere 


detr(^„) [id + • detr(^„) [id + 0 ^^[T]] 

X _ _ 

del [id + • de%,. [id + 


(8.1.40) 


The expressions for ^ and involve a contour encircling all the roots {/Im)^ and and the 

point -/3IN but not any other zero (or singularity) of 1 +T^(w) and 1 +^(w). If such a contour does not exist, the 
answer should be considered as a limit of a small deformation of the roots [Aa + Sa}^ and {pa + s'fi^ where such 
a contour exists. 


Here, two comments are in order. 

• The parameters 9i , 82 appearing in the expression for I are arbitrary. Although individual terms of 
the expression do depend on the Bfs, the expression taken as a whole, does not depend on the Ofs, see 
Appendix A.3 of II213L 

• The expression for the amplitude (18.1.381) involves a partial derivative in respect to h'. To allow doing so, 

one should prove the property of differentiability in h' for a),. This boils down to the differentiability of the 
roots The parameters {pa}^ one starts with in Proposition 18. 1.1 1 are assumed to be a solution of the 

Bethe Ansatz equations at magnetic field h which has the property that the associated Jacobian of the Bethe 
equations does not vanish (the latter is equivalent to ('P„ | 'P„) 0). By the implicit function theorem, this 

guarantees the existence of a smooth deformation h' 1 -^ {pa{h')}^ of these roots. 

Under the hypothesis stated in the previous section relatively to the functions "a)} and "a);, it is straightforward 
to take the infinite Trotter number limit on the level of the representation (18.1.381) : just as for the case of the 
correlation lengths, one should solely carry out the replacement 


3 (v) ^ 3 (v) and ^ 


(8.1.41) 
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exactly as it has been discussed in (I8.1.31I) . This gives rise to the amplitudes 

All-in-all, under the additional hypothesis of convergence of the obtained series and exchangeability of limits, 
one gets the representation: 

+ 00 

(<^1 ■ - (^>r = Z l 

n=l 

There, the ratios of eigenvalues are as given by (18.1.321) while the amplitudes are obtained from the ampli¬ 
tudes in (18.1.381) by means of the substitution (18.1.411) . 

The exponential decay at large-distances of the cr^ - cr^ connected two-point function at finite temperature 
follows directly from the properties of the correlation lengths. 


8.2 The low-temperature limit 

8.2.1 The strategy and main result 

The series expansion (18.1.131) provides one with a quite effective representation for a correlation function at finite 
temperature. In particular, upon reasonable hypothesis, the leading large-distance asymptotic expansion of the 
two-point function can be readily extracted from it. It seems reasonable to ask whether this kind of expansion 
allows one to test the conformal field fheory based predictions for fhe long-disfance asymptotic behaviour of fwo 
poinf funclions in models af finife buf sufRcienlly low femperafures. Upon some addifional hypofhesis and cerfain 
formal handlings of fhe fype described in Chapfer |5l if is indeed possible fo reproduce fhe conformal predicfions 
for fhe large-disfance asymptotic behaviour. To do so, one needs fo process in fhree sfeps : 

i) obfain fhe low-T asympfofic expansion of fhe (supposedly exisfing) solufions and fo fhe non-linear 
infegral equafions (18.1.241) and (18.1.281) . This can be achieved by making a cerfain amounf of hypofhesis 
on fhe overall properties of fhe functions and a^. Using resulfs obfained in [A 23], such properfies can 
be checked fo hold a posteriori on fhe level of fhe obfained answer for fhe low-T expansion. This provides 
a consisfency fesf of fhe analysis. So far, I only managed to prove [A2] fhe exisfence of such asympfofic 
expansion in fhe much simpler case of fhe solution fo fhe non-linear infegral equation (11.2.211) which drives 
(he finife femperafure behaviour of fhe free energy of fhe non-linear Schrddinger model. 

ii) Exfracf fhe low-T asympfofic behaviour of fhe amplifudes and rafios of eigenvalues Taking for 
granfed (he low-T asymptotic expansion for and obfained in sfep i), fhis low-T asympfofic analysis 
can be done rigorously. 

hi) Re-sum (he series resulfing from fhe replacemenf in (18.1.131) of fhe amplifudes and rafios of eigenvalues 
by (heir leading low-T asymptotics. 

The (echniques allowing one to carry ouf (he low-T analysis of sfep ii) have been firsf developed in my collabo¬ 
ration wifh Maillef and Slavnov [A27]. In collaboration wifh Dugave and Gdhmann [A24], I managed fo sef fhe 
derivation of info a rigorous framework, provided fhaf fhe low-T asymptotic expansions of obfained in sfep i) are 
faken for granfed. Sfep iii) builds from ifs very sfarf on (he hypofhesis fhaf if is licif fo exchange fhe summation 
over n in (18.1.131) wifh fhe low-T asymptotic expansion of (he individual summands. Further, even if (his is faken 
for granfed, one still has (o allow for various formal handlings in (he spirif of (hose described in Section I5T] Still, 
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despite the obvious missing bricks in the analysis, the arguments developed in steps i)-iii) lead to the conclusion 
that, in the limit m —> +oo, the product Tm being fixed: 



2 / ttTIvf 

I sinh mj / 


+ 


2] 


nT jvp 


I sinh [^Trrmj 


le^z^ 


( 8 . 2 . 1 ) 


This is precisely the form predicted on the basis of conformal field theory arguments. The symbol - in (18.2.11) 
indicates that the rhs should provide one with the leading asymptotic behaviour of each oscillating harmonic up to 
(1 + o(l)) corrections. In order to describe the various constants arising in the expansion (18.2.11) . I need to remind 
a few results relative to the characterisation of the thermodynamic limit (at zero temperature) of the XXZ spin-1 /2 
chain. The Fermi boundary q defining the endpoint of the Fermi zone at a given magnetic field h corresponds the 
the unique solution {q,sxxz{^ I q)) to the below equations on the unknowns Q and sxxzi^ I QY 


Q 

exxz(d I Q) + J' Kxxzi'^ -1^ I O^xxzip^ ^ ^ ~ h-2J sin(4')Xxxz(d | ^jl) 

-Q 


and 


exxziQ I 2) ^ 0 where 


Kxxzi'^ I 0 


_sin(2^)_ 

sinh(/l - i^) sinh(/l -i- i^) 


( 8 . 2 . 2 ) 


(8.2.3) 


With Dugave and Gdhmann, we proved (Theorem 3 of [A23]) that this solution indeed exists and is unique. We 
also obtained some explicit bounds on the Fermi boundary q. In particular one has 0 < ^ < -i-oo whenever h > 0. 
The function exxzW = £xxzi^ I 9) corresponds to the dressed energy of the excitations in the massless regime of 
the XXZ chain. The dressed momentum and dressed charge are then defined as fhe unique solution^ fo the linear 
integral equations: 


( Zxxz(^) . 
I P'xxz^^^ 




1 

Kxxzi'i I ^/2) 




and pxxzW = J p'xxzi^YYiA . 
0 

(8.2.4) 


The Fermi momentum pf of the XXZ chain is defined as pf = p{q), the Fermi velocity Vf = s'xxz^^^^P'xxz^^^ 
and the constant Z, corresponds to the value taken by the dressed charge of the XXZ chain on the Fermi boundary 
Z = Zxxz{‘])- The Fermi momentum parametrises the so-called ground state expectation value of the Cj operator: 


(^i> = 


(8.2.5) 


Finally, it remains to describe the amplitude |;Fr(cr^)p. It corresponds to the properly normalised in the volume 
L thermodynamic limit of the modulus squared of the form factor of the cr^ operator taken between the ground 
state I G.S. ) and the fundamental representative | C ) of the f?-critical class (the terminology is analogous to the one 
introduced below Corollary 12.3.31) of the XXZ chain: 


\n<r)\ = 


\{e\(j\\G.S.)\^ 


In I 




( 8 . 2 . 6 ) 


Tn this case, uniqueness is relatively easy to see since one can show that the spectral radius of the integral operator Kxxz on L2([-q ; q\) 
is strictly less than 1. See Proposition 2 of [A23] for more details. 
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8.3 The surface free energy 

8.3.1 The model and the starting expression 

I will discuss in this section the results relative to a characterisation of the surface free energy of the XXZ chain 
subject to so-called diagonal boundary fields that I obtained in [A26]. The Hamiltonian of this model embedded 
in an overall magnetic field h is defined as 


H' 


(bd) 

XXZ 


= J 


L-1 

Zl 

a=l 


cr^cr 


a+\ 


+ cr^crl+l +COsh77(cr^cr^^j -b 1)) 


+ J sinh rj coth crj -i- 7 sinh rj coth 


^cosh {Irf) 
cosh {rf) 


(8-3-1) 

a=\ 


The parameters parametrise the intensity of the two boundary fields. The quantum integrability of this model 
builds on the reflection equation introduced by Cherednik iTTSlI . The transfer matrix is built B25I out of the 
diagonal solutions ifTSl of the reflection equations 

(A) ^Ka(A + nil ± nil-, with Ka (T; | ^ (^ - T) ) 

and from the monodromy matrix Tq (A) of the periodic XXZ chain (18.1.21) : 

t?xz(^) - (- [k: (A) A a (d) K- (A) t'" {-A - rj) - (8.3.3) 


The boundary transfer matrix satisfies 


(bd) 

'-XXZ 


( 0 ) 


fr,[X+(0)]frJX;(0)] 

2 


[sinh(7/)]^^idL 


and 


u(bd) 

^XXZ 


/sinh;7(-ln4“^(T))l^^^ 


h 

2 



(8.3.4) 


(8.3.5) 


There, id^ is the identity operator on hxxz- These identities allow one to represent the partition function of the 
boundary XXZ chain as the Trotter limit: 


^Tia^xxz] = = hm |tri,^;,J(t^^^(-/3/A^)-(t^^^^^^^ ') -f] 


N-^+oo 

As shown in 1521, the representation (18.3.61) can be reorganised in the form 

2 


Zrin^xxz] j itj., [k: (0)] tr, [K' (0)] > 


■ aiai 


(-/?/fV)---P, 


QlT^a 


a=\ 


(8.3.6) 


aiN-iaiN 


(-/?/A)(t,(0))' 


(8.3.7) 


where tq(^) = trj;[Tq;;t(^)] is the quantum transfer matrix constructed from the quantum monodromy matrix (18.1.71) 
while Fabi^) is the one-dimensional projector 


Pafe(d) - [I + )al + )/, + I - )al “ )fe] ' [( + la( + Ifo + ( “ \a{ “ \b] (d) 


( 8 . 3 . 8 ) 
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on ® I)^. 

The surface free energy associated with is defined as the difference between the free energy of the XXZ 
chain subject to periodic and the one subject to the "diagonal" boundary conditions. Assuming that a large-L 
asymptotic behaviour of the type (I1.2.23I) holds, the surface free energy can be related to the large-volume L limit 
of the ratio of partition functions: 


/surf 

e T 


= lim 
+00 


trf)xxz 


(8.3.9) 


Assuming further the exchangeability of the Trotter and infinite volume limits, it is possible to represent |[52ll 
e ^ in terms of the Trotter limit: 


e 


/surf 

T 



^ < yp lPa:a2 ' Pa2N-^a2M I ^0 ) 

< ^0 I ^o) • [tia [K^ (0)] • tr, [K- (0)] /if 


(8.3.10) 


Above IT' )q stands for the "dominant" eigenvector (18.1.191) of the quantum transfer matrix for the XXZ spin -1/2 
chain subject to periodic boundary conditions. 


8.3.2 Transformations towards taking the Trotter limit 


Building on the representation for the local projector (18.3.81) . it is possible to recast exp | - 


m me lorm 


AN) 

-^surf 

e T 


/ 2 f T^-T- 

\tro[X+(0)]tro[X_(0)]j ' ('Pol'To)' 


(8.3.11) 


and T stand for the expectation values 


^ < To |x; {-P/N )... ^ {-/d/N) I V) and F" ^ < v |X- (-/3/A)... X" ^ , (-/3/AO I To ) (8.3.12) 


where 


1^) - (l + )ail + )a2 + I “ )ail “ )a2) ® ® (l + )a2iv-J + )a2iv I “ )a2iV-l I “ )a2iv) (8.3.13) 

and ( VI is the dual vector. Formula (18.3.111) constitutes the starting point towards taking the infinite Trotter number 
limit of The large-A analysis of this expression is made possible thanks to the observation made in [A26] 
that T~ both can be recast in terms of the partition function of the six-vertex model with 

reflecting ends. 


Proposition 8.3.1 The representation holds 

T- = and T* 


I sinh(277 - 2y6/A) 

^e^ sinh ( - 2/3/A) 



Zyv({-/3/fV)f;M^lf;^+) (8.3.14) 


where the notation {-/3/A)^ means that the A auxiliary parameters ought to be set equal to —/3/N. Also, the 
roots {Aa)^ are the Bethe roots which parametrise the dominant eigenvector \ Tq ) of the quantum transfer matrix 

(18.1.191) . 
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Tsuchiya 0581 showed that the partition function of the six-vertex model with reflecting ends admits a deter¬ 
minant representation of Izergin type II1831I : 

n {sinh(^_-i-djsinh( 2 ^a)} • [1 h) ■ + V, h)] 

= — - - - — - dctN[N] . (8.3.15) 

n {s (dz., da) sinh {^a - ^b) sinh + ^b + r])] 

a<b 

5 {A, jj.) and the entries of the matrix N are defined as 

5 {A, yu) = sinh (d -i- //) sinh (d - yu) and Njk = , -r . (8.3.16) 

5{^j + ri,Ak)5{^j,Aj,) 

It is readily checked that all the singularities present in the denominator of (18.3.151) correspond to zeroes of the 
determinant. The coefficients 'F- are expressed as the semi-homogeneous limit of the partition function where 
-PIN. Taking this semi-homogeneous limit brutally on the level of (18.3.151) would replace det/^ [Af] by a 
Wronskian determinant of size N. Such a representation is however not adapted for taking the large-A(^ limit. All 
the more that, so as to take this limit effectively, one should find a way to extract all the potential zeroes out of the 
determinant, namely also those at d^ = ±Ab. Taking these limits can be achieved by means of Cauchy determinant 
factorization techniques II331II followed by some combinatorial rewriting of the answer. 

Theorem 8.3.2 Let (da)^ solve the system ofBethe equations associated with the quantum tranfser matrix (18.1.161) 
andZji be as defined by (18.1.201) . Then, the homogeneous limit ^a ^ -filN, a - 1,..., A of the partition function 
admits the below representation: 


z 


v({-yS/A)f;{dX;^_) = f]{ 

a=\ 


^ ' sinh (-2yS/A) sinh (dfl-)-^_)) r -i 

[ sinh (da - PIN) sinh (q - Aa - PIN) ] 


X 


N 

n 

a<b 


sinh (dg + Ab + q) 
sinh (Aa + Ab) 


sinh ( 2 da) 

N 


N 


a=l 


f][l + /(5-^(-dp)]5 . . e^“ 0 '^dr)l . (8.3.17) 

y \\-KaA0)l J|,=i 


For l/c"! small enough, is defined by the convergent series 


+00 ^ 2 k +\ +00 

k=0 P=1 n=k 


[/c^ a^(a;2i:+i)a,i(-a>2j(:+i)] ( f^kv 


2 n + \ 


00 




( 2 i/r) 


21:+1 


+00 p 2k +00 

- 9 P]{^(mp,mp+i)) • |Z 


[ a :^ aA{oo2k)aA{-(^2k)] 

2 n + I 


n-k 


{ 2 m)^^ 


. (8.3.18) 


The contours arising in the multiple integrals F\ D • • • D Fp, p € N*, are encased contours such that Fk, for 
k = I,... ,p encircles the roots dj,..., dyy but not any other singularity of the integrand. In particular, the poles 
at ojk - —oJk+i are not encircled by Fk. Also, the integrands in the multiple integrals are expressed by means of 
the convention OJ„+i = 0 l>\ and are built up from the function 


U{oj,oj') 


-e T sinh { 2 oj' + q) 
sinh (to' + to) sinh (to - to' + q) 


N 


n 

a=\ 


sinh (dg + to') sinh {to' - Aa + q) 
sinh {to' - Aa) sinh (dg -i- -i- 77 ) 


(8.3.19) 
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I should comment on how formula (18.3.171) should be understood. First of all, the function appearing inside 
of the last bracket is an entire function of k. It has thus a well defined limit when k = \. However, the individual 
constituents of this function might not be well defined in fhe a- —> 1 limif. For insfance fhe series mighf nof be 
convergenf af a- = 1. Thus, fhe expression inside of fhe brackef is fo be understood as fhe analytic confinuafion 
from K small up fo a- = 1. Second, fhe formula confain some potential singularifies af Aa = -Ai,. Should fwo roofs 
safisfy Aa + Aj, = 0, fhen fhe formula should be undersfood as fhe appropriafe limif. This limif is well defined in 
thaf all such singularifies are cancelled by fhe zeroes of 0^=1 [1 + ^ ■ In the following, I will simply admit 

that the analytic continuation up to a: = 1 can be made simply by setting a- = 1 directly in each of the terms present 
in (18.3.171) . 

The proof of Theorem l8.3.2l follows from Lemma 2.1, Lemma 2.2 and Proposition 2.2 of [A26]. 

Theorem 18. 3. 2l is already enough so as to provide an expression for the surface free energy that constitutes a 
good starting point for taking the infinite Trotter number limit. Namely, one has 


X I - - - e^ n fl sinh ( 77 ) A sinh {-ipjN) 

® Pf j surf) 11 sinh (^_) sinh (^+) sinh ( 2 /la + 77 ) sinh{2Aa) 

^ A sinh (Ag + Ab + T]) f Ug^i, sinh(Ta - /tfc) ] [ n^=i [1 +'a(-^)] ) / 1 + 0(0) 

+ ■ I J ln^,sinh(T, + T,)/\l-a(0)j 

0=1 

/sinh {2t] - 2/3/77) e^^" ’(ILI") 

\ sinh( 2 ? 7 ) / det[id + K^;i] 


(8.3.20) 


Above, ^ is the contour defined below of (18.1.221) and is the integral operator on L^(^) characterised by the 
integral kernel (18.1.371) . 

In order to take the infinite Trotter number limit, one should recast all the dependence on the {Aa} variables in 
(18.3.201) in terms of contour integrals solely involving the function"o/i, similarly to what has been discussed in the 
case of the form factors of the quantum transfer matrix. The necessary rewritings are described in Section 3.1 of 
[A26]. All-in-all, one obtains 



/ sinh (?7) sinh {2r] - 2j3/N) e 1 1 -t e — 

\ sinh(77 - 2/3/N) sinh (277)/ det [id -t K<^-a] ^ ^ I « 1 j + 


(8.3.21) 


The whole dependence on the parameters encoding the intensity of the boundary fields is confained in fhe 
funclion 


SiO = -fVln(^^^^i^^^^|^)-rdfln[l + a(-^)] + T ^In [1 + a(m) ] • cofh(m + ^) • ^ (8.3.22) 
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where 5^ = 1 if is surrounded by and = 0 otherwise. Further, I is defined in terms of single and two-fold 
integrals 


1 = 2 In [ 1 -I- a (tu) ] [ coth (2a>) + coth (2a) + rf) ] 


■ 2N Iri [ 1 + “ (^) ] [coth (a> + PIN) - coth 


((jj - PIN) + coth (oj - PIN + ii) - coth (oj + PIN + ip] 


-I- 



In [l-i-a(a;)] In [l-i-a(a;')] 
2i7r 


■ coth'(w-(u') -I- dt^dcj’ In 




sinh (cjj + oj' + rf) 
sinh (oj - oj' + rf) 


coth'(a*-I-w') 


The contour ^ arising in the first line does not surround the points i7r/2 and -r]l2 mod [iTr]. 

Finally, the function ({da}^) is as defined through (I8.3.18I) with the exception that the kernel U is now 
defined as 


U(oj,oj') 


-e T sinh (2oj' + rf) 
sinh (oj + oj') sinh (oj - oj' - rf) 


sinh (oj' - PIN) sinh (oj' + PIN + rf) 
sinh (oj' + PIN) sinh (oj' - PIN + rf) 


N 


exp I - In [1 -t 0 (r) ][ coth(T -i- a>') -i- coth(w' - t) - coth(T + oj' + rf) - coth(fa;' - r -t ?7)]| . 


The contour ‘^u arising in its definition is such that given any oj',oj € '^p, where refers to any of the encased 
contours present in (I8.3.18I) . the points 


±oj', ±(oj' + 7]) ± (oj' - rf) 


(8.3.23) 


are not surrounded by ^j/. However, encircles all the roots di,...,T a? as well as the origin. 

Upon similar assumptions to those advanced in Section [8. 1.2l relativelv to the infinite Trotter number limit of 
the function "a); and the hypothesis of convergence of the series defining in the infinite Trotter number limit, 
one can readily take the limit, basically by replacing, everywhere, the function by its limit defined as the 
solution to the non-linear integral equation (18.1.241) . The answer can be found in Subsection 3.3 of [A26]. Since 
it is quite similar to the one at finite Trotter number, I do not reproduce it here. 


8.3.3 The boundary magnetisation at finite temperatures 

The boundary magnetization at finite length and temperature can be expressed as 

<cri> 7 ’;L ^ ' (8.3.24) 

Assuming that it is licit to exchange the infinite volume limit L —> ex? limit with the ^--derivation, one obtains the 
representation 


T sinh^(4^_) 6^_a'^(-^-) ^ ^sinh^^ 

7 sinh (77) 1 -I-a^(-^_) 7sinh(?7) 


ln[l-I-a^(a>)] doj 
sinh^(a7 - 1 - ^_) 2i7r 


(8.3.25) 


There 0 ^ corresponds to the solution of the non-linear integral equation (18.1.241) . The integral representation 
(18.3.251) is perfectly fit for a numerical investigation of the boundary magnetisation at finite temperature, see 
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Section 4.2 of [A26] and Figures 6-10 of that paper. Also, under similar assumptions to those discussed in Section 
18.21 above, one can obtain the low-F expansion of the boundary magnetisation. In the massless regime rj = -i^ 
with 0 < ^ < TT, it takes the form 


(oi)r 


sinh^(^_) r £o(A) 

Ji sinC^") J sinh^(/l -i- -i- i^/2) 

Q- 


dd , 

• + 0{T^) 

2m 


in which 


Q = [-q ; q] U dD.i^/ 2 -^,, if 0 < -3(^) < ^/2 
Q = [-q ; otherwise 


(8.3.26) 


(8.3.27) 


and e > 0 is small enough. The leading term of this expansion can be shown to coincide, see page 32-33 of [A26], 
with the answer that can be deduced from the multiple integral representations for the elementary blocks of the 
open XXZ spin-1/2 chain at zero temperature obtained in II211L 


8.4 Conclusion 

1 have described in this chapter the various contributions 1 brought to the understanding of correlation functions 
of quantum integrable models at finite temperature or to obtaining closed formulae for the surface free energy at 
finite temperatures. The result presented in this chapter allow one to test and confirm fhe conformal field fheory 
based predicfions for fhe large-disfance asympofofic behaviour af finife, buf small, femperafures of fhe fwo-poinf 
functions of fhe XXZ chain. The confenf of fhis chapfer was based on fhe joinf works wifh Dugave, Gohmann 
[A23, A24, A25], wifh Pozsgay [A26] and Maillef and Slavnov [AlO, A27]. The analysis 1 have presented builds 
on numerous hypofheses. If would be exfremely inferesfing fo prove, if nol all, fhen af leasf some of fhese. 
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Chapter 9 

Final conclusion and outlook 


This habilitation thesis gives an account of the progress I achieved over the period ranging from January 2009 
to January 2015 in pushing forward the theory of correlation functions in quantum integrable models and, in 
particular, solving various problems in asymptotic analysis related to these objects. In certain cases, I was able to 
push the analysis to the very end on rigorous grounds. Sometimes, I was able to bring into a rigorous formalism 
the handlings that were conjectured to hold true. Relatively to other problems, I only managed to carry out a 
consistent, rigorous, analysis provided some hypotheses are made. Finally, in some cases, I was only able to 
develop a formal asymptotic analysis. 

The results I obtained allowed, among other, for 

• a thorough first principle based-check of an good deal of universal behaviours for models belonging to the 
Luttinger liquid universality class; 

• a characterisation of the structure of the non-conformal (sub-leading terms) part of the large-distance and 
long-time asymptotic expansion of a two-point function; 

• setting forth some of the elements of the theory of multidimensional Fredholm series, in particular, the 
multidimensional flow method allowing one to study their large-parameter asymptotics; 

• developing the Riemann-Hilbert problem approach to c-shifted integrable integral operators; 

• providing a deeper understanding of the quantum separation of variables for the Toda chain; 

• pushing further the methods for extracting the large-number of integration asymptotic behaviour of multiple 
integrals; 

• pushing further the understanding of correlation functions in quantum integrable models at finite tempera¬ 
ture. 

The problems I investigated led to numerous open questions. In the years to come, I would like to dedicate 
my attention to some of these. 

The various aspects of the large-A^ asymptotic analysis of the sinh-model I developed so far are still not 
enough so as to extract the large-A^ limit of the multiple integrals directly of interest to the quantum separation 
of variables. It would definitely be worth developing tools allowing one to carry out the asymptotic analysis of 
the form factors of the exponent of the field in the lattice-discretised sinh-Gordon model. Here, some more input 
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to the method I developed would be needed due to the weakly confining nature of the potential that is associated 
with the A^-dependent q functions in this model. The next case that I would like to investigate corresponds to 
the A^-fold integrals which arise within the framework of the "discrete" separation of variables. These integrals 
still correspond to two-body sinh interactions but now the integration runs through with ^ some curve in C. 
Here, several difficulties will arise due to the loss of a probabilistic interpretation. Independently of the quantum 
separation of variables setting, I am also planning to develop methods allowing one to carry out the large-number 
of integration analysis of the multiple integrals that arise as summands of multidimensional Fredholm series. 
Here, a good example to start with would be the case of the emptiness formation probability in the non-linear 
Schrddinger model. On top of having to deal, again, with complex valued integration, an additional difficulty 
would issue from the semi-implicit nature of the integrands which makes it difficult to obtain local estimates of 
the growth/decay in N of the integrand. Understanding the case of the emptiness formation probability should 
already be enough so as to be able dealing with the more involved multidimensional Fredholm series such as the 
one describing the generating function of the spin-spin correlation functions in the XXZ spin-1 /2 chain or those 
arising from form factor expansions in 1-rl dimensional integrable quantum field theories in infinite volume. 

Independently of settling the convergence issues, I would also like to reach some understanding of the large-x 
behaviour of so-called critical multidimensional Fredholm series as described in Chapter |4l The various problems 
in asymptotic analysis related to this issue look extremely stimulating and interesting. On the one hand, one would 
have to discover how to deal with g-functions within the setting of operator valued Riemann-Hilbert problems 
and, on the other hand, it will be necessary to adapt the method of multidimensional flows fo fhe new class of 
asympfofic behaviour embodied by fhe "base" Fredholm deferminanf af fhe roof of fhe crifical multidimensional 
Fredholm series. 

There is yef anofher fopic fo which I would like fo dedicate my research fo, namely developing a more rigorous 
framework for dealing wifh fhe quanfum infegrable models af finite femperafure. Here, fhe cornesfone resulf 
would consisf in developing fhe fheory of fhe class of non-linear infegral equations arising in fhe problem and, 
in particular, finding ways for proving fhe exisfence and uniqueness of fheir solufions. The main difficulfy would 
consisf in having fo sfep ouf of fhe real variable selling an building on some specific properties associaled wifh fhe 
presence of complex variables. 

Finally, I plan fo explore as well fhe large-volume behaviour of fhe form factors of fhe XXZ chain af zero 
magnelic field and fhe slruclure of fhe associated form facfor expansions of mulli-poinl functions. Here, if would 
be exfremely inleresling to focus on fhe isofropic poinl, fhe XXX chain, where one expecls new fealures to arise 
in fhe large-dislance asymptotic expansion of Iwo-point functions. 


Appendix A 

Main notations and symbols 


A.l General symbols and sets 


• o and O refer to standard domination relations between funetions. In the ease of matrix funetion M{z) and 
N{z), the relation M{z) = 0{N{z)) is to be understood entry-wise, viz- Mjk{z) = 0{Njk{z))- 

• 0{N~°°) means 0{N~^) for arbitrarily large ^’s. 

• Given a set A c X, Int(A) for its interior A for its elosure and A^^ for its eomplement in X. 

• A letter appearing in bold usually denotes a veetor. An integer subscript attached to a vector, e.g. 
denotes its dimensionality {N in this case): 

An = (di,...,/lA,) € . (A.1.1) 

• d^/l denotes the product of Lebesgue measures 0^=1 

• N is the set of non-negative integers {0,1,2,... )■ 

• Alp(C) is the space of px p matrices over C. It is endowed with the norm ||m|| = max^ 

• 6a,b stands for the Kronecker symbol da,b = 1 in a = ^ and da,b - 0 otherwise. 

• The superscript ^ will denote the transposition of vectors, viz- 


if V = 


then = (vi ... vn) - 


(A. 1.2) 


Vn ) 

h is the 2x2 identity matrix while cr^, cr^’ and cr^ stand for the Pauli matrices: 

0 - 


cr = 


0 1 
1 0 


0 


- 


1 0 
0 -1 


and 


la~ = a"^-i-ia-^ . (A. 1.3) 


• M* = {z € C : Im (±z) > 0) is the upper/lower half-plane, and R* = {z € 1. : ±z > 0) is the closed 
positive/negative real axis. 

• c C is the open disk of radius 77 centred at a. stands for its canonically oriented boundary. 
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A.2 Functions 

• Given a set A c X, 1a stands for the indieator funetion of A. 

• For any x e IR, [x] denotes the integer part of x, namely ifn<x<n + l,neZ, then [x] = n. 

• sgn is the sign funetion on R defined as 

sgn(x) = -1 if X < 0 , sgn(O) = 0 , sgn(x) = 1 if x > 0 . (A.2.1) 


Given generie parameters (a, c) the Tricomi eonfluent hypergeometrie funetion (a, c; z) is one of the solu¬ 
tions to the differential equation zy” + (c - z)y' - ay - 0. It enjoys the monodromy properties 


27r;V-'™+Z 

^(a, l;ze2'^) - na, + —y-—Y(1 - a, 1; -z), 

r^(a) 

2 ; r ; V'’™+Z 

^{a, Uze-^‘^) = na, - —y—¥(1 - a, 1; -z), 


r2(a) 


when 3(z) < 0, 
when 3(z) > 0, 


and has the asymptotie expansion 

OO 

^(a,c;z)~2](-l)' 


3n 


3n 


n=0 


{a)n{a -C+l)n _a-n — . ^ 

-;- z , z ^ OO , < arg(z) < —, 

n\ 2 2 


with (a)„ = r(a -I- n)/r(a). 


(A.2.2) 

(A.2.3) 


(A.2.4) 


The Barnes G-funetion is a generalisation of the F funetion, in the sense that it satisfies fhe funefional 
relafion G(z + 1) = F(z)G(z). It admits the integral representation 


G(l-i-z) = ( V^-F(z))^ • exp 


^(1 - z) 


Z 

f 


lnF(5)-d5 


(A.2.5) 


from whieh one ean deduee the relleetion formula 

G(l-z) 

G(l+z) 


0 


= (2/1) ^ ■ exp < I TTs cot(7rs) ■ d^ 


(A.2.6) 


Produets of ratios of Euler F or Barnes G-funetion ean be presented by means of the so-ealled hypergeo¬ 
metrie like notation: 


FI "1 = f( 


n r(v,) 

a=l 

m 

n ^(Wa) 

a=[ 


and G 


{Va}1 

{WaV, 


n G(Va) 

a=l 

m 

n G{Wa) 

a=l 


(A.2.7) 
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A.3 Functional spaces 


denotes the spaee of probability measures on R. The weak topology on Al^(R) is metrised by the 
Wasserstein distanee, defined for any two probability measure /ii and ^2 by: 


Dv[pi,v\ = sup 
/eLip 


.up f 


mdijul -Mixo, 


(A.3.1) 


where Lipj ^(R) is the set of Lipschitz funetions bounded by 1 and with Lipschitz eonstant bounded by 1. If 
/ is a bounded, Lipschitz function, its bounded Lipschitz norm is: 


II/IIbl - II/IIl« 


+ sup 




^-11 


(A.3.2) 


• Given an open subset U of C”, 0{U) refers to the ring of holomorphic functions on U. If / is a matrix of 
vector valued function, the notation / e 0{U) is to be understood entrywise, viz- a, b one has fab e 0{U). 

• C^(A) refers to the space of function of class k on the manifold A. C^CA) refers to the spaces built out of 
functions in C^{A) that have a compact support. 

• LP{A, dyu) refers to the space of p*-power integrable functions on a set A in respect to the measure yu. 
LP{A, dyu) is endowed with the norm 

r - 

\\f\\mAA^.) = {j l/Wl^dyuCx)}" . (A.3.3) 

A 

• More generally, given an n-dimensional manifold A, lT^(A,dyu) refers to the p* Sobolev space of order k 
defined as 

n 

Wj^iA, dyu) - {/ e LP{A, dyu) : ... (9“"/ e L^(A, dyu) , ^ a/ < k with e n} . (A.3.4) 

^ r=i 

This space is endowed with the norm 

n 

= max{||5“; ...52;;/||z/(A,d^i) : € N, ^ = 1, • • •,«, and satisfying < k] . (A.3.5) 

e=i 

In the following, we shall simply write LP{A), W^(A) unless there will arise some ambiguity on the measure 
chosen on A. 


• Let A c R^ and yu be a measure on A such that both A and /u are invariant under the action of the group 
of permutations Syv on R. Then Lfyj„(A, dyu) = L^(A, dyu) n .Ssym(A), where .Ssym(A) refers to the space of 
measurable functions on A which are invariant under the action of Syy. 

• The symbol 'F denotes the Fourier transform on L^(R) whose expression, versus nL^(R) functions, takes 
the form 


rmx) = f 


(A.3.6) 
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Given jj. € A1^(l.), we shall use the same symbol for denoting its Fourier transform, viz- The Fourier 

transform on L^(R”) is defined with the same normalisation. 

• The 5* Sobolev spaee on R” is defined as 

- {ne.S'(R”) : - J (l + | ^ , f„)p • d"f < +cx,| , (A.3.7) 

R" 

in whieh S' refers fo fhe spaee of fempered disfribufions. We remind fhaf given a elosed subsef F c R”, 
Hs{F) eorresponds fo fhe subspaee of Hs(EF) of funefions whose supporf is eonfained in F. 

• Given a smoofh eurve E in C, fhe spaee dv)) denofes fhe spaee of p x p mafrix valued funefions 

on X whose mafrix enfries belong fo L^(X, dv). If is endowed wifh fhe norm 

r - 

\m\M,iL2(^4y)) - IJ Yj^Mab{s)\*Mab{s)dp{s)^'' . (A.3.8) 

and * denofes fhe eomplex eonjugafion. 


A.4 Boundary values, operators 

• id refers fo fhe idenfify operator on L^(R''‘, di), lp®iA refers fo fhe mafrix infegral operafor on 0^^jL^(R''', d^) 
whieh has fhe idenfify operafor on ifs diagonal. 

• Given a funefion / defined on C \ S, wifh E an orienfed eurve in C, we denofe -if fhese exisfs- by f±{s) fhe 
boundary values of f{z) on E when fhe argumenf z approaehes fhe poinf 5 € E non-fangenfially and from fhe 
leff (-I-) or fhe righf (-) side of fhe eurve. Furfhermore, if one deals wifh veefor or mafrix-valued funefion, 
fhen fhis nofafion is fo be undersfood enfry-wise. 

• The symbol C refers fo fhe Cauehy Iransform on R: 

cum = ^ . (A.4.1) 

J S - A llTT 

The ± boundary values C± define eonfinuous operafors on Hs(R) and admit the expression 


C±[/](T) 


M + 1 

2 2i J 7t{s - A) 


(A.4.2) 


Given an operator M : L^{X, dv) 1 -^ L^{X, dv) with an integral kernel M{A,p), the Hilbert-Sehmidt norm of 
M is defined as 


imiHS = { r \M{A,pfAv{A)®dv{p) 

1 JXxX 


(A.4.3) 
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